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Abstract

The accurate measurement of permeation is important at the product design stage for a 

variety of industries as diverse as conveyancing methods for oil and gas produced fluids, such 

as mixtures of carbon dioxide, methane, hydrogen sulfide, water and hydrocarbons, in 

polymer-lined, unbonded flexible risers and flow lines through connectors and valves;  

hydrogen and methane gas carrying domestic lines;  hydrogen storage tanks;  sulfur 

hexafluoride circuit breakers for high power-carrying lines;  oxygen through display 

technology;  and drug delivery.  It would also be appropriate to monitor the permeation rate 

through the polymer, composite and elastomeric layers during the in-service times where 

applications allow.  In the future, any alteration in the short term and long term transport 

rates could be analysed in terms of an initial alteration or degradation of the polymeric 

materials, and in some cases, metallic components.  Crucially, such measurements would 

serve as an early warning system of any change in a polymeric material that could result in 

loss of function as fluid of gas containing barrier material.

Most experimental determinations are made through recording flux transients (varying flux) 

through permeation cells in which a polymer membrane or film separates a donor 

compartment (usually an infinite supply) and an acceptor compartment, and in which 

membrane transport is considered as slow.   Treatment of the resulting experimental data is 

usually, but not always, undertaken through comparison with a steady-state model based on 

Fickian diffusion through the membrane, so as to extract the membrane permeability, the 

diffusion coefficient of the permeant and the solubility of the permeant in the membrane 

phase.  However, in spite of these measurements being undertaken routinely using closed cell 

manometric or continuous flow methods, there is a lack of literature in which experimental 

flux transients are provided, and in several cases, it is clear that the experimental data do not 

conform to the expected model of slow, Fickian diffusion through the membrane, even though 

experiments are performed at temperatures much larger than the glass transition 

temperature of the polymer membrane.  

In this paper, we first re-examine the classical model for an infinite source, and extend it to 

account for (1) molecular interactions between membrane and permeant, using regular 

solution theory, (2) slow transport in the acceptor phase, and (3) slow kinetics across the 

membrane | acceptor interface.  We demonstrate that all three aspects can cause permeation 

flux transients to exhibit unusual, non-classical waveshapes, which have nevertheless been 

experimentally realized without rationalization.  This enables the development of an 

algorithmic toolkit for the interpretation of permeation flux transients, so as to provide 

reliable and accurate data analysis for experimentalists.

Key words:  Permeation, flux transient, non-Fickian diffusion, regular solutions, interfacial 

kinetics, membranes, finite-difference simulation, polymer membrane, continuous flow, 

closed cell manometric. 
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Introduction

The movement of chemical species from a source (donor) to a sink (receptor or acceptor) 

through a permeable material (such as a membrane) is extremely important, and finds 

applications in a huge diversity of fields.1  For the oil and gas industry, examples are in various 

flow line configurations where the fluid containment, and in some instances, the protection of 

metallic components from degradation through corrosion, can reduce the risk of accidental 

leakage of oil and gas into the local environment on land or at sea.2-4  In fact, the accurate 

measurement of permeation is important at the product design stage for a variety of 

industries as diverse as conveyancing methods for oil and gas produced fluids, such as 

mixtures of carbon dioxide, methane, hydrogen sulfide, water and hydrocarbons, in polymer-

lined carbon steel pipes;5  unbonded flexible risers and flow lines through connectors and 

valves;  hydrogen and methane gas carrying domestic lines;6  hydrogen storage tanks;7  sulfur 

hexafluoride circuit breakers for high power-carrying lines;8  oxygen through display 

technology;  and in the exclusion of toxic chemicals by suitable chemical safety clothing, and 

in the delivery of important pharmaceutical drugs across biological membranes such as the 

skin.9  It would also be appropriate to monitor the permeation rate through the polymer, 

composite and elastomeric layers during the in-service times, where applications allow.  In 

the future, any alteration in the short term and long term transport rates could be analysed in 

terms of an initial alteration or degradation of the polymeric materials, and in some cases, 

metallic components.  Crucially, such measurements would serve as an early warning system 

of any change in a polymeric material that could result in loss of function as fluid of gas 

containing barrier material.  Other instances are in fuel cell and industrial electrolyser design, 

where membranes or porous ceramics separate anolyte and catholyte;10  in pharmaceutical 

science, where it is important to characterise the dose dependency of medical drugs for 

percutaneous absorption;11  and in environmental engineering, where groundwater quality is 

influenced by mineral permeation through soil and geological stratigraphic layers.12  

Furthermore, in the chemical industry, permeation is important for a number of separation 

processes.13,14

Experimentally, transport through membranes is quantified in one of three ways:15  (1) studies 

involving sorption-desorption process in which a negligibly thick polymer film is immersed 

into a permeant solution, and the mass increase in the polymer film is recorded;  (2) 

membrane permeation at constant volume where the permeant diffuses from a donor 

compartment to a receiver cell of constant volume, where it is detected;  or (3) constant 

pressure permeation through a membrane into a flowing stream, where it is detected.  

Normally the experiment type as described in (2) above, is carried out as a closed-cell 

manometric method and is ideal for single component species.16  Usually these experiments 

are run for a few hours.  The experiment in type (3) is often called the continuous flow method 

and is suited for studying the permeation of mixtures.  These latter experiments can be run 

for several weeks with the concentrations monitored using mass spectrometry or gas 

chromatography.  Such experiments have led to extensive literature pertaining to the 
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molecular mechanisms underpinning permeation,17 based on a diffusion model with attention 

paid to both the chemical affinity of the diffusing species to the membrane,18 and to the effect 

of the donor delivery solvent on the diffusivity of the permeant.19  For polymeric membranes 

at temperatures above the glass transition temperature, the rotational motion of the polymer 

chains enables the structure to respond rapidly to changes in its conditions.20  Accordingly,  

equilibrium is considered to be established rapidly when a fluid contacts a polymer 

membrane, so that, in a variety of theoretical models, it is assumed that the rate-limiting 

step in the permeation process is analyte diffusion across the membrane.21  This encourages 

experimental results to be analysed when the system approaches a steady state, from which 

the permeability coefficient (a product of the permeant diffusion coefficient and species 

solubility) may be estimated.22  Indeed, at steady-state, Fickian diffusion of the permeant in 

the membrane yields proportionality of the quantity of diffusing material across the 

membrane with time (vide infra), so that the “time lag” to steady-state affords the (constant) 

permeant diffusion coefficient.23

To account for the non-Fickian behaviour that is often observed for transport through 

polymers in the glassy state, Frisch24 categorised the transport of small molecules through 

polymers, based on the time-dependent mass uptake of a polymer film through the ratio, 

M t

M

 t n , in which M t M  is the ratio of the mass of the permeant and polymer film (Mt) at 

any time, t, compared with that obtained in the limit of steady-state (M∞), with the exponent n 

distinguishing the diffusion mechanism.  The classical case of Fickian diffusion (Case 1) has 

n = ½, signifying the rate of diffusion being less than the characteristic relaxation time of the 

polymer motions, and where membrane swelling due to the permeant is insignificant.  This 

type of behaviour is, as indicated above, often observed whenever the polymer temperature is 

very much greater than its glass transition temperature (Tg).25  When ½ ≤ n < 1, anomalous 

diffusion (“dual sorption mechanism”) occurs, since the rate at which penetrant diffusion 

occurs is comparable with the polymer relaxation rate.  This can only occur when the 

experimental temperature is lower than the glass transition temperature, since polymer chain 

motion is not sufficiently rapid to homogenise the environment around the permeant,26 and 

in some polymers, the permeability is pressure-dependent above Tg.  Under these conditions, 

it is assumed that two mechanisms operate:  the first is the diffusion of the absorbed 

permeant, and the second is the occurrence of strongly adsorbed permeant molecules which 

are essentially considered immobile and so do not participate in the diffusion process.27  If the 

permeant diffusion rate becomes more rapid than the polymer relaxation rate, Case II 

behaviour is observed, and28 n = 1.  This case typically occurs when the permeant has a high 

activity, so that swelling of the polymer film may occur in the region exposed to the donor cell, 

with the permeant penetration front at equilibrium concentration advancing at a constant 

velocity through the un-penetrated, glassy polymer core that is preceded by Fickian diffusion.  

A characteristic of this behaviour is the effect of polymer history, in addition to the 

Page 4 of 55

ACS Paragon Plus Environment

Langmuir

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



5

manifestation of concentration-dependent diffusion coefficients.  Under certain 

conditions,24,26 Case II behaviour can evolve into the Super Case II category, for which n > 1.  

It follows that, for the case when the experimental temperature (T) is lower than the glass 

transition temperature (Tg), steady-state measurements may not afford accurate estimates of 

the diffusion coefficient or even permeability coefficient,29 as these may depend on polymer 

history.  Nevertheless, it follows that the temporal dependence of the permeant flux across the 

membrane (the “waveshape”), which is rarely routinely reported in graphical form within the 

literature, may afford valuable insights into the molecular mechanisms underpinning the 

permeation process per se.  In contrast, when the experimental temperature is larger than the 

glass transition temperature, diffusion through the polymer should become rate-determining, 

and therefore flux transients should follow the well-known Fickian diffusion models (q.v. 

