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Abstract

The transmission line matrix (TLM) methqd is a numerical tool for the solution of
wave and diffusion type equations. The application of TLM to physical phenomena
such as heat flow and electromagnetic wave propagation is well established. A
previous attempt to apply TLM models to the area of elastic wave propagation and
elastic deformation had limited success. The work of this thesis extends the
application base of TLM to the area of elastic deformation modelling and validates
the model for several two-dimensional situations. In doing this it has been necessary
to develop new nodal structures which facilitate the scaling of differential
coefficients and incorporation of cross derivatives. Nodal structures which allow the
modelling of two and three-dimensional, and anisotropic, elastic deformation are

described.

The technique is demonstrated by applying the elastic deformation model to several
elastic problems. These include two-dimensional isotropic models and models of
anisotropic elastic deformation. Provision is also made for the application of various

boundary conditions which include displacement, force and frictional boundaries.

Keywords: TLM, elastic deformation, anisotropic elasticity.



Acknowledgements

I should like to thank the following people for their help and support during the

course of this work.

Much of this work would not have been possible without the help of Dr Susan Pulko
and Dr Tony Wilkinson. They are responsible for conceiving the project and have

offered guidance and intellectual input throughout.
Thanks also to Mr David Reedman whose mechanical engineering expertise proved
invaluable and to British United Shoe Machinery Ltd and EPSRC for financial

assistance.

I should like to thank my work colleague andfriend Dr Mehdi Witwit for his support

and interest in this work.

Finally, I should like to acknowledge the support of my parents, a big thanks to

them, and also to Ellie, for the sacrifices - I owe you many.

il



To Ellie Langley,

whose love and friendship render the rest of the world insignificant.

i



Contents

A DS T ACE .ot

000} 1115 115 JORUUUUNUU OO TR RO OO TR TR PUOP RPN

INEEOAUCTION <o n e

1. TLM - History, Theory and Applications ..............cccoceeveniiiiiiienniennns

L1 INtroduction .......ccooiiiiiiiiice et
1.2 Historical OVEIVIEW............cociiiiiiiiiieieiicicee e
1.3 Theoretical OVEIVIEW ...........ccocoeviiiiiiiiiiiiienre et
1.3.1 INtroduCION .......ooviiiiiiiiiieiieii et
1.3.2 Lumped network analysis ...............ccoeriiviniinienie e
1.3.2.1 Wave and diffusion equation models...................c....ccceee.
1.3.2.2 Propagation analysis and dispersion..................c..ccccooeene,
1.3.3 TLM-State space analysis...........ccccocveririieiienianieneeneeieens
1.3.3.1 Introduction ...........coeevviiieiiiniiiie e .
1.3.3.2 Discrete state space analysis ..............cccovivreeeienenenenne.
1.3.3.3 Matrix notation of the TLM equations...................cc..........
1.3.3.4 Analysis of a two-dimensional TLM node using state
SPACE ANALYSIS.......cvveiiierieieeiieieeie et eree et ereere e aren e
1.3.4 Stub transmission ines ...............cccociiivniiicniiniinn e
1.4 Application of TLM to wave and diffusion models...................
1.4.1 Introduction ...t
1.4.2 Electromagnetic wave propagation model.............................

1.4.3 Thermal diffusionmodel...........coooviereieeeee e,

iv



2. Elasticity and the Equations of Motion for an Elastic Solid .................. 47

2.1 INtrOQUCHION ...ttt 47
2.2 EIBSHCIY ...ooooooceceecerecccececcienneeseneeeeneee s 47
2.3 SHIESS.....oiiiiii 47
2.4 SEIAIN ..ottt ‘50
2.5 Generalised Hooke's Law ..........ccccooceiiieiiiiiiiiiieccceie e 51
2.5.1 Anisotropic materials.............cccocoovviviiierieie e 51
2.5.2 Elastic SYMMELTY ........cccooviiieiiiiiieiieeeiee e e e sseeee e 52
2.5.2.1 Orthotropic materials............cc.oovirririenienricei e 52
2.5.2.2 Isotropic materials............c..cooiviiiieniiiii e 53
2.6 Equations of MOtiOn ..............ccoeiiiiiiiiice e 55
2.7 Boundary Conditions................cccecvivviiiiiiieecieee v 58
2.8 SUMMATY......oiiiiiiiiiiiiiiiiie et serre e see s 60
3. Solution of the elastic equations by TLM..............ccoceeiiinieiinnennnn ... 61
3.1 INtrodUCtion .......cccoiminriiiiiceneie e, 61

MOAel.......iiii s 61

3.2.1 Incorporation of cross derivatives.................c.ccccoeveerieceeennnn. 64

3.2.2 Scaling of the spakial derivatives.................ccccoovreureernenn.. 68

3.3 State space analysis of the proposed nodal structure................. 70

3.4 Extension to anisotropic elastic deformation............................ 89

3.5 SUMMATY.....oiiiiiiiiiiiii et tre e 95

4. Boundary treatment .............cc.o.ooiiiiiiiiiiii e 97
4.1 Introduction ........ccocooviiiiniiiiiiiiies e 97

4.2 Boundary nodal StTUCIUTE ................ocoviiieeiieeeeeeeeeeeeeeee, 97



4.3 Displacement and restrained boundaries.....................cccceen 99

4.4 Force boundaries.................ccooivevineneieeicieneeecceee e 101
4.5 Frictional boundary ..........coooooiiii e 110
4.6 COIMNETS ......oiiviniiiiii e 119
4.7 SUIMMATY....ooiiiiiiiiiiiiie e eere e e e e e seiiaraeaeaassessstebarnnaaseeees 121
5. Numerical Implementations ...................cooceeeiiiiiiniiie e 123
5.1 Introduction ...........ccooiiiiiiiiiic e 123
5.2 Two-dimensional isotropic models ..............ccooeveiiiiiininen 123
5.2.1 Semi-infinite plate..............coooeiiiiiiiiii 123
5.2.2 Bridge StrUCLUIE ..........ocoiiiiiiiiiieeiie e 129
5.2.3 Frictional contact model ..................ccociiiniiini 133
5.3 Anisotropic models ...............cooieiiiiiiii e 136
5.4 SUMMATIY....oooiiiiiiiiiiiiiiie et et aee e as 138

6. Extension to Three-Dimensions and General Anisotropy, Discussion and

Further Worki .........oooooiii e 141
6.1 INtroduction ...........cccoooiiiiiiii e 141

6.2 Extension to general anisotropy...........ccooevvivvievcerieninenennenn 141

6.3 Extension to three-dimensions............c.ccooceoiiniiiiiiinneien 142

6.4 DISCUSSION.......oiiiiiiiiiiiiiiie et 147

6.4.1 TLM Transient Stress Model.............cccocooviiiiniiini 147

6.4.2 Bulktreatment ..............cooceoviiiiiiiiece e 148

6.4.3 Boundary treatment..................cccooeeeeiiiieeniiii e 150

6.5 FUture WOrk ........cc.coooiiiiiiiiiiicc e 151
Conclusion.............cceeeveieni e, B 155



Appendix
Derivation of the discrete difference equations from Taylor series

EXPANSIONS ...ttt eetieritee it ettt aerre et e eteeebreeneesseesnaeeraeeereeeneeas

R I ONCES . ... e e e et

vii



Introduction

The. aim of this work is to extend the application of TLM to modelling the
deformation of elastic material. Previous work, modelling transient stress waves by
the TLM method, showed limited success [Boston I E, 1992], and TLM models of
bending via a viscoelastic mechanism have shown excellent agreement with

experimental data [Newton HR, 1994].

