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Abstract—The process of model order reduction facilitates 
analysis and realization of complex systems while marinating the 
essential properties of the system and input/output behavior. This 
research proposes a novel method for model order reduction. 
The novelty of the proposed method lies in addressing the 
limitations of dimensionless representation and pole-zero 
dominance. Both real and complex poles are treated for order 
reduction. The reduction of dimensionless systems, which 
considers real poles only, in the field of controls has not been 
considerably investigated. Even MATLAB has not completely 
exploited it. This work also investigates the augmentation of 
dimensionless systems and singular values based order reduction 
technique. For systems with complex poles, pole-to-pole and pole-
to-zero ratios are considered for the reduction. The performance 
of the proposed method is demonstrated with simulated examples 
of multiple systems. The results indicate that the error between 
the unit step responses of the reduced and the high order model 
is less than 5%. This research may find potential in various 
applications involving model order reduction including but not 
limited to; circuit simulation, micro-electromechanical systems, 
avionics and structural dynamics. 

Index Terms— Model order reduction, Hankel singular values, 
balanced realization, controllability, observability. 

I. INTRODUCTION 

Building and analyzing quantitative models of physical 
systems are pivotal in control engineering. Analysis of a high 
order system is a challenging task [1]. Model order reduction 
tools play an important role in both research and industrial 
applications to simplify the analysis process, the realization 
process, or sometimes both [2]. Both the plant and controller 
models may be subjected to order reduction. For a plant with 
reduced order, the controller obtained is relatively of reduced 
order. However, its applications are restricted to low 
performance and cheap scenarios. For critical applications like 
avionics, medical etc., superior demands of accuracy results in 
a high order controller. The controller can then be reduced  for 
easier realization and analysis [3]. 

 This paper proposes a technique that relies on 
dimensionless representation and pole-zero dominance. 
Simultaneous consideration of both these concepts have not 
been much explored in control community in terms of model 
order reduction. In literature, the pole-zero dominance method 
does not cater for systems with poles at origin. In this work, a 

new method with some modifications is proposed to cater for 
this limitation. Simulation results highlight the performance of 
the proposed technique. Also, MATLAB has no toolbox 
related to dimensionless representation and the present work 
contributes towards this toolbox. The nomenclature of various 
symbols mentioned in this paper is presented in Table I. 

TABLE I.  NOMENCLATURE 

Symbol Description ો۶ Hankel singular values ܋܅ Controllability Gramian ܗ܅ Observability Gramian ܛ Pole value of pole 	  where i=1,…,n and n=number of 
poles  Pole with the largest real part ࢘  Pole-to-pole dominance ratio of pole, si, with respect to 
pole, si+1 ࢠ࢘  Minimum value of pole-to-pole ratio below which the ࢘ 	ࢠ Pole-zero ratio of zero 
degree of dominance is deemed to be insufficient ࢠ࢘ Minimum pole-to-zero dominance ratio ܑܘ܂ ܑܘ܂ =  ൗ(࢙)܍܀  

Time constant of pole 	, with 	ܛ being the pole value 

II. LITERATURE REVIEW 

Various methods have been proposed for model order 
reduction, most of which are based on Hankel singular values. 
For a Multi Input Multi Output (MIMO) Linear Time Invariant 
(LTI) system given in standard state-space form (with A, B, C 
and D matrices), Hankel singular values are given in Eq. 1 [4]. 
Here, the importance of a singular value is w.r.t. controllability 
and observability, given by Eq. 2 and Eq. 3 respectively [5]. 

 σୌ = ඥλ୧(WୡW୭) (1) 
 Wୡ = න eதBBeதdτஶ

  
(2) 

W୭ = න eதCCeதdτஶ
  (3) 

 
where, Wୡ and W୭  satisfy the Lyapunov equation(s).        



The most commonly used model order reduction technique 
in theory is balanced truncation presented by Moore [6]. This 
technique uses balanced realization in which a minimal 
realization state-space is obtained. The system can then be 
partitioned into subsystems as shown in Eq. 4. 

 A = Aଵଵ AଵଶAଶଵ Aଶଶ൨ , B = BଵBଶ൨,	 C = ሾCଵ Cଶሿ,	D = 0 
        (4) 

Moore suggested that for the given balanced system, the 
subsystem (A11, B1, C1) should be a good enough 
approximation when the impulse response of this subsystem is 
same as that of the full model. However, the balanced 
truncation method gives zero error at high frequencies and 
nonzero error at low frequencies. To cater for this limitation,  
Yi and Brian [7] proposed a technique based on singular 
perturbation approximation which gives smaller errors at low 
frequencies and large errors at high frequencies. 