Figure 1a).  We have found several flux transient waveshapes in the literature, made at 

temperatures above the glass transition point and which depict unusual features, including 

the occurrence of a non-stationary state at long times.27  An example, taken from the work by 

Flaconnèche et al.30 for the permeation of methane/carbon dioxide mixtures through medium 

density polyethylene (Tg in the range -125 to -35 oC)31 at an experimental temperature of 80 oC 

at ca. 100 bar is depicted in Figure 1b.  These data were collected using a constant pressure 

permeation method, and it is clear that steady-state is never actually established over the 

course of the measurement:  the permeation traces tend to decrease with time.  Note that 

changing the permeant from CO2 to methane provides similar characteristics, and in both 

cases, there is a hint of a steady state in the flux transient around 5 h into the first flood of the 

polymer membrane.  The corresponding cumulative volume plots (Figure 15 of reference 30) 

do not show any detectable change in slope for times greater than 5 h, and the authors did not 

comment on the flux transients in their data.  Nevertheless, this suggests there may be an 

interaction between the polymer and the permeating species.  Similar data are reported for 

aromatic permeation through high density polyethylene membranes,32 which was modelled 

with the assumption of a time-dependent diffusion coefficient;  in other experiments, using 

acrylate polymers (for which Tg is comparable with ambient temperature), the dual-sorption 

model was observed to fit non-steady state flux transients for the permeation of laurel 

pyroglutamate,27 as might be anticipated from Frisch’s taxonomy.24  However, for the case of 

polydimethylsiloxane cross-linked at 75 oC, for which the melting point33 is -40 oC, carbon 

dioxide permeation at 30 oC gives rise to “split-wave” flux transients (Figure 1c).34  There is 

some ambiguity with the origin of the shape of the permeation curves, since the concentration 

was determined by a mid-infrared spectral sensor, the accuracy and stability of which were 

not disclosed;  the decrease in the rate of change of concentration after about 80 min is 

potentially due to the approach to equilibrium between the mixing chamber and the chamber 

housing the gas sensor (q.v. Figure 3 of reference 34).  Nevertheless, the authors did not 

comment on the form of the permeation curves.  Experimental work in our own laboratories, 

involving CO2 permeation (at 80 oC and 200 bar gauge) through 1.0 mm thick 

polyvinylidenefluoride (PVDF) or polyamide-nylon 6 (PA66) membranes (see reference 35  
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6

and Supporting Information S1 for experimental details) give rise to two types of permeation 

flux transient (Figure 1d) that differ by an order of magnitude at long time (ca. 200 h) and 

hold different shapes – CO2 flux through PVDF increases with time (Figure 1d(i));  CO2 flux 

through PA66 decreases with time (Figure 1d(ii)) – we will comment on this later within this 

paper.   Clearly, in all four cases, non-Fickian permeation waveshapes are observable when 

membrane relaxation rates are expected to be faster than (or at least comparable to) 

membrane transport rates, and it is not possible to predict, a priori, which polymer will give 

rise to non-classical flux transients with a given permeant.  Nor is it readily ascertainable, post 

experiment, to discover and understand the physicochemical whys and wherefores of the 

occurrence of such experimental anomalies, let alone deduce accurate estimates of the 

permeant diffusion coefficient within the polymer membrane.

In this paper, we investigate this type of behaviour, where clearly “ideal” Fickian diffusion 

cannot explain the experimental permeation flux transient waveshape.  We postulate that, 

above the glass transition temperature, whilst the polymer relaxation rate is much faster than 

that for permeant diffusion, molecular interactions between the permeant and membrane 

are significant, so that the system is better described as a regular, and not ideal, solution, 

except at infinite dilution.  Accordingly, we adapt regular solution theory to model the activity 

coefficient of the permeant, and additionally consider the effects of both transport of the 

permeant in the acceptor compartment, and the interfacial partition kinetics of the permeant 

across the membrane | acceptor cell boundary.  We demonstrate that the variety of anomalous 

permeation flux transient waveshapes observed experimentally (q.v. Figure 1) are able to be 

reproduced under particular conditions being imposed, and only exist when either attractive 

or repulsive interactions occur between the permeant and the polymer membrane.  

Furthermore, we adapt the simulated results to furnish algorithmic protocols suitable for use 

by experimental measurement scientists and engineers, so as to report self-consistent values 

of the permeant diffusion coefficient at infinite dilution (viz. the Fickian diffusion coefficient).
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Theory

In this section, we review the classical case for one-dimensional permeation within polymer 

membranes, where the diffusion coefficient of the permeant is constant, and then introduce 

the case where the permeant within the membrane forms a regular solution, so that its 

diffusion coefficient varies with its concentration.

Classical Permeation Model

We first re-examine the Fickian theoretical model for slow, uniform, one-dimensional 

diffusion of a permeant through a membrane separating an donor compartment and an 

acceptor phase, as illustrated in Figure 2a.  We assume that the system comprises a constant 

pressure permeation cell, with no membrane swelling during the experiment, and that the 

donor is an infinite source of permeant molecules, and so is not depleted on the timescale of 

the experiment.  At the other face of the membrane, the permeant is rapidly taken up by the 

acceptor phase, so that the permeant concentration is maintained at zero.  Accordingly, the 

transport equation to solve for this problem is given in equation (1):

c
t

 D
2 c
x2 (1)

where c is the permeant concentration, t is the temporal variable, x is the spatial variable and 

D is the diffusion coefficient of the permeant at infinite dilution.  This is Fick’s second law, 

and is subject to the boundary conditions,

t  0, x  0 c  c0

t  0, x  0 c  0
t  0, x  0 c  c0

t  0, x  b c  0

 

in which the infinite donor source of the permeant is located at x = 0, and the membrane 

thickness is b.  It follows that, after a short incubation time, a steady-state concentration 

profile of the permeant is established, in accordance with15 equation (2),

c  c0  c0

x
b


2



c0

n
sin n x

b






exp 
Dn2 2t

b2






n1



 (2) 

It is clear that as t  ∞, the permeant follows a linear concentration distribution, as 

illustrated in Figure 2b, which was simulated numerically – the summation converges rapidly, 

and n = 1000 is a sufficient approximation for n  ∞.  At any time, the permeant flux, i, into 

the acceptor compartment is given by Fick’s first law:

i  D c
x





 xb


Dc0

b


2Dc0

b
1 n

n1



 exp 
Dn2 2t

b2







(3)

This yields the classical flux transient depicted in Figure 2c, where it is seen that a sigmoidal 

curve develops after a short time interval (during which the ratio 
M t

M

 t ) into a steady-

state flux, given by 
Dc0

b
, and indicating that, all other things being equal, faster diffusion 
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through the membrane (larger D) and/or thinner membranes (smaller b) give rise to the 

largest flux at steady-state for a given permeant concentration in the donor compartment.

The flux affords the rate at which permeant molecules pass through unit area of the 

membrane (units of mol m-2 s-1).  However, a popular alternative examines the mole flow - the 

amount of permeant that emerges into the acceptor compartment from unit membrane area 

at any given time, Q(t), in units of mol m-2.  It follows from equation (3) that integration with 

respect to time affords the following expression, using the boundary condition Q(0) = 0.

Q t 
c0b


Dt
b2 

1
6


2

 2 1 n
exp 

Dn2 2t
b2






n1



  (4)

The fraction 
1
6

 in equation (4) arises from the expression 
2

 2

1 n

n2
n1



 , since 
1 n

n2
n1



 
 2

12
.  

Figure 2d illustrates plots of Q(t) against t.  It is clear that as t  ∞, equation (4) approaches 

the line Q t    
Dc0

b
t 

b2

6D






, which has an intercept, L, on the temporal axis of L 

b2

6D
.  

This value is known as the “time lag”;  its construction, which exploits both steady- and non-

stationary state, is a convenient method to determine the permeant diffusion coefficient, 

provided the membrane thickness is known.  Moreover, if the sorption coefficient, KL, for 

equilibrium between the donor source and the membrane is known, the permeability 

coefficient, Pe is readily deduced,1 since Pe  K LD .  Furthermore, the permeant solubility, S, 

in the membrane phase is readily estimated through36 Pe  SD .

Unfortunately, as identified by Frisch,23 this simple construction, though attractive, requires 

lengthy calculations for the case when the permeant diffusion coefficient is not constant, but 

rather a function of the permeant concentration in both space and time.  Indeed, for this case, 

there is no simple route for the experimentalist to determine whether the observed 

permeation flux transient is of a correct form, nor is there any self-consistent route to 

estimate the diffusion coefficient at infinite dilution.  Moreover, under the conditions of no 

interactions occurring between the membrane and the permeant, the variable diffusion 

coefficient of the permeant can only be interpreted in terms of mechanical structural changes 

of the membrane, or its chemical reaction with the permeant.  Accordingly, we next 

demonstrate that variable diffusion coefficients of the permeant through the membrane may 

arise from the presence of membrane-permeant interactions, and these may have a 

significant influence on the permeant transient waveshape.