This thesis presents a method of elastic deformation modelling using TLM and

contains the following chapters.

Chapter one, entitled, TLM - History, Theory and Applications, gives a thorough

introduction to the TLM method in terms of its history, theoretical development and

applications.

Chapter two lays the theoretical groundwork for elastic deformation. The
fundamental quantities, elasticity, stress and strain are examined. Consideration of
generalised Hooke's law and Newton's second law of motion leads to the

development of the equations of motion for elastic bodies. Mathematical description

is given also to the boundaries of bodies.

Chapter three records the development of the standard two-dimensional TLM wave
nodal structure to one that is applicable to modelling the equations of motion for
elastic bulk material. This includes the incorporation of scaled impedance
transmission lines which allow the modelling of scaled spatial derivatives, and the
incorporation of additional transmission lines configured so that spacial cross

derivatives may be modelled. Both enhancements are prerequisite for modelling the



elastic equations of motion using TLM. The technique is extended to include models

of anisotropic materials.

Chapter four describes the implementation of boundary conditions in the TLM
elastic deformation model. Consideration is given to displacement, force and
frictional boundary conditions. Since the implementation of the force boundary
condition described requires discretisation of the boundary equations through the use
of difference equations, the effects on the stability of such boundaries are

investigated.

Having described the TLM elastic deformation model in chapters three and four, the
solutions to several elastic problems, as modelled by the TLM method, are presented
in chapter five. The examples chosen illustrate the application of the TLM model to
a variety of problems including a semi-infinite plate, a two-dimensional problem with

frictional contact and several anisotropic examples.

Chapter six, provides an extension to the technique for three dimensional analysis
and concludes the thesis with a summary and evaluation of the work, together with a
discussion of what future enhancements might be appropriate to the TLM elastic

deformation model.



TLM - History, Theory and Applications

1.1 Introduction

This chapter presents an overview of the TLM method in terms of its history,
theoretical background, and applications.  The historical overview presents
developments made in TLM modelling from the time of its conception to present
day. Principal researchers in various fields of TLM are identified, and the section
gives an insight into the application of TLM. The theoretical overview describes the
general TLM algorithm and analyses the two-dimensional shunt nodal structure to
demonstrate its application in wave and diffusion: problems. Analysis is carried out
using lumped network analysis and the discrete TLM-state space analogy. The
application of TLM to two physical processes, electromagnetic wave propagation

and heat diffusion, is demonstrated.

1.2 Historical Overview

The TLM (Transmission Line Matrix or Transmission Line Modelling) method
originated in the early nineteen seventies and is a development of the use of electrical
networks, network analysers, to solve electromagnetic field problems [Johns P B,
Beurle RL, 1971} The major difference between the network analyser method and
TLM is that the network analyser is only spatially discretised whereas TLM is
discretised in time and space and as such the method can easily be implemented on
digital computer. The first publication concerning TLM is a paper entitled
"Numerical solution of 2-dimensional scattering problems using a transmission-line

matrix", by Johns and Beurle which appeared in the Proceedings of the Institution of



Electrical Engineers in September 1971. The paper deals with the solution of
Maxwell's equations in two dimensions by TLM, and solutions to some waveguide
problenis are presented. Thus, TLM found initial application in the area of
electromagnetics following on from which numerous developme;nts have been
reported in this area. For example: extension to three-dimensional electromagnetic
field analysis [Akhtarzad-S, Johns P B, 1974]; the solution of inhomogeneous
waveguide problems [Johns P B, 1974]; consideration of anisotropic media [Mariki
G E, Yeh C, 1985]; alternative nodal structures [Johns P B, 1987] and dispersion
analysis [Huber C, Krumpholz M, Russer P, 1995]. Further application for the TLM
wave equation model came with the extension to modelling acoustic waves [Orme E
A, Johns P B, Arnold J M, 1988], [Saleh A H M, Blanchfield P, 1990], and
ultrasonics [Pomeroy S C, Williams H R, Blanchfield P B, 1991] and [Zhang G,
Wykes C, Pomeroy S C, 1991]. The first published work on modelling elastic
deformation appeared in 1992 [Boston I E, 1992]. This work gave a valuable insight
into the problems associated with modelling elastic deformation and led to the
present work and associated papers [Langley P, Pulko S H, Wilkinson A J, 1994],
[Langley P, Wilkinson A J, Pulko S H, 1995] and [Langley P, Pulko S H, Wilkinson

A J, 1996], which describe a new method of modelling the elastic deformation of

materials using an extended TLM wave model.

A major development in expanding the applicaﬁon of TLM came with the work
entitled "A simple explicit and unconditionally stable numerical routine for the
solution of the diffusion equation" by Johns which was published in the International
Journal of Numerical Methods in 1977. This paper describes how the TLM
technique can be used to model the diffusion equation, as a result of which the
modelling of various diffusion processes by Johns and other researchers was
undertaken. Examples of such work are, the solution of moving boundary heat
problems [Butler G, Johns P B, 1979], modelling of heat transfer in foodstuffs

[Johns P B, Pulko S H, 1987}, thermal distributions in electronic components [de



Cogan D, Henini M, 1987], mass diffusion in semiconductors [Pulko S H,
Phizacklea C P, 1989] and modelling the deformation of vitreous china ware during
firing [Newton H R et al, 1994]. As in the case of the wave application, the
technique has been extended to three-dimensions [Pulko S H, Johns P B, 1987] and
consideration given to anisotropic media [Witwit A R M, 1994]. The modelling of
coupled phenomena has been reported, whereby coupled heat and mass diffusion
models are used to describe the interdependence of aqueous diffusivity and

temperature in a drying process [Newton HR, Pulko S H, 1991].