Safonov and Chiang [4] stated balanced truncation as being 
badly conditioned. Numerical difficulties occur in calculating 
the transformation matrix when one or few of the modes are 
very nearly uncontrollable and unobservable. To cater these 
difficulties, the authors propose reduction via projections 
which are arbitrary bases for Eigen-spaces. For Eigen-spaces, 
two methods can be used: Schur decomposition of the product 
of the controllability and observability gramians [4] and 
another method based on Cholesky factors of the gramians [8].  

Choroszucha et al. [9] investigated a new method using 
Schur decomposition by combining two existing methods: 
Balanced truncation and Modal truncation. The proposed 
technique gives better result than the ‘reduce’ command in 
MATLAB for reducing model order of two or less.  

Furthermore, Poonam and Patil [10] presented a new 
method named Balanced Truncation Approximation (BTA) 
using bilinear conformal transformation approach. This method 
provides an error bound. Moreover, one of the conventional 
methods of model order reduction is based on modal 
approximation in which the original system is projected onto 
the Eigen-spaces which correspond to the few selected Eigen-
values. Benner et al.  [11] selected dominant poles to project 
the system onto left and right Eigen-spaces for which the two-
sided Jacobi-Davidson method was chosen due to its 
robustness. Further details are reported in [12, 13].  

III. BACKGROUND 

A. Dimensionless Representation 

The advantages of dimensionless representation w.r.t. 
model order reduction include; (i) It minimizes the number of 
parameters necessary for the system description. (ii) It may 
provide further knowledge of the parameters influence on the 
dynamical response. (iii) It gives better identification of 
asymptotic values whether they are too small or too large. 
These advantages provide a basis for selecting the parameters 
that may be truncated. The resultant reduced order model is 
then obtained by eliminating these parameters. For dimensional 
analysis, Buckingham Pi theorem works on the principle of 

independence of fundamental dimensions. The theorem does 
not explicitly consider poles and zeros but it can be applied to 
transfer function and state-space models. For mathematical 
details and procedure to obtain a dimensionless based 
representation model, the reader is  referred to [14]. 

B. Pole-Zero Dominance 

In some cases, it is possible to identify the set of dominant 
poles and/or zeros that has a relatively higher influence over 
the system dynamics compared to other poles/zeros. By 
considering only these dominant sets of poles and zeros, a 
transfer function of the system can be obtained with almost the 
same dynamic response. The pole and zero dominance can be 
computed based on two parameters;  pole-to-pole dominance 
ratio and  pole-to-zero dominance ratio [15].    

 
1) Pole-to-pole dominance ratio: This ratio enables to 
determine the influence of one pole (or a group of poles) on 
the closed loop dynamic performance to be compared with 
that of another pole or group of poles [14]. Firstly, the poles 
are arranged in increasing magnitude of their real parts and 
subsequently with reduced time constants. |Re(sଵ)| ≤ |Re(sଶ)| ≤ ⋯ ≤ |Re(s୬)|              (5) T୮ଵ ≥ T୮ଶ ≥ ⋯ ≥ T୮୬               (6) 

 
The poles according to Eq. 5 and Eq. 6 are arranged in 

decreasing degree of dominance. Next, pole-to-pole ratio is 
determined for each pole with the previous pole in line as per 
the sequence defined in Eq. 5. This ratio is given by: r୮୮ ୧ = Re(s୧ାଵ)/Re(s୧)               (7) 

The method to determine the dominant poles for reduced 
order model is as follows: for	݅ = 1, 2,⋯ , 	ݎ		:݊ = Re(s୧ାଵ)/Re(s୧) = ܶ/ ܶାଵ	 	if	ݎ	 ≤ 	ݎ ∶	keep si+1, else selection is complete.   

For ratio below ݎ	, the degree of dominance is  
considered to be deficient for computing the reduced model.  

 
2) Pole-to-zero dominance ratio: This ratio enables assessment 
of the effect of a pole (or a group of poles) closer to the origin 
of the s-plane than a zero (or a group of zeros) in reducing the 
influence of that zero (or a group of zeros) on the closed loop 
dynamic performance [15]. The effect of zeros on the control 
system performance is greater with decreasing magnitudes of 
the zeros. So, similar to poles, the zeros are arranged in 
increasing order of their magnitudes as given in Eq. 8. |zଵ| ≤ |zଶ| ≤ ⋯ ≤ |z୫| (8) 

The pole-to-zero dominance ratio is given as in Eq. 9. r୮ = |z୧|/Re(p୬) , i = 1, 2,⋯ ,m	       (9) 
 



where, ݉ is the number of zeros and  is the pole with the 
largest real part. Thus, for each zero, it gives the smallest value 
of ݎ௭. The dominant zeros can be determined using a 
minimum ݎ௭ value (ݎ௭	). The zeros for which ݎ௭ 	௭ݎ ≥ , are considered as dominant zeros. These dominant 
zeros are considered while computing the reduced system. 