Regular Solution Theory

The experimental results of apparently non-Fickian diffusion within a variety of polymer films 

at temperatures much greater than their glass transition temperatures given in Figure 1, 

coupled with the fitting of some of the data with the dual sorption mechanism, encourages us 
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9

to propose a model in which the permeant species has some affinity for the polymer 

membrane.   However, this interaction must be sufficiently weak to allow for all of the 

permeant molecules to diffuse through the membrane, rather than some becoming 

irreversibly adsorbed and immobile within the polymer film.  Thermodynamically, this 

encourages us to consider the case where the permeant-polymer mixing enthalpy is non-ideal 

(non-zero), whilst the entropy change on mixing is maintained at its ideal value, viz., the 

permeant-polymer system is described as a regular solution.37  Accordingly, the activity, a, of 

the permeant in the polymer film will only approach the permeant concentration, c, in the 

limiting case of an infinitely dilute solution.  It follows that the one-dimensional permeant 

flux, j, through the membrane,

j  
Dc
RT


x

(5)

in which D is the permeant diffusion coefficient at infinite dilution (corresponding to the 

constant Fickian diffusion coefficient), R is the molar gas constant, T, the absolute 

temperature, μ is the chemical potential of the permeant and x is, as before, the one-

dimensional spatial variable, can be recast in terms of a concentration-dependent effective 

diffusion coefficient, Deff:

j  Deff

c
x

 (6)

where 

Deff  D 1
ln
lnc







(7)

with the activity coefficient, , being the constant of proportionality between the permeant 

activity and its concentration, viz., a   c .  For regular solutions, the activity coefficient is 

described37 through an exponential quadratic dependence on the mole fraction of permeant in 

the polymer (xq):

ln  Z 1 xq 2
(8)

where Z 
zw
RT

 is a single interaction parameter that accounts for both attractive (Z < 0) 

and repulsive (Z > 0) interactions between the permeant and the polymer;  in the regular 

solution, the permeant and polymer system is considered to exist as a lattice, so that a single 

permeant molecule interacts with each of its z neighbours, with average molar energy, w.  This 

interaction parameter is then an effective statistical ratio of the permeant-polymer 

interactions to thermal energy;  its use is highly convenient for our purposes, since it typically 

varies over the range -2 < Z < 2, with Z = 0 corresponding to the ideal (Fickian) case, and 

Z > 2 affording a permeant-polymer system that is incompletely miscible.37

In view of the central rôle of the interaction parameter, Z, in this work, it is important that it 

is clearly defined and related to other polymer-solvent or polymer-permeant interaction 
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10

parameters, such as the Flory-Huggins interaction parameter, .38  In the next section we 

develop a relationship between Z and .

Relationship between Regular Solution Theory and Flory-Huggins Theory

Regular solution theory gives an expression, with its attendant approximations, for the 

activity coefficient 1 of component 1 dissolved in component 2 of the form,38a

 (9)RT ln 1  Vm1 1 v1 2
1   2 2

where Vm1 is the partial molar volume of species 1;  v1 its volume fraction;  and 1 and 2 the 

solubility parameters of components 1 and 2, defined by,

 (10) i 
U i

Vmi

in which Ui is the energy of evaporation of species i at constant temperature.38b  The Flory-

Huggins interaction parameter, , has been related to 1 and 2 by Zielinski and Duda:38e

 (11)  0.35 
Vm1

RT
1   2 2

which yields a relationship between 1 and ,

 (12)ln 1    0.35  1 v1 2

Since the volume fraction v1 and the mole fraction x1 are related by

 (13)v1 
 x1

 x1 1 x1

where , it follows that 
Vm1

Vm2

 (14)ln 1 
  0.35 

 x1 1 x1 2 1 x1 2

Comparison of equation (14) with equation (8) indicates that  and Z are related by,

 (15)Z 
  0.35 

 x1 1 x1 2

Thus, for the permeation of gases through polymers in the absence of swelling, it is expected 

that  and therefore .  Thus, in view of the large number of values of the x1  1 Z    0.35

Flory-Huggins interaction parameter  published for polymer-solute systems,39 equation (15) 

and its approximate form represent an important route for the prediction of the regular 

solution interaction parameter Z used in this work.

Regular Solution Permeation Model

In the current study, we assume a constant pressure permeation cell depicted in Figure 3 

(where the co-ordinate system is defined) – no swelling of the membrane film is considered 

to occur during the permeation process, and we consider the interaction parameter as being 
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11

constant (distance invariant) for the permeant-polymer system, but in the range -1.5 ≤ Z ≤ 1.5, 

so that the permeant-polymer system forms a single phase.  As there is no change in volume, 

the mole fraction of the permeant is simply the ratio of the permeant concentration to that 

corresponding to the initial concentration, c0, of the permeant at the edge of the polymer film 

(at the boundary with the infinite source) added to the concentration of the polymer (or 

polymer segments) in the membrane, cpoly: .  Thus, substitution of equation xq 
c

c0  cpoly

 q

(8) into equation (7) reveals the concentration-dependence of the permeant diffusion 

coefficient in the polymer:

Deff  D 1 2Zq 1 q    (16)

Clearly, when Z = 0, the Fickian case is re-established:  Deff = D.  It follows that Fick’s second 

law for the rate of change of permeant concentration within the polymer film is given as:

c
t

 
 j
x

 Deff

2 c
x2 

c
x


x

Deff   (17)

or, equivalently,

q
t

 D 1 2Zq 1 q   2 q
x2  2ZD 1 2q  q

x






2

 (18)

It is this equation that is to be solved for transport through the membrane.  However, as 

illustrated in Figure 3, there are other compartments in which permeant species can be 

transported, and to understand the boundary conditions imposed, we next describe the 

geometry of the permeation cell.

For simplicity, we consider the permeation cell as comprising three adjacent layers, donor 

compartment | membrane | acceptor compartment, q.v. Figure 3, with interfaces that are 

infinitesimally thin.40  We assume that the polymer membrane is uniform and free from 

defects or micro-cracks.41  We assume that the permeant in the donor compartment rapidly 

equilibrates with the membrane, defined by the Henry’s law-type equilibrium constant H:

H 
cmembrane

cdonor

 (19)

where cmembrane is the permeant concentration in the membrane at the donor | membrane 

interface, and cdonor is the bulk concentration of the permeating species in the donor 

compartment.  Moreover, we assume that the donor compartment is an infinite, well-mixed 

source, so that transport within the donor compartment resulting from permeant sorption by 

the membrane is negligible.  It follows that cmembrane = c0 at all times at this interface.  

Accordingly, we neglect the donor compartment from further consideration and define x = 0 

as the donor compartment | membrane interface, as indicated in Figure 3.  The membrane 

thickness is, as before, denoted by the symbol b, such that when x = b, the membrane contacts 

the acceptor compartment (q.v. Figure 3).  In this work, we assume that the acceptor 

compartment contains a static, semi-infinite, incompressible fluid (gas or liquid of constant 
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12

density), so that the only transport of the permeant in this fluid is through diffusion.  

Furthermore, we assume that this process merely occurs through Fickian diffusion with 

constant diffusion coefficient, DP, and that natural convective processes do not occur.42  In 

order to account for the equality of the flux of the permeating species between the membrane 

and the acceptor compartment, and in recognising that the bathing environment of the 

permeant is likely different in both zones, we treat the permeant as two separate species:  that 

in the membrane is species Q, whilst the species emerging into the acceptor compartment is 

species P.  Thus, the following chemical process is established at the membrane | acceptor 

compartment interface.

Q
k f

kb

   P (20)

where kf and kb are heterogeneous rate constants for species transfer across the 

membrane | acceptor interface.  If the desorption-sorption kinetics are rapid at this interface 

compared with the measurement time, equilibrium is established at all times, so that we may 

describe the concentrations of the permeant in the membrane and acceptor compartment 

phases through the partition coefficient, KP:

KP 
cacceptor

cmembrane


cP

cQ


k f

kb

 (21)

in which cJ refers to the concentration of species J at the interface (x = b).  We are interested 

in examining the case where the interfacial kinetics across this membrane | acceptor 

boundary are varied, so that equilibrium may not always be established at the 

membrane | acceptor compartment interface.

For our model, these assumptions translate into the following transport equations solved 

subject to spatio-temporal boundary conditions.

In the membrane:

q
t

 D 1 2Zq 1 q   2 q
x2  2ZD 1 2q  q

x






2

 (18)

In the acceptor compartment:

 p
t

 DP

2 p
x2  (22)

Boundary conditions:
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13

 

t  0
x  0 cQ  c0; cP  0

x  0 cQ  0; cP  0

t  0
x  0 cQ  c0; cP  0

0  x  b jQ  Deff

cQ

x
; jP  0

x  b Deff

cQ

x
 DP

cP

x
 kbcP  k f cQ

b  x   jQ  0; jP  DP

cP

x
x   jQ  0; jP  0

 

The no-flux boundary condition given as x  ∞ is, in reality, specified as the distal edge of the 

acceptor compartment (the proximal edge being the membrane | acceptor interface);  for the 

simulations considered herein (vide infra), this is considered as being four times the size of 

the membrane (q.v. Figure 3).