Complementing the work produced by researchers in the fields of waves and
diffusion is the work undertaken by many researchers in the area of meshing. Much
of this work is concerned with allowing the TLM mesh more accurately to
approximate the dimensions of the modelled region. Examples of such work for
electromagnetic applications include: the modelling of waveguides with curved
boundaries [Johns P B, Slater G F, 1973], orthogonal curvilinear meshes [Meliani H,
de Cogan D, Johns P B, 1988] and new boundary descriptions [Chen Z, Ney M M,
Hoefer W J R, 1991] and [Jaycocks R, Pomeroy S C, 1996]. Similarly, in the area
of diffusion modelling examples include: general curvilinear orthogonal meshes
[Austin J D, Pulko S H, 1993] and new nodal structures and boundary treatments
[Witwit A R M, Pulko S H, 1996]. Other work has concentrated on reducing the
computational effort required for models, either by reducing the number of nodes for
a given problem, or by manipulation of the time step over the course of the
modelling period. Work by Al-Mukhtar and Sitch describes TLM models of
waveguides with irregular graded space so that corner regions and slot lines can be
modelled by a suitably fine mesh, while the remaining regions are modelled by an
appropriate coarse mesh [Al-Mukhtar D A, Sitch J E, 1981]. In the area of
diffusion, variable meshing has been described such that the temperature of bodies of
complex geometry can be modelled efficiently while retaining the accuracy of the

standard fine meshes [Pulko S H, Mallik A, Johns P B, 1986]. Substructuring of



diffusion models in both time and space is another technique in this area. Spatial
substructuring is similar to variable meshing without the limitation of the necessity
for continuous transmission lines in the modelled region. Temporal substructuring
allows a more appropriate choice of time step for particular regions within the body
[Pulko S H, Halleron I A, Phizacklea C P, 1990]. Automatic time sfepping has been
described and parameters relating to monitoring of timestepping errors have been
devised [Pulko S H, Mallik A, Allen R, Johns P B, 1990], [Enders P, de Cogan D,
1993] and [Russell I A D, Webb P W, 1996].

TLM has found application in the area of network analysis of electrical circuits.
Network components, capacitors and inductors, are modelled by open and short
circuit stub transmission lines and non-linear components such as transistors by
transmission lines [Johns P B, O'Brien M, 1980]. Development of this technique has
lead, for example, to the simulation of an .induction motor and associated drive
circuitry [Selhi H, Christopoulos C, Howe A F, 1995] and to models of distributed
amplifiers [Stubbs D M, Pulko S H, Wilson B, 1995] and [Stubbs D M, Pulko S H,
Wilson B, 1996]. The diversity of application of the TLM technique is demonstrated
by the many engineering applications referred to above and also by several none
engineering applications. Such work includes modelling the dynamics of populations
of simple species [S H Pulko ef al, 1992]. Research has been carried out also into
the accuracy of the TLM method and its relationship to other numerical techniques
[P B Johns, 197ﬂ[l_’ B Johns, G Butler, 1983], [Simons N R §, Bridges E, 1991] and
[Simons N R S, Sebak A A, 1992]. General texts on the theory and application of
TLM can be found in [Johns P B, 1979], [Hoefer W J R, 1989] and [Christopoulos
C, 1995].

Presently there is a strong research community in the area of TLM. Publications
suggest that work continues in several areas: developing new applications for the

technique, as in this work; versatile meshing and analysis tools [Witwit A R M,



Wilkinson A J, Pulko S H, 1995]; distributed and parallel implementations [So P P
M, Eswarappa C, and Hoefer W J R, 1995] and [Parsons P J, Jaques S R, Pulko S
H, Rabbi F A, 1996]; and TLM specific computer hardware [Stothard D, Pomeroy S
C, Sillitoe IP W, 1995].

1.3 Theoretical Overview

1.3.1 Introduction

TLM is a numerical technique which is able to describe several classes of wave and
diffusion phenomena. Initially the technique involves the discretisation of the
modelled region by approximating that region with an array, or arrays, of
transmission lines which iﬁtersect at nodes, the transmission lines being of length AJ,
the space step. This is referred to as a TLM mesh. Frequently the TLM mesh is
coincident with a reference co-ordinate frame and in general the space step may be

different in each of the co-ordinate directions.

The computational routine involves an iterative process, whereby temporal
discretisation is achieved by incrementing the time variable at each iteration by Az,
the time step. During each time increment, pulses are transmitted along the
transmission lines such that they become incident on adjacent nodes. Each node has
associated with it a potential which is calculated in terms of the incident pulses

according to equation (1.1).

2V, }1 1
b = : — hi Y= 1.1
o h(}eﬁz,i A e



In expression (1.1), ,®, is the potential of node n at iteration £, };, is the pulse

incident on node n along transmission line /, R; and Z; are the resistance and
impedahce of transmission line /. The nodal potential is constant over the time step.
Incident pulses instantaneously give rise to reflected pulses from nodes which are
calculated in terms of the nodal potential and the incident pulse on fhe transmission

line according to

| a2

. is the pulse reflected from node n along transmission line / due to incident pulse

nl

V... The reflected pulses are transmitted to adjacent nodes in the TLM mesh. This

completes one cycle of the iterative routine which is repeated until the desired
modelling period is achieved. Thus the technique is discrete in both time and space.
It is also apparent that models involving the fundamental node are, in their
implementation, one step, explicit and unconditionally stable [Johns P B, 1977]. The
TLM technique described above is implemented on a digital computer. Generally,
array variables hold values of nodal potential, reflected and incident pulses. Scatter
routines effect the transmission of reflected pulses to adjacent nodes. Nodal
potentials and reflected pulses are calculated according to (1.1) and (1.2).
Visualisation of the process as a mesh of interconnected transmission lines, aids our
understanding of the process, and extensive use of transmission line connection and

nodal structure illustrations are made throughout this thesis.
1.3.2 Lumped network analysis

In order to understand how the application of the above technique models various

phenomena it is necessary to analyse the TLM building block - the transmission line.



A transmission line may be defined as a device for transmitting or guiding energy
from one point to another and under this general definition there are many examples
of transmission lines. Here we are concerned with two conductor transmission lines
which can be modelled by the equivalent circuit shown in figure 1.1 [Kraus J D,
1989]!. The equivalent circuit shows that a two conductor transmission line can be
modelled by ideal conductors connecting distributed values of resistance, inductance

and capacitance.

- G
L &

Figure 1.1 Equivalent Circuit of a section of Transmission Line

A TLM model consists of a number of transmission lines intersecting at nodes as
illustrated in figure 1.2, where the inductance and capacitance of the equivalent

circuit model are represented by link line impedance Z.