IV. EXISTING APPROACHES AND PROPOSED METHOD 

This research investigates pole dominance based model 
order reduction and the augmentation of dimensionless 
representation with the existing reduction techniques based on 
Hankel singular values. Dimensionless representation can be 
performed either before or after applying Hankel singular 
values based reduction techniques.  

A. Limitations of Dimensionless Representation 

 The dimensionless representation of a system can be 
obtained through non-dimensionalizing the transfer function or 
the state-space model of the system. Considering state-space 
model in MATLAB, the stability of the system after non-
dimensionalizing is not always guaranteed. Thus, we cannot 
apply the Hankel singular value based built-in methods in 
MATLAB for reduction. Consider an example of a plant model 
given below with three inputs, three outputs and five states.  

 

ܣ = ێێێۏ
0ۍ 0 1.132 0 −10 −0.0538 −0.1712 0 0.07050 0 0 1 00 0.0485 0 −0.8556 −1.0130 −0.2909 0 1.0532 ۑۑے0.6859−

 ,	ېۑ
 

ܤ = ێێێۏ
ۍ 0 0 0−0.12 1 00 0 04.419 0 −1.6651.575 0 ۑۑے0.0732−

 ,	ېۑ
ܥ  = 1 0 0 0 00 1 0 0 00 0 1 0 0൩	 , ܦ = 0 0 00 0 00 0 0൩ 

 
The poles of the original plant model are: 0.000 + 0.000i, -

0.780 + 1.030i, -0.780 - 1.030i, -0.018 + 0.183i, -0.018 - 
0.183i. All the poles are in the Left Half Plane (LHP) as 
depicted in Figure 1. Therefore, the system is stable. 

 
Fig. 1. Pole-Zero map of the Original System 

All the poles have been shifted to the Right Half Plane 
(RHP) thus, making the system unstable as shown in Figure 2. 

 

 
Fig. 2. Pole-Zero map of the Dimensionless System 

 
Considering the dimensionless transfer function, according 

to the steps laid out in Buckingham Pi theorem, the dominant 
time constant (τp1) is chosen as a first step in computing the 
dimensionless transfer function for a given transfer function in 
the generic pole-zero form (Eq. 10). Each parameter of the 
transfer function is then divided by τp1. The problem is 
encountered in the case when the pole(s) are complex. 
Buckingham Pi theorem does not mention anything related to 
complex poles. Neglecting the imaginary part results in 
changing the system modes altogether. Thus, this proves to be 
a limitation that dimensionless representation of transfer 
function can only be applied to non-oscillatory systems. 

(ݏ)ܩ  = ݇ ∏ (ఛೕ௦ାଵ)ೕసభ௦ ∏ (ఛ௦ାଵ)సభ ݁ି௦					                         (10) 

B. Limitations of Pole-Zero Dominance 

Pole-zero dominance helps to find the dominant poles and 
dominant zeros. However, the pole-to-pole ratio is given for a 
zero-less system and is applied without considering the zeros 
of the system. Similarly, the pole-to-zero ratio is given with the 
poles considered as constant. Also, this method does not take 
into account the pole/poles at the origin since the minimum 
pole-to-pole ratio and minimum pole-to-zero ratio for 
evaluating dominance of poles and zeros respectively are 
provided for systems having no pole/poles at origin. However, 
this is not the case for many systems in the field of controls. 

C. Proposed Method 

For a system with real poles, dimensionless representation 
of transfer function is considered. Two cases are considered; 
pole-zero cancellation and elimination of slow mode. The 
cancellation is done for exact pole-zero match or when the pole 
and zero are in close proximity. The range is set according to 
the user’s choice. If cancellation is possible, then the method 
reduces the number of poles and number of zeros by one. Then 
the method moves onto next iteration for the next pole. If the 
cancellation is possible for a pole with any already eliminated 
zero or vice versa, then the difference between the two possible 
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cancellations is considered. The pole-zero pair with more 
nearness in range to each other is selected for cancellation and 
is then eliminated. Next, the model is checked for any slow 
modes. As the parameters representing the poles (࣎ത) and 
zeros (࣎തࢉ) are non-dimensionalized, where i=1,..., n, j=1,..., m,  
the smallness of the parameter can be easily determined. The 
choice of threshold on parameter value so as to be considered 
as slow (and thus eliminated) is arbitrary. This threshold is 
referred as boundary value in the present discussion.  Then, in 
each iteration, the value of dimensionless parameter ࣎ത  is 
checked against the boundary value. If the value of ࣎ത is 
smaller than the boundary value,  the respective pole and 
remaining poles corresponding to the parameters with value 
less than the boundary value are eliminated i.e. 