We are interested in measuring the permeation flux (i) across the membrane | acceptor 

compartment, which is given by equation (16):

i  Deff

cQ

x










xb

 DP

cP

x





 xb

 (23)

and is readily deduced from numerical solution of equations (18) and (23).  This was achieved 

through finite difference simulation within a uniformly spaced time and space grid 

(parameterised by dummy variables k and j, respectively), with linearization of the quadratic 

terms,43 viz.,  

a j
kbj

k  a j
kbj

k1  a j
k1bj

k  a j
k1bj

k1 (24)

using implicit kinetics.  The effective diffusion coefficient in the membrane phase was 

computed using explicit values of the concentration of species Q.  Since equations (18) and 

(22) are coupled at the membrane | acceptor compartment interface, the partial differential 

equations were solved using a pentadiagonal matrix algorithm outlined in earlier work.42b  

The permeation flux was then computed from equation (23) through forward differences, and 

recorded as a function of time.

In order to generate general waveshape transients for the permeation problem from the 

specific solutions simulated, we introduce the following dimensionless variables.

Time:

 
 2Dt

b2 (25)

Space:
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y 
x

 Dt


x

b 


(26)

Concentrations:

 
 

(27)q 
cQ

c0  cpoly


c

c0  cpoly

; p 
cP

c0  cpoly

Diffusion coefficients:

 
Deff

D
;  

DP

D
 (28)

Acceptor phase permeation interfacial kinetics:

 f  k f


D


k f b
 D

 ; b 
kbb
 D

  (29)

Permeation flux:

 
ib

Dc0

(30)

In equation (29), ϑ represents the total time over which the permeation transient is recorded 

(the experimental measurement time), with τϑ being the corresponding dimensionless time, 

determined from equation (25) with t = ϑ.  Note that the normalising parameter for 

permeation flux in equation (30) is the steady-state flux under ideal Fickian conditions, which 

corresponds to ψ = 1.

Computing

Numerical simulation was undertaken via program encoding in GNU FORTRAN using the 

freely available G77 compiler, with double-precision variables,44 and was executed on an Intel 

Pentium processor (of speed, 2.4 GHz, with 1.98 GB of random access memory) and employed 

finite difference grid comprising 10000 temporal nodes and 50000 spatial nodes;  the latter 

were divided with the membrane comprising the first fifth of the spatial nodes and the 

acceptor phase the rest.  For typical simulations, the measurement time, ϑ, was 100 s, with 

Fickian diffusion coefficients of D = 10-9 m2 s-1 (inside the membrane) and, in the acceptor 

phase, -11 ≤ lg(DP/m2 s-1) ≤ -4, for a one-dimensional box size of 1.0 mm, viz. just over three 

times the diffusion length of permeant in the membrane under the experimental timescale.  

Accordingly, the membrane thickness, b, was fixed at 0.2 mm (corresponding to one-fifth of 

the length of the total box simulated), and for ease, the permeant concentration at the donor 

compartment | membrane edge was fixed at c0 = 1.0 mM.  The membrane interaction 

parameter, Z, was varied over the range -1.5 ≤ Z ≤ 1.5, with the rate constants for permeant 

transfer across the membrane | acceptor phase interface in the range -6 ≤ lg(kf /m s-1) ≤ 0 and 

-6 ≤ lg(kb/m s-1) ≤ 0 corresponding to -0.5 ≤ lg(Λi) ≤ 5.5 (i = f or b), thereby spanning the 
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kinetically reversible (fast transfer), kinetically irreversible (slow transfer) and kinetically 

quasi-reversible regimes (vide infra).  Simulations of a single dimensionless flux transient 

took ca. 75 s of CPU time.  Data were imported and manipulated using Matlab R2013a 

(Mathworks) for graphical processing of the data.
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Results and Discussion

We first present the effect of regular solution based molecular interactions on permeant flux 

transient waveshapes and their validated comparison with the classical case, and 

subsequently identify and quantify the nuances in permeation transient waveshape due to 

either slower transport in the acceptor compartment, or slow rates of interfacial transfer 

across the membrane | acceptor boundary.

Effect of Molecular Interactions on Permeation Flux Transients

Figure 4a illustrates permeation flux transients corresponding to the permeation of a small 

gaseous molecule through a membrane from an infinite source and moving into a stationary 

gas compartment (the acceptor cell).  This corresponds to the idealised case where transport 

in the acceptor compartment is fast, so that the concentration of permeant at the acceptor 

side of the membrane is essentially zero;  Figure 4a was simulated with D = 10-9 m2 s-1 and 

DP = 1.5 x 10-4 m2 s-1.  The latter corresponds to the typical diffusion coefficient of gaseous 

molecules at room temperature and pressure.  Furthermore, we assume that the partition 

kinetics of the permeant from the membrane and into the receiving cell are fast 

(kf = kb = 1.0 m s-1).  This enables the comparison of the permeation flux transients simulated 

for the ideal case (Z = 0) to be compared with analytical theory (equation (3)), and checked 

for accuracy in convergence.  Indeed, as illustrated in Figure 4a, there is an excellent match 

between Z = 0 and the dimensionless form of equation (3), validating the convergence of the 

simulation.

The variation of the interaction parameter to non-ideal values reveals three features.  First, 

steady state signals are observed at all values of the interaction parameter at long time 

periods.  Second, attractive polymer-permeant interactions (Z < 0) produce a flux that is 

greater than the ideal case, whilst repulsive interactions (Z > 0) reduces the flux at steady 

state.  Moreover, steady-state is reached sooner for attractive interactions and later for 

repulsive ones, compared with the ideal scenario of no interactions.  At first sight, this 

appears to be incongruent with what may be expected:  attractive interactions would be 

expected to reduce the tendancy of the permeant to leave the membrane film.  However, the 

permeation flux, by definition, is a product of both the effective diffusion coefficient of the 

permeant within the membrane, and the concentration gradient at the membrane | acceptor 

compartment boundary, as given by equation (23).  Since non-ideal effective diffusion 

coefficients are non-constant (equation (16)) and depend on the permeant concentration, it is 

thus insightful to consider the spatio-temporal variation of both diffusion coefficient and 

permeant concentration within the membrane.  Figures 4b-d illustrate the spatial profile for 

these at steady-state (corresponding to a simulation time of ϑ = 100 s).  In both ideal and 

non-ideal cases, the permeant concentration decreases across the membrane, reaching zero at 

the interface with the receiving cell, thereby affording the stationary state, and constancy of 

the permeation flux (Figure 4b).  As expected (vide supra), in the ideal case there is constancy 
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in the reduction of the permeant concentration in the membrane from donor to acceptor 

edges.  However, the non-ideal cases deviate from this, with a greater discrepancy resulting 

from repulsive (Z > 0) interactions.  Nevertheless, these profiles reveal a point of inflexion in 

the steady-state concentration profile occurring at the membrane mid-point, whence the 

permeant concentration is identical (and equal to one half of c0) irrespective of the nature of 

the molecular interactions, so that the membrane is best considered as comprising two halves.  

In the donor-facing half, attractive interactions encourage more rapid uptake of the permeant 

into the membrane from the donor compared with the ideal characteristic, whilst repulsive 

interactions retard this ingress;  conversely, in the acceptor-facing half, attractive interactions 

lower the rate of permeant transport across the edge of the membrane, resulting in higher 

concentrations of permeant than the ideal case, whilst repulsive interactions speeds up the 

removal of permeant into the acceptor phase.  Accordingly, the permeant concentration is 

greater than ideal for attractive interactions, but smaller than ideal for the repulsive ones, 

resulting in a permeation flux from membrane to acceptor cell that is much greater for 

attractive interactions compared with the ideal case, and a smaller flux when the interactions 

are repulsive.  This explains the magnitude of the steady-state signals observed, and is also 

reflected in the ordering of the analyte concentration in the acceptor phase being attractive 

interactions > ideal (no interactions) > repulsive interactions, q.v. Figure 4c.

The effect of this on the diffusion coefficient of the permeant within the membrane is 

dramatic, as illustrated in Figure 4d.  For the case when there are no interactions between 

membrane and permeant, the diffusion coefficient of the permeant is constant.  The 

occurrence of molecular interactions causes the diffusion coefficient to peak in a maximum 

(attractive interactions) or reduce to a minimum (repulsive interactions) at the membrane 

mid-point, compounding the analysis above.  The more dramatic variation in the diffusion 

coefficient across the membrane for the case of repulsive interactions is rationalised by their 

greater destabilising effect of the system, corresponding to greater than unity activity 

coefficients (q.v. equation (8)) compared with the stability enhancing (viz. sub-unity activity 

coefficients) attractive interactions.  Indeed, the quadratic dependence indicated in equation 

(8) underpins the parabolic nature of the diffusion coefficient variation observed, and directly 

leads to the compartmentalisation of the membrane into donor-facing and acceptor-facing 

halves;  indeed, the variations of Deff/D with x at various Z illustrated in Figure 4d can largely 

be determined from equation (16) with q = 1 - x/b, so that the maximum or minimum value of 

Deff/D is 1 - ½Z and occurs at q = ½. 