Figure 1.2 shows a typical two-dimensional TLM shunt nodal structure consisting of

two transmission lines intérsecting at a common node at position x = i, y = j, the

1 A full model of a transmission line includes shunt conductance G. Here the analysis assumes no
shunt conductance, however shunt conductance may be incorporated by use of stubs [Hoefer W J R,

1989].



transmission lines forming connections with adjacent nodes in the mesh. The

equivalent circuit for this structure is shown in figure 1.3.
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Figure 1.2 General two-dimensional TLM node

Figure 1.3 represents the lumped element model of the TLM node shown in figure
1.2 [Johns P B, 1977]. The following analysis of the lumped element circuit leads to

equations which describe the dynamic behaviour of the nodal structure.

Considering the current flows indicated in figure 1.3 and applying Kirchoff's current

law gives

al
Ix+%iiAl-Ix+Iy+—a}y—Al—Iy+Ic=0 (1.3)

10



Figure 1.3 Equivalent circuit of the two-dimensional TLM shunt node

Simplifying (1.3) gives

9
O 1+ % g - -1 (1.4)
ox Oy

where Al is the length of the transmission lines and corresponds to the elemental size

of the TLM node.

Using the current/voltage relationship for a capacitor, the current through the

capacitor can be expressed in terms of the voltage across it as

ov,
I, =C— 1.5
=Cc% 1)

11



where V, is the voltage across the capacitor, and C is the sum of the capacitances of

the individual transmission lines due to their parallel connection. If the capacitance

per unit length of transmission line is C, then the capacitance of a single transmission

line is C,Al and the total capacitance for the circuit, as represented by the single

capacitor in figure 1.3, is given by

C = 2C,A1

Substituting (1.6) into (1.5) gives

1, =2c,a%%
ot

and substituting (1.7) into (1.4) gives

QI—"—+?!1—=—2CdaV;
ox Oy ot

(1.6)

(L.7)

(1.8)

With reference to figure 1.3, the voltage drop across each transmission line is given

by the sum of the voltages dropped across each of the inductors and resistors.

The voltage drop across an inductor is described by

ol
V=L—
o

12

(1.9)



and the voltage drop across a resistor by

=
Il
<

(1.10)

where R is the resistance, L is the inductance and / represents current.

Since each resistor and inductor represents the resistance and inductance of a
transmission line of length Al/2, and R, and L, are the resistance and inductance per

unit length, L and R may be expressed in terms of their distributed quantities as

L=1r1,2 111
.2 L1
R = Rd%f | (1.12)

Applying these equations to the circuit of figure 1.3, and considering the voltage

drop across each transmission line, the following expressions are obtained

Ve Al = —LAI %I; _ RAIL
o b (1.13)

Al = —LdAI—E;Y_ ~ RAI,

Having derived expressions which describe the behaviour of nodal voltage (V) with
respect to time (1.8) and space (1.13), it is left to combine these equations to give

the complete relationship in terms of nodal voltage only.

Differentiating (1.8) with respect to time

13



a1 9, &,

-2C,—* 1.14
wor oyt or (L1
and (1.13) with respect to x and y gives
2 2
AV VL YV
o’ Oxot Bx (1.15)
V. ol al, ‘
—FAl=-L,Al—X~R,Al—
oy* oyot y

Expressions (1.14) and (1.15) can be combined to provide an equation which
describes the spatial and temporal variation of nodal voltage, V.

Rearranging (1.15)

&1, __&E{L_J_az‘/z (1.16)
oyat Loy L, o

and substituting (1.16) into (1.14) gives

substituting (1.8) into expression (1.17) gives
_%(2§+%§)+z§‘i§i‘;’f=—zcd% (1.18)

14



Rearranging,

v, Y v 7,
?a;‘;— + ayzz = ZRdCd “éf‘ -+ 2LdCd ? (119)

Equation (1.19) is often referred to as the telegrapher's equation. It is of the form of
a lossy wave equation, and describes the dynamic behaviour of the lumped parameter

circuit of figure 1.3.

To relate the lumped parameter model (figure 1.3) to the two-dimensional TLM
nodal structure (figure 1.2), a relationship between the fundamental parameters, link
line impedance, space step and time step, of the TLM nodal structure, and the

capacitive and inductive impedances of the lumped parameter model, must be

derived.

The velocity of waves along a single transmission line is given by the equation
[Kraus J D, 1989]

I (1.20)

The velocity of pulses from one node to the next in the TLM mesh is

po M (1.21)
At

Thus

(1.22)

15



From which can be obtained

2

L = A

C,Al
(1.23)

2

¢ - A 2

LAl

The characteristic impedance of a transmission line is given by [Kraus J D, 1989]

L,

Z = |=+
G

(1.24)

from which the following equations for inductance and capacitance can be obtained

L, = 72°C,
(1.25)
L
C, = —Z—"z—
Substituting (1.25) into (1.23) gives
At
L, =7—
‘ Al
(1.26)
1 At
“=Zm

and the distributed parameters are expressed solely in terms of the TLM parameters

Z, the link line impedance, A, the time step and A/, the space step. Recalling also
that R, = -2-[&—? (derived from equation 1.12), the telegrapher's equation (1.19) can

be expressed in terms of the TLM parameters as

16



&V, OV _ JRM W, AV,

+—= =

= 1.27
7 Z AP o AP of (1.27)

Thus, the nodal structure shown in figure 1.2 is able to model phenomena with a
mathematical description given by equation (1.27). The nodali potential (V)
provides the solution variable for the network. The following section describes the

application of the TLM nodal structure to wave and diffusion models.
1.3.2.1 Wave and diffusion equation models

Equation (1.27) is a lossy wave equation. By suitable choice of model parameters it
is possible to model lossy waves, lossless waves and diffusion processes.
Considering (1.27), it can be seen that if the first derivative with respect to time is
small compared with the second derivative with respect to time, then the equation is
predominantly a wave equation. If the resistance is zero, fhen the equation modelled

by the standard two-dimensional nodal structure is

ov, o, A2 OV,
E et = 2 e —f 1.28
o AP oF (1.28)
The mesh wave velocity is
1 1 Al
v o= = — 1.29
m ) A{z 721 At ( )
Q AP
which compares with an elementary transmission line wave velocity of
Al
e 1.30
Y (1.30)

17



Thus waves propagate across the TLM mesh at a velocity 1/ V2 times that of a
single loss free transmission line [Johns P B, Beurle R L, 1971]. It can be seen from
(1.29) that the model wave speed, v,, is determined solely by the time and space step

chosen for the model.