 if	࣎ത > ,	݁ݑ݈ܽݒ	ݕݎܽ݀݊ݑܾ keep	pole		 else	eliminate	, ⋯,ାଵ ,  																													
 
As a result, reduced number of dimensionless parameters 

representing reduced number of poles and zeros are obtained. 
Finally, these parameters are dimensionalized to pole and zero 
form, based on which, the reduced system model is obtained. 

In pole-zero dominance, any poles located at the origin are 
not considered in evaluation of pole-to-pole dominance. This is 
catered by dividing the system into two subsystems; system 
with poles at origin and system with remaining poles. The 
dominant poles and zeros are computed for the remaining 
subsystem without considering poles at origin. After 
determination of the dominant poles and zeros, the rest of the 
poles and zeros of this subsystem are eliminated. Finally, the 
poles and zeros of the two subsystems are combined. The flow 
chart of proposed method is illustrated in Figure 3. 

V. SIMULATION RESULTS 

Simulations were performed on MATLAB (R2015b) using 
64-bit Windows 10 Operating system installed on a 3.1GHz 
core i-7 CPU and with a RAM of 8 GB. Simulation were 
performed on oscillatory and non-oscillatory models with 
different orders. First, the models were tested for dimensionless 
representation based reduction and their results were noted and 
compared to the expected outcome. The DC gain of the 
original and the reduced model were normalized to unity for 
comparison purposes. If the system has oscillatory modes, then 
dimensionless representation method is not applicable. For 
non-oscillatory systems, the method is applied and possible 
reduction is done based on dimensionless representation. After 
reduction of parameters, the model is taken back to its original 
dimensional form and is then compared to the original model. 

Secondly, the models were tested for pole-zero dominance 
based reduction for oscillatory class of the systems. The poles 
and zeros of the model were obtained and then the algorithm 
for pole-zero dominance was applied. Normalizing the DC 
gains to unity, the error between the step responses of the 
original and the reduced model was computed for an   interval 
of 10 μsec. up to 100 sec. Thus, the computed percentage error 
gives good accuracy. 

 
Fig. 3. Flow chart of proposed method for model order reduction  

A. Example 1: Dimensionless Representation based Reduction 
Through pole-zero Cancellation 

Consider a typical system with transfer function as  
(ݏ)ܻ  = ݏ1.02 + 3ݏ1.020.34 + 2ݏ10.57 + ݏ11.25 + 1.02 

 
The poles are located at -0.1, -1, -30 while a zero is found 

at on: -1. The proposed method reduced the model order and 
the resulting reduced transfer function is written as, ܻௗ(ݏ) = 2ݏ1.020.34 + ݏ10.23 + 1.02 

As expected, the algorithm reduces the model based on 
pole-zero cancellation at -1. The percentage error is 0.000775% 
and it can be seen in Figure 4 that the reduced model closely 
follows the original model. 

 
 

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 

Fig. 4. Step responses of the original and the system reduced through 
pole-zero cancellation. 
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B. Example 2: Dimensionless Representation based Reduction 
through Fast-mode Elimination 

Considering another system with transfer function as, ܻ(S) = S + 2Sଷ + 101Sଶ + 101S + 1 

 
The poles of the system are located at -0.01, -1, -100 while 

a zero is found at -1. The proposed method reduced the model 
order and the resulting reduced transfer function is given as, 

ܻௗ(ݏ) = ݏ2 + 2ݏ2.01201 + ݏ201 + 2.01 

 
As expected, the pole p=-100 is eliminated as we may 

disregard fast model dynamics. As can be seen in the plot of  
Hankel singular value (Figure 5),  the major contribution in the 
system dynamics is from the first pole and least contribution is 
from the pole located at p=-100. The percentage error between 
the original and the reduced model is 0.48202%. 

 

 
Fig. 5. HSV plot showing the contribution of the poles of the original 

system to the system dynamics. 

C. Example 3: Pole-zero Dominance based Reduction 

Considering a system with transfer function as, ܻ(ݏ) = ݏ + ସݏ20.2564 + ଷݏ7.999 + ଶݏ9.348 + ݏ3.605 + 2 

 
The poles are located at -0.01-0.5i, -0.01+0.5i, -1, -30 while 

a zero is found at -2. The transfer function of the reduced order 
system is found to be: 

ܻௗ(ݏ) = ݏ3.9 + 3ݏ7.830 + 2ݏ36 + ݏ13.8 + 7.8 

 
The Hankel singular values of the given system are shown 

in Figure 6. It can be seen that the pole at -30 has very less 
contribution as the value of its time constant  is very small 
compared to the previous pole located at p=-1. Thus, the pole 
at -30 can be eliminated.  