It follows that the time taken to reach steady-state concentration profiles varies with the type 

and extent of the interactions:  attractive interactions enable a faster approach to zero 

permeant concentration at the membrane | acceptor edge (for rapid acceptor phase transport) 

than the ideal and the repulsive interactions.  This is as expected, for the reasons outlined 

above:  attractive interactions lead to sub-unity activity coefficients and therefore faster 

diffusion regimes through the membrane compared with repulsive interactions.  This enables 
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us to develop the algorithmic decision tree exhibited in Figure 4e as a toolkit for the 

experimental measurement scientist to estimate the diffusion coefficient of the permeant at 

infinite dilute (D), using the data extracted from the dimensionless permeation transients 

provided in Table 1.  This method relies on the occurrence of steady-state permeation 

transients in the experiment, and exploits the ratio of the diffusion coefficients extracted from 

the limiting flux (Dlim) to that obtained from the flux at 50% of the of the steady-state value 

(D50) as a “self-consistency index” (SCI), viz.

SCI 
D50

Dlim

 (31)

First, it is assumed that ideal diffusion occurs and the dimensionless permeation flux at 

steady-state is unity.  Equation (30) then allows the immediate estimation of Dlim.  From the 

experimental time taken since the start of the permeation transient to reach steady-state, 

using the value of the corresponding dimensionless time, τ50, given in Table 1 for the ideal 

case (Z = 0), D50 may be estimated using equation (25).  The ratio of these two diffusion 

coefficients is the self-consistency index, equation (31), which equals unity within a threshold 

tolerance (typically 0.05%), if Z = 0, suggesting no interactions occur between the permeant 

and the membrane.  Repulsive interactions tend to lead to SCI values greater than unity, 

whilst attractive interactions afford values smaller than unity.  This then allows the 

experimentalist to determine in which direction Z should be shifted, viz. greater than zero or 

less than zero, so that new iterative estimates of both the dimensionless limiting permeation 

flux (ψlim) and the adimensional time taken to reach 50% of the steady flux (τ50) may be 

computed from the data in Table 1, viz.

 lim  1
1
3

Z

 50  1.4052e0.2602Z ; R2  0.99387
 (32)

with the iteration completing until the SCI value approaches unity (within the required 

tolerance), so that the arithmetic mean of the two diffusion coefficients may be reported, 

together with the interaction parameter.

Having thus examined the effect of the interaction parameter on the permeation flux transient 

waveshape, we next investigate the changes to the waveshape that occur when transport 

within the acceptor compartment approaches that within the membrane.

Effect of Slow Transport in the Acceptor Cell

Slow transport within the acceptor cell corresponds to the case where DP ≤ D, so that the rate-

limiting step is no longer diffusion through the membrane, but, rather transport within the 

acceptor cell, provided the partition coefficient and kinetics at the membrane | acceptor cell 

interface are large and rapid, repectively.  Figure 5a illustrates permeation transients that 

occur when DP = 15D, with all other parameters remaining as for those depicted in Figure 4a.  

Several trends are observable when compared with the waveshapes shown in Figure 4a.  First, 
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the slower movement of species in the receiving compartment causes a reduction in the size of 

the permeation flux transient than would otherwise be observed – less material is apparently 

transferred across the membrane | acceptor interface.  This makes sense since the boundary 

condition at this interface is of the Neumann kind, and is the case of flux equality;  the 

permeation flux depends on the speed at which material is removed from the acceptor side of 

the boundary.  Second, all other things being equal, it is only the case of no interactions 

between the permeant and the membrane that enables the occurrence of a stationary state in 

permeant concentration profile within the same timescale as that for faster diffusion (Figure 

4a);  attractive membrane interactions lead to the observation of a peak maximum in the flux 

transient, whilst repulsive membrane interactions furnish a slowly rising waveshape, which 

may manifest as split waves (q.v. Figure 5b, vide infra).

Since both of these effects stem only from the large deviations of non-zero concentration at 

the acceptor cell edge of the membrane, it follows that the easiest way for an experimentalist 

to deal with peak waveshapes is to repeat the experiment, albeit ensuring a faster transport 

rate in the acceptor compartment.  If the acceptor phase is a fluid under quiescent conditions 

(as modelled in this work), this means using a less viscous fluid;9  conversely, if the receiving 

medium is a flowing fluid stream, as in the most frequently used experimental arrangement, 

this requires using a higher volumetric flow rate of the fluid stream, so that the permeant 

concentration at the acceptor side of the membrane is maintained as close to zero as required 

for analysis through the algorithm given in Figure 4e.

In some experimental cases, it is not readily achievable to change the mass transport in the 

acceptor cell, but it may be more facile to remove the infinite source.  Under these conditions, 

the flux transient recorded is the equivalent of that observed during a “double-step” technique 

exploited extensively in electrochemistry, and provides valuable information pertaining to 

diffusion through the membrane, since, during the second step, the boundary condition at the 

donor cell | membrane interface is at the transport limit.  Accordingly, for this second step 

(taken arbitrarily to be of duration ϑ), equations (18) and (22) are solved, as before, but with 

the following additional boundary conditions.

Boundary conditions :
  t  2

x  0 cQ  cP  0

0  x  b jQ  Deff

cQ

x
; jP  0

x  b Deff

cQ

x
 DP

cP

x
 kbcP  k f cQ

b  x   jQ  0; jP  DP

cP

x
x   jQ  jP  0
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Figure 5b and Supporting Information S2 provides three-dimensional plots illustrating the 

waveshapes of these double-step permeations as both the interaction parameter (Z) and the 

ratio of acceptor cell to ideal membrane transport are varied in the ranges -1.5 ≤ Z ≤ 1.5 and 

3  lg
DP

D








 5 .  These results demonstrate several nuances in addition to those already 

described:  first, peaks in the first permeation flood are only observed for the case of 

attractive (Z < 0) and ideal (Z = 0) interactions, whenever the acceptor transport diffusion 

coefficient is less than approximately ten times the membrane diffusion coefficient at infinite 

dilution, viz. lg
DP

D








 1 ;  second, the reverse permeation process may also exhibit peaks, 

although these occur mainly when the diffusion coefficients are most similar, viz. lg
DP

D








 0 ;  

last, highly repulsive interactions (Z > 0) give rise to split permeation waveshapes with two 

turning points during the first penetration of the membrane, only when diffusion in the 

acceptor cell becomes significantly slower than the ideal membrane diffusion, viz. 

lg
DP

D








 1 , so that the transient is affected by the non-constant, grossly non-ideal and 

greater than unity activity coefficient, in addition to the slow loss of permeant at the 

membrane | receiving cell interface.

It follows that, for the experimentalist to extract quantitative information from such double-

step transients pertaining to membrane diffusion and acceptor cell diffusion, the “transport 

parameter,” 
   2

 

, which only requires the measurement of the observed flux in the 

acceptor cell at the end of the first step (t = ϑ) and at the end of the second step (t = 2ϑ), 

readily enables this, as illustrated in Figure 5c.  This figure may be used as a “working curve” 

for experimentalists.  However, it is clear that, for the case of fast transport in the acceptor 

phase, there is no possibility to use this technique for determining the interaction parameter;  

rather the algorithm in Figure 4e should be used.

Hitherto, we have been interested in the case where equilibrium partitioning (KP = 1) between 

the membrane and the receiving cell occurs with rapid heterogeneous kinetics (lgΛi
 = 5.5;  i = f 

or b).  We next examine the influence of small partition coefficients and slow heterogeneous 

kinetics on permeation transient waveshapes.

Effects of Variable Partition Coefficient and Membrane | Acceptor Cell Interfacial Kinetics

Figure 6a illustrates permeation flux transients under parameters identical with Figure 5a, 

viz. variable interaction parameter (Z), slow diffusion in the acceptor compartment 

(Dp = 15D), but with a reduced partition coefficient across the membrane | acceptor cell 
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interface (Kp = 10-2 vs. 1.0) resulting from a lowered heterogeneous rate constant for the 

partition process (kf = 10-2 m s-1 vs. 1.0 m s-1).  The traces in Figure 6a appear to afford the 

diversity of the traces indicated in Figure 1, viz. the occurrence of peaks and split-waves.  

However, when compared with Figure 5a, it is clear that the decrease in heterogeneous 

kinetics and partition coefficient markedly affect the permeation waveshape through lowering 

the flux and “stretching-out” the waveshape, with, as expected attractive interactions 

manifesting through peaks in transient, whilst repulsive interactions giving rise to split-

waves.