Returning to equation (1.27), it can be seen that if the second derivative with respect
to time is small compared with the first derivative with respect to time, then the
equation is predominantly a diffusion equation. To make the diffusion equation

dominate, A7 must be small. Given that

R At 0V, AP &,
— >> 2 —
Z AP’ ot AP or

(1.31)

then

(1.32)

Thus, the TLM node of figure 1.2 is able to model both wave and diffusion
processes. Although this analysis is two-dimensional, the same analysis carried out
in one or three dimensions yields the one and three dimensional telegrapher's

equation respectively.
1.3.2.2 Propagation analysis and dispersion

Propagation analysis has been carried out for the TLM routine when modelling wave
[Johns P B, 1971] and diffusion processes [Johns P B, 1977]. The fundamental
assumption when using lumped network analysis is that the voltages and currents
are continuous across adjacent nodes. This assumption is valid only if the space step
is small compared with the wavelength of the process being modelled [Hoefer W J

R, 1989]. Johns and Beurle have shown that for one-dimensional wave propagation,
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if the ratio of space step to wavelength approaches 1/4, then waves propagate at a
velocity of 1/2 times that of a single transmission line, and not as indicated by the
lumped network analysis, which predicts a mesh velocity of 1/ V2 times that of a
single transmission line [Johns P B, Beurle R L, 1971]. In fact the lumped network
analysis prediction is valid only if the space step is zero or the wavelength is infinite,
and only for propagation in the direction of the transmission line. The velocity of
propagation on the mesh is dependent upon the frequency and direction of the waves
on the mesh, and as such is dispersive and anisotropic [Simons N R S, Sebak A A,
1992], this being a result of the discretising process. However, if the ratio of space
step to wavelength is small (< 1/10) then the lumped network prediction is a valid
approximation and velocity errors due to dispersion are small (<2%) [Christopoulos

C, 1995].

The lumped network analysis of the previous section results in continuous space and
time differential equations, yet TLM is discrete in both time and space. Hence this
analysis represents a model of a model and is perhaps not the most appropriate for
the TLM algorithm [Johns P B, 1979]. Discrete analysis of the TLM algorithm has

been carried out and will be presented in the following section.

1.3.3 TLM-State space analysis

1.3.3.1 Introduction

The TLM method is discrete in both space and time. Lumped network analysis, as
described previously, is based on a continuous space and time model of transmission
lines and as such perhaps is not the most appropriate analysis tool for the TLM

algorithm, Published work describes a discrete analysis tool and applies it to several
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TLM nodal structures [Witwit A R M, Wilkinson A J, Pulko S H, 1995]. The
following section summarises this work and applies it to the analysis of a two-

dimensional TLM node.
1.3.3.2 Discrete state space analysis
Discrete state space analysis describes the behaviour of a discrete system in terms of

state variables and inputs to the system. For a linear, time-invariant system the

discrete state space description is [Cadzow J A, Martens HR, 1970].

x(k +1) = Ax(k) + Bu(k) (1.33)

y(k) = Cx(k) + Du(k) (1.34)

where x(k) is the state vector at iteration &, u(k) is the input vector and y(k) is the
system output. A is the state transition or system matrix, B is the input or driving
matrix, C is the output matrix and D is the direct transmission matrix. Eliminating
the state vector from equation (1.34) allows definition of the transfer function of the
system. This is achieved by introducing a time shift operator 0 [Witwit A R M,

1995] such that (1.33) may be expressed as

Ol x(k) = Ax(k) + Bu(k) (1.35)

where I is the unit matrix.
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Solving for x(k) gives

x(k) = (QI- A) " Bu(k) (1.36)

Substituting (1.36) into (1.34) gives
-1
y(k)=(QI-A)” Bu(k)+Du(k) (1.37)
or alternatively
y(k) = Gu(k) (1.38)

G is known as the transfer function matrix from which the characteristic equation of
the system may be obtained. The characteristic equation describes the dynamic
behaviour of the system and is obtained by equating to zero the denominator of the

determinant of the transfer function matrix [Witwit A R M, Wilkinson A J, Pulko S

H, 1995].

Since

G=C(QI-A)"B+D (1.39)

which can be written

. d(01-A)“B+D|01-A)|

1.40
(o1-A) (140
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the characteristic equation is given by
(o1-A)|=0 (1.41)

It can be seen that characteristic equation, and consequently the dynamic behaviour

of the system, is governed by A, the state transition matrix.
1.3.3.3 Matrix notation of the TLM equations

The TLM potential and pulse equations for a single node may be expressed in matrix
form [Johns P B, 1977]. This notation is useful in developing the TLM-state space

analysis and is described here.

Defining V. as a m x 1 column vector of pulses incident on node » at iteration &,

where m is the number of transmission lines connected to the node,

Vi

nl
Vo
IcVi = Vni,s (1.42)

n

Vi

k- nm_|

Also defining q as a 1 x m row vector, the potential of the node in matrix notation is

given by
@, = q,V, (1.43)

Similarly, the equations describing the pulses reflected from the node are given by
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¥, =p,Q, +r kV:. (1.44)

where , V. is a m x 1 column vector of pulses reflected from node # at iteration &, p
»

is am x 1 column vector and r is a m x m diagonal matrix. Substituting expression

(1.43) into (1.44), the reflected pulses may be expressed in terms of incident pulses

only, giving

Vo= (pq+r),V, (1.45)

Alternatively, matrices of incident and reflected pulses may be considered to be

related by

Vo =8,V ’ (1.46)

where S is known as the scattering matrix. During the transmission of reflected
pulses to adjacent nodes along transmission lines, time Af elapses, and reflected
pulses become incident on adjacent nodes at iteration k£ + 1. Thus, (1.46) may be

written in terms of incident pulses,

k+1V:;;t1 =¥ er’; (1.47)

In equation (1.47), ’,H,V,‘;ﬂ is a vector of pulses incident on nodes connected to node
n via transmission lines, and S’ is a modified scattering matrix which consists of
scattering matrix S with rows interchanged dependent upon the scattering notation
used. An alternative representation of equation (1.47) is possible with the

introduction of a space and time shift operator matrix T, giving,
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TV = § .,V (1.48)

where T is a matrix which describes the direction of scatter of reflected pulses in
terms of spatial forward and backward shift operators in each of the co-ordinate
directions. It also describes the time increment in terms of a forward shift operator

in time. A similar representation is used in [Russer P, Krumpholz M, 1993].

Having stated the state space equations and the matrix notation for the TLM

algorithm, the TL.M-state space analogy can be described.

Considering the state space equations, summarised for convenience in equations
(1.49) and (1.50), and comparing with the TLM matrix equations (1.51) and (1.52),

then the TLM-state space analogy is apparent.

OIx(k) = Ax(k) + Bu(k) (1.49)
y(k) = Cx(k) + Du(k) (1.50)
TV = 8§,V (1.51)
@, = q,V (1.52)

Selecting V! as the state vector in the state space analysis and comparing equation

(1.49) with (1.51) the following equivalencies may be made:

x(k)=,V! (1.53)
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>
Il

s (1.54)

i
-

o1 (1.55)

Comparing the output equations, (1.50) and (1.52), the following equivalencies may

be made:

y(k)=,2, (1.56)

0
fi
]

(1.57)

It can be seen that the input vector u(k) is zero.