The percentage error between the step responses of the 
original model and reduced model is found to be 1.1884% 
which is less than 5%, as expected. The difference between the 
original and the reduced models is evident from bode plot 
shown in Figure 7. At low and medium frequencies, the 

reduced model matches the original model. Slight deviation is 
seen at higher frequencies. 

 

 
Fig. 6. HSV plot showing the contribution of the poles of the original 

system to the system dynamics. 

 

 
Fig. 7. Bode Diagram of the original and the reduced model. 

D. Example 4: Augmentation of Dimensionless Representation 
and Hankel Singular Values based Model Order Reduction 

Considering a 5th order system with transfer function as, 

(ݏ)ܻ = ଶݏଷ+11ݏ + ݏ36 + ହݏ366 + ସݏ639.1 + ଷݏ3976 + ଶݏ6976 + ݏ3669 + 36 

 
The poles are located at -0.01,-1,-1.5,-4,-100 while zeros 

are found at -2, -3, -6. The transfer function of the reduced 
system through dimensionless representation based reduction is 
determined as 

(ݏ)ܻ  = ଶݏଷ+39.05ݏ6 + ݏ69.29 + ସݏ36.33605.6 + ଷݏ3942 + ଶݏ7004 + ݏ3703 + 36.33 
 
The percentage error between the reduced and original 

system is 0.84735%. The system is further reduced using HSV 
based method using MATLAB command ‘reduce’.  The 
system is reduced to 3rd order from 4th order. The percentage 
error is 0.8743492%. The reduced transfer function is given by 

 

୰ܻ(ݏ) = ଶݏ0.009908 + ݏ0.02301 + ଷݏ0.0132 + ଶݏ2.324 + ݏ1.343 + 0.0132  

 

0 1 2 3 4
State

0

0.2

0.4

0.6

0.8

1

S
ta

te
 E

n
e

rg
y

Stable modes

0 1 2 3 4 5
State

0

0.1

0.2

0.3

0.4

S
ta

te
 E

n
e

rg
y

Stable modes

-200

-150

-100

-50

0

50

10-2 10-1 100 101 102 103
-270

-180

-90

0

Original Model
Reduced Model

Frequency  (rad/s)



Finally, the original model Y(s) was reduced to 3rd order 
system Yred(s) using MATLAB ‘reduce’ command. Results are 
then compared with the proposed augmented method.  

 

୰ܻୣୢ(ݏ) = ଶݏ	0.00151 + ݏ0.00977 + ଷݏ0.004766 + ଶݏ1.428 + ݏ	0.4908 + 0.004766 

 
The percentage error for this reduction is 0.0016% which is 

very less than the percentage error in the reduction performed 
by the augmented method. Thus, the augmented method does 
not give better results compared to Hankel singular values 
based reduction methods. However, it can identify any pole-
zero cancellation and slow modes to be reduced. The Hankel 
singular values based methods do not explicitly check for pole-
zero cancellation and slow-modes. Furthermore, the augmented 
method ensures the error to be less than or equal to 5%. 

VI. CONCLUSION 

In recent years, numerous research works have been 
reported in the domain of model order reduction with an 
attempt to improve the existing methods. Dimensionless 
representation in model order reduction is a new field which is 
investigated in the present work. The proposed approach 
provides reduction based on the smallness or largeness of the 
value of the dimensionless parameter. The relativeness in the 
value of the dimensionless parameter makes the analysis of 
system dynamics easier. However, dimensionless 
representation is restricted to be applicable only for non- 
oscillatory systems. To deal with oscillatory systems, pole-zero 
dominance is considered. Once the dominant poles and 
dominant zeros are computed, the system can be reduced by 
eliminating the non-dominant poles and non-dominant zeros. 
The method ensures that the error between step responses of 
the reduced and the original models is always less than 5%. 

Dimensionless representation is a very powerful tool, 
which can be further explored to attain the maximum 
advantages in terms of model order reduction. For systems 
with complex poles, this domain could be further explored and 
a method may be devised for reduction through dimensionless 
representation. Secondly, pole-zero dominance method only 
considers the ratio between two consecutive poles. Another 
dimension that can be investigated in pole-zero dominance 
method is the consideration of controllability and observability 
of the non-dominant group identified.  
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