In order to remove the effects of slow transport in the acceptor cell, Figure 6b and Supporting 

Information S3 depicts the results from simulations made under conditions of fast permeant 

transport in the acceptor cell, with the variation of both partition coefficient (-6 ≤ lgKP ≤ 6) 

and forward heterogeneous rate constant across the membrane | acceptor cell boundary (-

0.5 ≤ lgΛf ≤ 5.5).  Under these conditions, no peaks occur in the permeation waveshapes, and 

split-waves only occur when repulsive interactions (permeant activity coefficients in the 

membrane being greater than unity) occur and when both the partition coefficient and 

forward rate constants are small.  Since classical waveshapes are observed for the large 

majority of the cases simulated, both the limiting permeation flux (ψlim) and time taken to 

reach 50% of the steady-state flux (τ50) of the signals in Figure 6b are reported in Table 2.  It is 

readily seen that, irrespective of the magnitude and type of the permeant interactions with the 

membrane, at constant partition constant, as the heterogeneous kinetics for the transfer of 

permeant from the membrane to the acceptor cell decreases, the limiting flux decreases and 

the time taken to reach the stationary state increases.  This is the underpinning manifestation 

of slow interfacial kinetics, and is the result of “slow” transfer through the interface compared 

with transport through the membrane, on the experimental timescale.  Accordingly, it is 

convenient to depict this, irrespective of the interaction extent and level, in terms of a kinetic 

zone diagram – a visual representation of the regions corresponding to those where a 

complete analysis of the kinetics must be carried out, and the areas of limiting behaviour 

where the system does not depend on any parameter, meaning that experimental variables are 

used to normalised the parameters, and thus a single adimensional expression of the limiting 

flux (ψlim/ϑ) or half-flux time (τ50) provides what is necessary for all possible experimental 

situations.  This diagram is illustrated in Figure 6c, where it is seen that it comprises five 

regions which reflect the level of uncertainty in the observed transient compared with those 

obtained for the most thermodynamically favoured (lgKp = 6) and kinetically fast (lgΛf = 5.5) 

partition process between the membrane and the acceptor cell.  In the pure diffusion (PD) 

region, the values in Table 2 are within 10-4% of this standard;  the equilibrium diffusion (ED) 

zone maps out an uncertainty less than 1.0%, whilst that in the general kinetics area is <10%.  

As suggested by the relationships between the limiting flux and the half-flux time and the 
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interaction parameter given in Table 3, for these three zones, experimental data may be first 

treated using the expressions given in equation (32) to estimate values of Z and D, before 

using the more refined expressions given in Table 3 coupled with the self-consistency protocol 

indicated in Figure 4e.  In contrast, experimental data which fall in the quasi-reversible 

equilibrium region (QRE) where the uncertainty is less than 60%, or in the pure kinetics zone 

(PK) where split-waves may occur for Z < 0, extraction of both D and Z from experimental 

transients is best undertaken through full simulation of the waveshape, with the parameter 

Z  lg
KP

 f

  enabling iterative optimisation of experimental and simulated transients.

Having thus investigated the various parameters within our regular solution theory model, we 

next re-examine the experimental data illustrated in Figure 1d.

Analysis of the Experimental Data in Figure 1d.

The two experimental permeation curves depicted in Figure 1d correspond to the CO2 flux in 

the polymers PVDF and PA66.  In the former polymer film, the permeation flux is considered 

to gradually increase with time, whilst in the latter membrane, a flux maximum is apparent 

close to 50 h.  The regular solution model developed would suggest slow transport in the 

acceptor compartment, with repulsive interactions (q.v. Figure 5a for Z < 0).  However, 

consideration of the experimental equipment in Supplementary Information S1 (which is 

analogous to that reported in reference 35) would indicate that the boundary condition q = 0 

at x = b is upheld.  This apparent paradox suggests that an alternative explanation exists for 

the permeation flux waveshape:  the increase in the diffusion coefficient within PVDF may be 

caused by the plasticisation of the polymer by supercritical CO2, which results in an increase 

in its free volume and a decrease in its glass transition temperature;  in contrast, the 

supercritical CO2 may extract the plasticiser in PA66, which results in a decrease in free 

volume and hence a decrease in the diffusion coefficient.  In any case, these insights stress the 

importance of characterising chemical and physical effects during permeation processes.

Page 22 of 55

ACS Paragon Plus Environment

Langmuir

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



Conclusions

In this work, we have sought to unravel the physicochemical whys and wherefores 

underpinning the observation of non-classical permeation transients, using regular solution 

theory to account for non-ideal permeant activity coefficients within a membrane.  

Accordingly, we have sought to develop protocols for experimental scientists and engineers to 

treat such data, thereby measuring, in a self-consistent manner, the ideal diffusion coefficient 

of a permeant through the membrane and its permeability.  We have demonstrated that both 

classical and non-classical signals may be observed under specific conditions based on 

interactions with the polymer membrane and abnormal waveshapes cannot be merely 

denoted as pertaining to membrane swelling, as seemingly suggested within the literature.38  

Moreover, we have identified that even the classical, sigmoidal-shaped transient may not be 

interpreted simplistically, as both its steady-state limiting flux and its half-limiting time are 

affected by the membrane kinetics and nature and degree of molecular interaction between 

the permeating species and the membrane.  This, in itself, strongly encourages a re-

examination of existing steady-state permeation flux transient data sets, centred with a goal to 

identify self-consistent Fickian diffusion coefficients of the permeants within the membranes.  

In returning to the non-classical waveshapes identified in Figure 1, we conclude that peaks are 

only observed in first flood permeation flux transients when either no interactions or 

attractive interactions (viz., those for which the activity coefficient is at most unity) occur 

between the permeating species and the membrane, and when either the transfer kinetics are 

slow and unfavourable at the membrane | acceptor cell interface, or transport in the acceptor 

compartment is slow.  In contrast, split permeation flux transient waves occur when there is a 

repulsive interaction between the permeating species and the membrane (viz., the permeant 

activity coefficient is greater than unity in the membrane) and when either the mass transport 

within the acceptor cell is slow, or when the permeant transfer rate across the 

membrane | acceptor interface is slow compared with permeation within the membrane.  An 

interesting aspect of this work is the determination of the polymer-permeant interaction 

parameter Z from experimental diffusion measurements using either lim or 50, and this 

encourages further work to validate this approach to measure Z and compare it with the 

Flory-Huggins interaction parameter  (equation 15), often measured using inverse gas 

chromatography.39  This toolkit for experimentalists can assess the validity of diffusion 

measurements and also extract the interaction parameters.

In taking this forward, it is important to enquire as to whether a flux transient may provide 

information on the chemical degradation of a membrane.  In answering this question, the 

combination of membrane thickness and mass measurements together with a series of 

double-step permeation processes – make way for accelerated permeation tests over single 

permeation measurements.
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Haywood, S. K.;  Kelly, S. M.;  Lawrence, N. S.;  Wadhawan, J. D., Empowering the smart grid:  can redox 
batteries be matched to renewable energy systems for energy storage? Energy Environ. Sci., 2013, 6, 1026.

44. Copies of the programs used are available from the authors, upon request.
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Table 1:  Variation of the dimensionless limiting flux (ψlim) and time required to reach 50% 
of the steady flux (τ50) value as a function of the interaction parameter, Z for membrane-

limiting transport, with fast (reversible) partition kinetics at the membrane | acceptor phase 
boundary.  Data obtained through cubic-spline interpolation from simulated transients. 
Simulations used a 0.2 mm thick membrane and lasted for 100 s, with c0 = 1.0 mM, with 
membrane diffusion coefficient at infinite dilute, D = 10-9 m2 s-1 with fast transport in the 

acceptor phase (Dp = 1.5 x 10-4 m2 s-1), with Kp = 1.0, kf = kb = 1.0 m s-1.

Z ψlim τ50

-1.5 1.50 0.979
-1.0 1.33 1.08
-0.5 1.17 1.21
0.0 1.00 1.37
+0.5 0.833 1.57
+1.0 0.667 1.83
+1.5 0.500 2.14
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Table 2:  Variation of the dimensionless limiting flux (ψlim/ϑ) and time required to reach 50% of the steady flux (τ50) value as a function of the interaction 
parameter, Z for membrane-limiting transport, with variable kinetics at the membrane | acceptor phase boundary.  Data obtained through cubic-spline 

interpolation from simulated transients. Simulations used a 0.2 mm thick membrane and lasted for 100 s, with c0 = 1.0 mM, with membrane diffusion 
coefficient at infinite dilute, D = 10-9 m2 s-1 with fast transport in the acceptor phase (Dp = 1.5 x 10-4 m2 s-1).