The characteristic equation corresponding to the TLM structure can be obtained by

use of equation (1.41), giving

(T-8)|=0 (1.58)

This describes the discrete dynamic behaviour of the nodal structure. The TLM-
state space analogy as set out above can be used to verify the discrete representation
of nodal structures and is thus a useful tool in the development of new nodal

structures.
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1.3.3.4 Analysis of a two-dimensional TLM node using state space analysis
To demonstrate the application of the TLM-state space analogy, state space analysis
and TLM matrix notation are applied to the same nodal structure considered using

lumped network analysis of section 1.3.2.

The template used for numbering of link lines is illustrated in figure 1.4.

3

4 2 4
1
3

4 2 4
1
3

4 2 4
1

Figure 1.4 Notation used for identification of link lines

This notation is applied to the link lines of the two-dimensional shunt node shown in

figure 1.5. Figure 1.5 illustrates a node at position x = i, y = j with associated

transmission lines numbered 1, 2, 3 and 4. Also shown are adjacent nodes which

connect to the central node via transmission lines, which again are numbered

according to the template described in figure 1.4.
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Figure 1.5 Two-dimensional TLM shunt node showing connecting nodes

Each transmission lines has associated with it an incident pulse. The notation for the

pulses incident on the node at position (7,j) at iteration & is demonstrated in (1.59).

12 (1.59)

Given that, for the node illustrated in figure 1.5, R,=Rand Z,=Z (I =1 to 4), the

nodal potential equation, (1.1), may be expressed as
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o]

i Vi |
kQ,=5U 11 1 é, (1.60)

)

|
from which, when compared with (1.43), q, the output vector, can be identified as

1
q=5[11 1 1] (1.61)

Each transmission line has associated with it a reflected pulse. The reflected pulse

vector is defined as

(1.62)

With reference to equation (1.2), the reflected pulse equation for this node structure

can be written

VA R~Z 0 o - 0
r R+7Z R+Z i
Vi) AR S S [%m
| I/i,j,Z = @ R+Z + R+Z 1,j,2 (1 63)
r |Tk L Z R-Z Vi )
Vz 7,3 0 0 0 iJ,3
r R+Z R+Z pi
LVisa A 0 0 0 R—Z p- 1A
LR+ZJ L R+7Z.

and, when compared with (1.44), p and r can be identified as
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R+7Z

R+Z (1.64)

=
I
N

R+7Z

LR+ Z

and

r= R+Z (1.65)

With reference to equations (1.45) and (1.46), the state transition or scattering

matrix is obtained from S = (pq + r), giving

[ 2
1+—Z—(R—Z) 1 1 1
2
s-——l-( 7 j 1 1+—(R-2) 1 1
2\R+Z 1 1 1+=(R-2) 1
2
I 1 1 1 1+—Z—(R—Z)~

Reflected ‘pulsés are calculated from expression (1.46), which for this structure may

be written
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v
Vnr g2 1 (
Vil 2
kLVifm

=)
R+Z

.._
+
N~
T
S

=

i
01

i,-j,Z

Visis

i
[Vi,m

(1.67)

After time step A, reflected pulses become incident on adjacent nodes. Considering

figure 1.5, at iteration £, a reflected pulse from node i,j, on link line number 1, will

become incident on link line number 3 of node i j-1, at iteration £ + 1. Similarly, a

reflected pulse on link line number 2 of node i,j, becomes incident on link line

number 4 of node i-1,j, and so on. Thus, the reflected pulses scatter according to

] 2

k+t

( z
R+Z

r

i
i,j-1,3
i

Vicuja

H
Vi, J+LL

k+1

1
L7 i+1,7,2

11

4 L

(1.68)

(1.69)

Rearranging such that the incident pulse link line indices are the same on both sides

of the equation, gives
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_ , )
i 1 1 1+—(R-2) 1 i
Vij+L 2 Vi
Vi'ﬂ,j,z =1( 7 ) 21 1 1 1+E(R—Z) Viia
b i
[K?j_l’3 2 R+Z I+E(R“Z) 1 l 1 I/ifj’:;
Visja Vi a
i+l 1 1+=(R-2) 1 1 k-

(1.70)

from which, with reference to (1.47), the modified scattering matrix, S’, can be

identified as

! 1 1 1+=(R-2) 1
2
,_.l( 7 ) 1 1 1 1+E(R—Z)
2\R+Z) 11 L Z(r-2) 1 1 1
5 .
I 1 1+-Z-(R——Z) 1 1 |

(1.71)

Pulses incident on adjacent nodes at iteration & + 1, can be related to incident pulses

on node #,j, at iteration k, by the expression

[yri i
Vi? J+L1 }_QJ 0 0 0 —I V;; 7,1
V:’ij—l 3 o 0 oJ B 0 Vi:f,3 .
P -1 i
) Looo o ot jw,

Q is the time shift operator, representing the time shift from iteration £ to £ + 1. 7Iis
the forward shift operator, representing a shift in the x direction fromitoi+ 1. Jis
the forward shift operator in the y direction from j to j + 1. I'! and J! are the shift

operators in the negative direction of x and y respectively.
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From (1.72), the space and time shift operator matrix, T, is identified as

f[oJ 0o 0 0
0 QI 0 0
o oJ' o0

T=
Lo o o o

(1.73)

S —

With reference to (1.48), T may be incorporated into equation (1.70) giving

) 1 1 1+=(R-2) 1 .

o) 0 0 0 1|V z ) Vil
0 o 0 o || 1( z L 1 L R-D ),
1 . = .

g g Q{; Q;)“l Vips| 2MR*2N1.2(R-2) 1 1 1 Visa
V‘I‘4 V14

b 1 1+=(R-2) 1 T

(1.74)

Having identified the matrices, T and S’, it is possible to obtain the characteristic
equation by use of expression (1.58), which for the nodal structure under

consideration is

1 1 1+2(R-2) 1
[QJ o 0 o z )

0o o o0 0 1 1( 7 ) 1 1 1 1+-—Z—(R—Z) )
lo 0 gt 0 1T2ReZ)) 2 in g 1 1 1 -
lo o o ot z \

1 1+=(R-2) 1 1
(1.75)

Manipulation of (1.75) by the symbolic mathematics sofiware Mathematica, yields

the characteristic equation
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(0*(R+2)* ~(R-2)?)
(0*21(R+2) - QZ(J + T+ > + PJ) +21(Z - R)) = 0

(1.76)
for which there are four solutions, roots of the quadratics
(Q*21/(R+2) - Qz(J+ 1+ > + I2J) +21(Z - R)) =0
1.77)
and
(0*(R+2)*-(R-2)%)=0 (1.78)

Considering (1.77), and dividing by QZJ gives

(20(R+2)-Z(J+ 1+ +17)+207(Z~R) =0 (1.79)

Rearranging so that

2R(Q—Q’1)+ZZ(Q+Q“)=Z(J+I+J“1+I“) (1.80)
Dividing by Z and éubtracting 4 from each side of the equation gives

Slo-g") o) l-2+ el 20

(1.81)
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Recognising the continuous time and discrete time equivalencies, as described in

Appendix 1,

I-2+1") E(Al)zé-xa—z-z—
(J-2+J7) E(Az)2g—2—

(0-2+07) = (At)zgy

(0-07) = 2At-§-t- (1.82)

(1.81) can be expressed in continuous time equivalent form as

2 a2 2 2
Ja" & (M RO & 5 | (1.83)

(AD* o (A Zoa & 9t

Equation (1.83) represents a lossy wave equation and is derived by consideration of
the TLM algorithm and associated parameters. This is in contrast to the lumped
network analysis which utilises an electrical model of the TLM algorithm. The
equation resulting from the TLM-state space analogy corresponds to that derived
using lumped network analysis, (1.27), and the wave speed and diffusion coefficient

are in agreement.

The TLM-state space analogy yields a further solution, that specified in expression

(1.78). This solution contains no spacial operators. Factoring (1.78) gives

R-2Y_ (R-2) ,
(Q+(R+ Z)IQ”(R+Z)J (1.84)
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These factors are additional poles of the characteristic equation and represent
"spurious solutions". These solutions, resulting from the discretisation process, have
been reported by workers investigating dispersion in TLM structures, for example,
[Trenkic V, Benson T M, Christopoulos C, 1995] and [Huber C, Krumpholz M,
Russer P, 1995], and are common to a number of numerical techniques [Schroeder
W, Wolff I, 1994]. The knowledge of the accuracy of these TLM nodal structures in
the solution of wave and diffusion type equations, suggests that the solution
representing the discretised wave/diffusion equation, specified in (1.80), is dominant,
and the additional poles have little or no effect on the behaviour of TLM in solving
diffusion and wave type problems. However, a full analysis of these solutions may

provide additional information about the TLM method.

1.3.4 Stub transmission lines

Stub transmission lines were introduced by Johns for the solution-of inhomogeneous
waveguide problems, and have become widely used in both wave [Johns P B, 1974]
and diffusion [Pulko S H, Johns P B, 1987] TLM applications. Incorporation of
stub lines into a model allows flexibility in choice of time and space step for a given
problem, and enables the convenient modelling of inhomogenity. An open circuit
stub line placed at a node represents additional shunt capacitance for the node. A
stub length of A//2 ensures time synchronisation with the rest of the TLM network,
since a pulse transmitted from a node along a stub transmission line, is reflected from
the open circuit end, to become incident on the node from which it was transmitted,

time At later.
Considering the wave application of the stub loaded node only, figure 1.6 illustrates

a two-dimensional TLM shunt node with stub line. The stub resistance is shown

only for generality and has the value zero [Johns P B, 1977].

35



2 T T T T T T e e Bl
i | i |
i | I )
| ' : |
i )
' ' Y :
. [
+1 | | |
*a | [ i
i | i i
i ' i X i
| ' 7 i |
Lo io___ @ ____ S g
| | | | A
| i Z, 47 |
: Y & :
i z ! 0 L :
! . Al
i O—mm——(— O .
| i 2 47 |
| ' | |
i i
I | ! | i
i i | !
e . e v
I i Z | i
[ i f !
I I )
| | : |
j-1, ,
=4 | O l |
i i ! |
| | ) |
| ) { |
) i i !
b Lo e
& = >

Figure 1.6 Two-dimensional shunt node with stub

Analysis of this nodal structure, using TLM matrix notation and state space analysis,

yields the following expressions.

The output matrix:

2
(4"‘}’0)

q [1 111 y) (1.85)

. . - . Z
where y, is the normalised characteristic admittance, defined as TR

8

Vector p:

(1.86)

=
i
Pt el e e e

-
L
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Matrix r;

(-1 0 0 0 0]
O -1 0 0 O
r={0 0 -1 0 0 (1.87)
0O 0 0 -1 0O
1O 0 0 0 -1
The scattering matrix:
[~(2+y,) 2 2 2 2y, |
2 —(2+y,) 2 2 2y,
1 2 2 —@+y,) 2 2y, (1.88)
4+y, '
2 2 2 —(2+y,) 2y,
L 2 2 2 2 ~(4-y,)

Specifying the notation which describes the scatter of pulses along transmission lines

as

[ i r
K’j_lsa p'isjil
i r
i-1,7,4 Vi,j,2
i r
Vi |= | Via (1.89)
i r
Vi+1,j,2 Vi,j,4
i r
L Vis 1 s

the space and time shift operator matrix, T, is

Q0J 0 0 0
o o o 0
T={ 0 0 QJ' 0
o o o oIt
L0 0 0 0

(1.90)

0 o o o o
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The modified scattering matrix is

2 2 -(2+y,) 2 2y,
. 2 2 2 -(2+y,) 2y, |
"= -2+y,) 2 2 2 2y, (1.91)
4+y, ,
2 -2+y,) 2 2 2y,
. 2 2 2 2 —(4-y,).

Having obtained expressions for T and S' the characteristic equation is obtained by

use of the symbolic mathematics package, Mathematica, as

(0- 1)(Q+1)2((Q2 + 1)(y0 +4) —2Q(I+I‘l +y,+J+ J‘l)) =0

(1.92)
to which there are five solutions, roots of the quadratic
(02 +1)(yo +4)—20(1+ I+ yp +J+J71)) =0 (1.93)
and the following "spurious solutions"
(0+1)*=0 (1.94)

(0-1)=0 (1.95)

The quadraﬁc solution contains spacial and temporal differences and yields the

equivalent continuous time and space wave equation
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(4+30) (A* ¢ & &

= + 1.96
2 (A)* o axr o (1.36)
for which the wave speed is given by
A
y = | 2 (1.97)
At\4+y,

Inclusion of the stub line for the wave application allows flexibility in the choice of

time and space step since these are no longer determined by the wave speed of the

problem being modelled.

The "spurious solutions" to the characteristic equation are similar to-those obtained
when analysing the node without a stub. In fact setting R to zero in (1.84) gives the
same poles as those for the node with stub, as indicated in (1.94) and (1.95).