Z = -1.5 Z = -1.0 Z = -0.5 Z = 0.0 Z = 0.5 Z = 1.0 Z = 1.5

lgΛf lgKP ψϑ τϑ ψϑ τϑ ψϑ τϑ ψϑ τϑ ψϑ τϑ ψϑ τϑ ψϑ τϑ

5.5 0 1.50 0.979 1.33 1.08 1.17 1.21 1.00 1.37 0.833 1.57 0.667 1.83 0.500 2.14

5.5 2 1.50 0.979 1.33 1.08 1.17 1.21 1.00 1.37 0.833 1.57 0.667 1.83 0.500 2.14

5.5 4 1.50 0.979 1.33 1.08 1.17 1.21 1.00 1.37 0.833 1.57 0.667 1.83 0.500 2.14

5.5 6 1.50 0.979 1.33 1.08 1.17 1.21 1.0 1.37 0.833 1.57 0.667 1.83 0.500 2.14

3.5 -2 1.50 0.988 1.33 1.09 1.17 1.22 0.996 1.38 0.830 1.59 0.664 1.84 0.498 2.16

3.5 0 1.50 0.980 1.33 1.09 1.17 1.21 0.999 1.37 0.833 1.57 0.666 1.83 0.500 2.14

3.5 2 1.50 0.980 1.33 1.09 1.17 1.21 0.999 1.37 0.833 1.57 0.666 1.83 0.500 2.14

3.5 4 1.50 0.980 1.33 1.09 1.17 1.21 1.00 1.37 0.833 1.57 0.666 1.83 0.500 2.14

1.5 -4 0.909 1.50 0.845 1.67 0.773 1.88 0.690 2.15 0.595 2.51 0.488 2.98 0.369 3.57

1.5 -2 1.42 1.08 1.26 1.19 1.11 1.33 0.949 1.51 0.792 1.73 0.634 2.01 0.475 2.35

1.5 0 1.42 1.07 1.27 1.19 1.11 1.33 0.952 1.50 0.794 1.72 0.636 2.00 0.477 2.34

1.5 2 1.42 1.07 1.27 1.19 1.11 1.33 0.952 1.50 0.794 1.72 0.636 2.00 0.477 2.34

-0.5 -6 0.0217 2.34 0.0217 2.66 0.0217 3.09 0.0217 3.68 0.0217 4.56 0.0216 6.01 0.0213 8.90

-0.5 -4 0.160 2.14 0.159 2.43 0.158 2.83 0.156 3.38 0.154 4.22 0.151 5.66 0.144* 8.72*

-0.5 -2 0.171 2.21 0.170 2.42 0.168 2.81 0.166 3.36 0.164 4.19 0.160 5.62 0.152* 8.66*

-0.5 0 0.171 2.12 0.170 2.42 0.168 2.81 0.166 3.36 0.164 4.19 0.160 5.62 0.152* 8.66*

*Permeation transient waveshape comprises a “split-wave” (see text).
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Table 3:  Equations describing the variation of the characteristic parameters of a 
permeation flux transient (ψlim/ϑ and τ50) with interaction parameter Z within the 

framework of the limiting behaviour regions provided by the kinetic zone diagram 
illustrated in Figure 6c.  For each expression given, the square of the correlation coefficient, 

R2, is provided in parentheses.

Region ψϑ τ50

Pure diffusion (PD)a
   1

1
3

Z

R2  1 
 

 50  1.41e0.260Z

R2  0.994 

Equilibrium diffusion (ED)b
   0.998  0.332Z

R2  1   
 50  1.41e0.260Z

R2  0.994 

General kinetics (GK)c
   0.951 0.315Z

R2  1.00   
 50  1.54e0.260Z

R2  0.994 

Quasi-Reversible Equilibrium (QRE)d
   0.947  0.313Z

R2  1.00   
 50  1.54e0.260Z

R2  0.994 
   0.667  0.179Z

R2  0.988   
 50  2.23e0.289Z

R2  0.991 

Pure kinetics (PK)e    f Z  lg
KP

 f













  50  f Z  lg
KP

 f













 

aUncertainty less than 10-4% from equation (32).
bUncertainty between 10-4 and 1% from equation (32).
cUncertainty between 1 and 10% from equation (32).
dTwo extreme sub-zones exist in this region, where uncertainty is between 10-60% from equation (32).
eUncertainty greater than 60% from equation (32);  split waveshapes appear for Z = +1.5.
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Figure Legends

Figure 1
(a)
Ideal Fickian permeation flux transient at the membrane | acceptor cell interface.  The acceptor compartment is 
considered as an infinite source and the permeant is sufficiently rapidly removed from the membrane in the acceptor 
cell.  The transient was simulated using equation (3) with the following parameters.  Concentration of permeant at 
the donor cell | membrane interface, c0, =1.0 mM;  diffusion coefficient of permeant in the membrane, D =10-9 m2 s-1;  
membrane thickness, b = 0.2 mm;  for the summation n = 1000 was used to approximate n  ∞.  

(b)
Permeation curves for a mixture comprising 80% methane (black) and 20% carbon dioxide (grey) through medium 
density polyethylene (MDPE) at 80 oC and 100 bar.  Reproduced with permission from Reference 30, Copyright © 
2001, Éditions Technip.

(c)
Sensor readings for methane (solid blue) and carbon dioxide (dashed orange) permeation through a cross-lined 
polydimethylsiloxane membrane at 30 oC in a liquid medium.  Reproduced with permission from Reference 34, 
Copyright © 2014, Elseveir.

(d)
Carbon dioxide flux transients through a 1.0 mm thick PVDF (i), or PA66 (ii) membrane at 80 oC and 200 barg.  Two 
types of permeation cell were used:  large area (50.2655 cm2, red and blue transients) and small area (12.5664 cm2, 
magenta and black transients).  The measured membrane thicknesses were PVDF (both permeation cells):  
1.072 mm;  PA66 large cell:  1.038 mm;  PA66 small cell:  1.049 mm.  See reference 35 and Supporting Information S1 
for experimental details.

Figure 2
(a)
Schematic illustration of a constant pressure permeation cell, where a chemical species (the permeant) moves from a 
donor source through a membrane into an acceptor cell.

(b)
Concentration profiles for transport-limited permeation through a membrane based on the arrangement in panel (a), 
using equation (2) with the parameters:  c0 = 1.0 mM;  b = 0.2 mm;  D = 10-9 m2 s-1.  Note that the abscissa is 
presented as in a logarithmic scale.  Transients were simulated at particular time snapshots in the range 10-

5 ≤ t/s ≤ 105, increasing as indicated by the arrow through one order of magnitude.

(c)
Ideal Fickian permeation flux transient at the membrane | acceptor cell interface.  The acceptor compartment is 
considered as an infinite source and the permeant is sufficiently rapidly removed from the membrane in the acceptor 
cell.  The transient was simulated using equation (3) with the following parameters.  Concentration of permeant at 
the donor cell | membrane interface, c0, =1.0 mM;  diffusion coefficient of permeant in the membrane, D =10-9 m2 s-1;  
membrane thickness, b = 0.2 mm;  for the summation n = 1000 was used to approximate n  ∞.  The abscissa 
represents the logarithmic value of the dimensionless time (given by equation (18)), whilst the ordinate denotes the 
normalised flux (given by equation (23)), vide infra.  This is the dimensionless equivalent of Figure 1(a).

(d)
Plot of the variation of the amount of permeant entering the acceptor cell per unit membrane area with time, 
illustrating the “time lag.”  Graph simulated using equation (4), with the following parameters.  Concentration of 
permeant at the donor cell | membrane interface, c0, =1.0 mM;  diffusion coefficient of permeant in the membrane, D 
=10-9 m2 s-1;  membrane thickness, b = 0.2 mm;  for the summation n = 1000 was used to approximate n  ∞.  Note 
that the abscissa has a logarithmic scale.

Figure 3
Schematic illustration of the co-ordinate system and boundary conditions imposed within the model used within this 
work.

Figure 4
(a)
Simulated flux transients for membrane-limited permeation with fast (kinetically reversible) partition of permeant 
between the acceptor phase and the polymer membrane.  Simulations used a 0.2 mm thick membrane and lasted for 
100 s, with c0 = 1.0 mM, with membrane diffusion coefficient at infinite dilute, D = 10-9 m2 s-1 with fast transport in 
the acceptor phase (Dp = 1.5 x 10-4 m2 s-1), with Kp = 1.0, kf = kb = 1.0 m s-1.   Cyan circles refer to the classical 
permeation through a membrane simulated using equation (3);  solid lines refer to flux transients simulated using 
regular solution theory, with interaction parameter Z = -1.5 (blue), -1.0 (green), -0.5 (red), 0 (cyan), 0.5 (magenta), 
1.0 (gold), 1.5 (black).

(b)
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Concentration profile of permeant within the membrane (of thickness b), normalised to the concentration of the 
infinite donor (c0).  Simulation parameters as for (a).  Key:  Z = -1.5 (blue, attractive polymer-permeant interactions), 
0 (green, no polymer-permeant interactions), 1.5 (red, repulsive polymer-permeant interactions).

(c)
Concentration profile of emerging permeant from the membrane within the acceptor compartment.  Simulation 
parameters as for (a);  key as in panel (b).

(d)
Variation of the effective diffusion coefficient within the membrane.  Simulation parameters as for (a);  key as in 
panel (b).

(e)
Jackson diagram illustrating the algorithm for extracting the interaction parameter and self-consistent diffusion 
coefficient from experimental data under conditions of fast acceptor phase transport and fast kinetics at the 
membrane | acceptor phase boundary.

Figure 5
(a)
Permeation flux transients for the case of slow transport within the acceptor compartment;  simulation parameters 
identical to those in Figure 4(a), with DP = 15D.   Key:  interaction parameter Z = -1.5 (blue), -1.0 (green), -0.5 (red), 0 
(cyan), 0.5 (magenta), 1.0 (gold), 1.5 (black).

(b)
Permeation flux transients as a function of the ratio of transport in the acceptor compartment to the membrane at 
infinite dilution (DP/D) for Z = -1.5 (i), 0 (ii) and 1.5 (iii) with fast kinetics at the membrane | acceptor phase 

boundary, with 3  lg
DP

D








 5 .  Supporting Information S2 illustrates figures for other values of the interaction 

parameter.  All other simulation parameters are as for Figure 4(a).

(c)

Variation of the transport parameter, 
   2

 

 , with ratio of transport in the acceptor compartment to the 

membrane at infinite dilution (DP/D).  All other simulation parameters are as for Figure 4(a).  Key:  interaction 
parameter, Z = -1.5 (blue circles), -1.0 (green squares), -0.5 (red crosses), 0 (cyan pluses), 0.5 (magenta diamonds), 
1.0 (gold triangles), 1.5 (black pentagons).

Figure 6
(a)
Permeation flux transients for the case of slow interfacial kinetics (kf = 0.01 m s-1;  kb = 1.00 m s-1;  KP = 0.01) within 
the acceptor compartment;  simulation parameters identical to those in Figure 4(a), with DP = 15D.   Key:  interaction 
parameter Z = -1.5 (blue), -1.0 (green), -0.5 (red), 0 (cyan), 0.5 (magenta), 1.0 (gold), 1.5 (black).

(b)

Permeation flux transients as a function of the membrane | acceptor phase boundary partition coefficient, KP 
k f

kb

, 

with -0.5 ≤ lgΛf ≤ 5.5, for Z = -1.5 (i), 0 (ii) and 1.5 (iii) with variable kinetics at the membrane | acceptor phase 
boundary (see text).  Supporting Information S3 illustrates figures for other values of the interaction parameter.  All 
other simulation parameters are as for Figure 4(a).

(c)
Kinetic zone diagram illustrating the five regions controlled by kinetic and thermodynamic partition at the 
membrane | acceptor compartment interface.  See text and Table 3 for the characteristics pertaining to each region.
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Figure 1b 

 
  

B Flaconnèche et al. / Transport Properties of Gases in Polymers: Experimental Methods

TABLE 3

Intensity (%) and mass peak for several gases

Gas
Major peak Minor peak (1) Minor peak (2)

Mass Intensity Mass Intensity Mass Intensity

Nitrogen 28 100% 14 5% 29 1%

Argon 40 100% 20 16% 36 1%

Methane 16 100% 15 85% 14 16%

CO2 44 100% 16 9% 28 8%

The values of this table report an overlapping of peaks 28
and 14 of the nitrogen with those of the other gases. This
justifies the use of argon as the internal standard, the major
peak (40) of which does not overlap with the other peaks. On
the other hand, working on ratios of peaks, and not on
absolute values, allows to avoid small variations entailed by
possible fluctuations in the operating conditions (room
temperature, flow of vector gas, etc.). The major peak of CO2
is also isolated while that of methane overlaps with a peak
arising from CO2. Then, for the quantitative analyses, it has
been chosen to base the calculations used for the deter-
mination of the transport coefficients on the following peaks: 
– argon: peak 40 (major, intensity 100%); 
– carbon dioxide: peak 44 (major, intensity 100%);
– methane: peak 15 (minor (1), intensity 85%).

The experimental curves so obtained represent the flow of
each gas of the mixture, through a polymer membrane,
according to time (Fig. 14). Then, by performing the curve of
the gas amount accumulated according to time, a graphic
representation is obtained, which can easily be analysed by
the time lag method (Fig. 15). 

CONCLUSIONS 

Due to the increase of the constraints linked to environment
safeguard, greenhouse effect, motor pollution, the decrease of
the emanations of polluting and toxic products in the
atmosphere become a crucial problem. In the field of
polymers, this reduction needs a better knowledge of the
fluid transport phenomena in these materials. Although a
number of equipment was developed, as described in the
bibliographical part, they remain generally dedicated to
particular applications. So, these experimental techniques use
material samples (thin films, pellets, very small masses, etc.)
and operating conditions (low pressure and temperature,
single gas, etc.) which are often little representative of the
industrial necessities. 

In the oil domain, especially that of the flexible pipes for
hydrocarbon transport, some specific apparatus have been
developed to perform permeation tests at high pressures (1 to
100 MPa) and high temperatures (40° in 200°C) on polymer
samples of relatively high thickness (0.5 to 6 mm) in the
presence of gas such as CH4, CO2 or H2S. 

Thanks to these devices, the objectives which it is possible
to reach now are: 
– the acquisition of experimental data essential for the

design of industrial components;
– the quantification of the influence of some parameters on

the transport coefficients, such as the presence of additives
in polymers (plasticizers, fillers, etc.), the dependence of
the diffusion coefficient on the concentration, or, still, the
effect of very high pressures; 

– the development of the knowledge about gas mixtures
transport phenomena to get closer to industrial situations.
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Figure 14

Mixed-gases (80% CH4-20% CO2) permeation curve in
MDPE at 80°C.

Figure 15

Mixed-gases (80% CH4-20% CO2) cumulated volume versus
time for MDPE at 80°C.
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Figure 1c 

 
 
  

polyurethane–polystyrene were dependent on the nature of the
crosslinking and therefore resulting in an altering of the free vol-
ume within the membrane.

3.6. Evaluation of the membranes using sensing systems

As presented in the introduction, in many real world applica-
tions, especially for those dealing with the separation of gaseous
and liquid phases, reliable gas permeable barriers are required.
Such membrane barriers should allow the permeation of the de-
sired gas species at the highest possible flux. To show the capabil-
ity of the developed PDMS membranes crosslinked at different
temperatures, a sensing system setup presented in Section 2.4 used
for the investigation of the passage of CO2 and CH4 (99.9%) with
and without the presence of the membranes. Measurements were
taken for 1 h and the steady flow rate was controlled using the
mass flow controller. All measurements were then normalized to
the experimental setup response with no membrane present.

As can be seen in Fig. 12, the permeation of both CO2 and CH4

through the 50 and 75 !C cross-linked membranes is much more
rapid than the others. The 75 !C membrane had almost the same
response as when there is no membrane present for CO2 (within
9% of the response), indicating that even with the membrane being
155 lm thick it does little to inhibit gas permeation. In compari-
son, CH4 permeation after 1 h only reaches 70% that of the without
presence of any membrane.

3.7. Evaluation of phase separation using the membranes in a sensing
system

The 75 !C membrane was tested for its capabilities in the sepa-
ration of dissolved gas from a liquid medium and for the durability.
A chamber filled with approximately 50% CO2 and 50% CH4. The gas
and liquid (ionic broth in DI water) were continuously/mechani-
cally mixed during these measurements. Fig. 13 shows the re-
sponse of the sensor with incorporated 75 !C crosslinked PDMS
membrane in response to the sensor after 2 h of gas being dis-
solved in the environment. As can be seen the CH4/CO2 selectivity
is near 4, in great agreement with our selectivity stated in Table 2,
for the sensor before the saturation occurs providing good evi-
dence that the sensors and membranes are defect free.

The results show that the membrane crosslinked at 75 !C are al-
most transparent to CO2 gas molecules in gaseous media and also
can be efficiently used for the separation of gases from liquid med-
ia. As such, the enhanced membrane can be used in a large number

of applications concerning the efficient, rapid, passive, and low cost
separation of CO2 from other gas species and from liquid phase (as
PDMS blocks the passage of liquid) [65]. These membranes can also
be invaluable in in situ monitoring of biosystems dealing with the
generation of CO2 and CH4 as the by-product of many bio-
processes.

4. Conclusions

The effect of the crosslinking temperature on CH4, N2 and CO2

gas molecule permeation through defect free PDMS membranes
was investigated. It was found that an optimal crosslinking tem-
perature of 75 !C resulted in membranes with the highest gas per-
meation, significantly higher than those crosslinked at room or
above 100 !C. This was ascribed to the structure of polymer chains
that form the highest intensity of Si–H stretching bonds at a cross-
linking temperature of 75 !C. This was demonstrated by both
Raman and FTIR spectroscopy. This increase in Si–H stretching
bonds resulted in a decreased crosslinking density and a more re-
laxed polymer matrix increasing the FFV as was demonstrated by
the density measurements and toluene swelling tests. Referring
to the solution–diffusion mechanism and the observations using
vibrational and electron beam spectroscopy investigations, the
optimized structure and extra free volume increases the diffusion
rate, allowing the gas molecules to move more easily within the
polymer matrix at this optimum temperature. The outcomes of this
study show the significance of the crosslinking temperature in
engineering membranes with enhanced flux, which can be readily
implemented in many industrial, agricultural and biotechnology
sectors that deal with sensing, purification and separation of N2,
CO2 and CH4 gas species.
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