However, it appears that the incorporation of the stub results in an additional pole at

0=-1

1.4 Application of TLM to wave and diffusion models

1.4.1 Introduction

It has been shown that TLM is able to solve wave and diffusion type equations.
Many physical phenomena exhibit wave or diffusion type behaviour, and as such can
be modelled using the TLM method. To illustrate how such models are applied, the

method will be demonstrated for electromagnetic wave propagation and heat
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diffusion problems. Consideration is also given to the treatment of boundaries in

these applications
1.4.2 Electromagnetic wave propagation model
By consideration of Maxwell's curl equations it can be shown that the equation

which describes the electric field in a rectangular waveguide operating in TE_; mode

is given by [Johns P B, Beurle R L, 1971]

O*E, O°E, &K,
ar et »?

ue (1.98)

where E, is the transverse electric field, p is the permeability and € the permittivity

of the medium in which the wave travels.

The equation modelled by the two-dimensional stub loaded node shown in figure 1.6

is

(4+3) (4 Fo_F0 T
2 (AI)Z at2 - axZ ay2

(1.99)

Comparing (1.98) with (1.99), it can be seen that the nodal potential, @, in the TLM

model is equivalent to the electric field, £,. The stub impedance in the TLM model
is chosen to ensure that the correct wave speed is modelled for a given time and

space step according to (1.100).

“\2
Z Al) (1.100)

Vo= =W

8
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The transmission line impedance, Z, is generally set to unity. Physical meaning often
can be interpreted from the TLM model. In this case, the nodal potential is
equivalent to the electric field intensity, and the current along transmission line is

equivalent to the magnetic field intensity [Johns P B, Beurle R L, 1971].

1.4.3 Thermal diffusion model

Heat propagation through certain materials may be described by the two-dimensional

thermal diffusion equation

Sp 0T ©&T ©&T '

where T is temperature, S is specific heat, p is density and K is the thermal

conductivity of the material.

It has been shown that TLM is able to model equations of the form

(A) RO® &0 &P

2= 1.102
Wiz w (1102

assuming condition (1.31) is satisfied by appropriate choice of time step, A.
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Comparing (1.101) with (1.102), it can be seen that the nodal potential, @, is
equivalent to the temperature, 7. The values for R and Z are obtained by equating

the diffusion constants in each of the equations.

A) R S
((AI;)z = (1.103)

The resistance and impedance may be calculated in such a way that physical meaning
is given to these transmission line parameters. For example, the resistance to heat
flow is inversely proportional to the thermal conductivity (K) and the area through
which it travels (Al*). The thermal resistance is proportional to the distance of flow

(Al) in a given time, (At). Thus, the link line resistors, of which there are two in

each line, can be specified as

2R = (1.104)

Substituting (1.104) into (1.103) enables the link line impedance to be specified as

_ ;pi; (1.105)

Since the impedance of a TLM diffusion model is assumed to consist of capacitance
only (inductance is negligible due to the choice of time step), (1.105) may be written
in terms of capacitance. The capacity of the body to store heat is proportional to the

specific heat of the body and the mass, from which the capacitance can be expressed

as

C:sp(Al)3 (1.106)

42



Substituting this into (1.105) gives

zZ == (1.107)

The following section describes the treatment of boundaries in TLM models.

1.4.4 Boundary descriptions

Boundaries terminate meshes and often are the sources of input to the model. Figure
1.7 illustrates a general one-dimensional TLM mesh terminated at a boundary [Johns
P B, Pulko, S H, 1986]. The boundary node has only one port which connects to its

internal neighbouring node via a transmission line and boundary resistor R,.

The current flow across the boundary, and through the resistor may be specified by

I="—t (1.108)

Vy=Ri— | (1.109)

and
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V,=V'+V" -®, (1.110)

Material boundary
| .
| v Boundary node
4 R 9 R Z) R, @,
«—
Vr

I
|
|
|
[

Figure 1.7 Termination of a one-dimensional TLM mesh

Combining (1.109) and (1.110) to derive an expression for the reflected pulse from

the boundary yields

V' + @, (1.111)

For the case R,= 0,

V,=®,-, (1.112)

for which, in thermal applications, the boundary represents an infinite sink, or in

electromagnetic waves applications represents a short circuit boundary.
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For the case of R, infinitely large then
(1.113)

and the boundary represents a perfect insulator in thermal applications, or in
electromagnetic waves applications represents an open circuit boundary. This
boundary condition is used also to simulate symmetry boundary conditions within the
bulk of a body. For example, with reference to figure 1.7, if R,= R, and ®, = @,

which represents a symmetry boundary condition, then V, =V,

Thus, the boundary conditions for a given problem are, in general, represented in
TLM by the reflection of pulses from nodes external to the region being modelled,
such that the boundary lies half way between an internal node and external node.
However, other boundary representations have been reported, both for
electromagnetic and diffusion problems, which allow nodes to be positioned directly
on the boundary [Chen Z, Ney M M, Hoefer W J R, 1991] and [Witwit A R M,
Pulko S H, 1996].

1.5 Summary

This chapter provides an introduction to the TLM technique in terms of its history,
theory and applications. The use of the TLM technique in the solution of wave and
diffusion equations has been described. Tools have been presented for the analysis
of nodal structures, in the form of lumped network analysis and the TLM-state space
analogy. These toéls are used extensively in the development of a nodal structure

suitable for elastic wave application. The following chapter develops the equations
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relevant to elastic deformation, for which TLM nodal structures, suitable for the

solution of these equations, will be developed in subsequent chapters.
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‘Elastici_tx and the Equations of Motion for an Elastic Selid

2.1 Introduction

This chapter presents a definition of elastic materials and ultimately derives the
equations of motion for an elastic body. Consideration is given also to boundary
conditions which describe how finite elastic bodies interface to their surrounding
medium. In developing the equations of motion for an elastic body it is necessary to
define the fundamental quantities which describe the deformation of materials,

namely, stress and strain.
2.2 Elasticity

When a body is subjected to an applied force the body will deform. The ability of a
body to recover from this deformation is called its elasticity. In this thesis
consideration is given to materials which recover completely from a deformed shape,
that is, bodies which are perfectly elastic [Timoshenko S, 1934]. Many engineering
materials can be assumed to be perfectly elastic if the elastic limit of the material is
not exceeded. If this limit is exceeded then plastic deformation occurs and the

original shape of the body cannot be recovered [Wang C T, 1953].
2.3 Stress

Stress describes the force acting on a part of a body. It is defined as the force per

unit area acting on a body which may be expressed as
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t limit AF 2.1
stress = jiimit —— .
AA«——-»OAA

where AF is the force acting on the area A4. In order to define a stress completely,
it is necessary to specify its magnitude, direction and the plane in which it acts. In
practical terms, stress is measured relative to a reference co-ordinate frame and, in
the general case, will have components along each of the reference axes.
Throughout this thesis the Cartesian co-ordinate system will be used since it is
appropriate for the rectangular meshes used in the TLM models. Resolving the
stresses into components along the co-ordinate axes results in stresses which lie
normal to the area under consideration, the normal stresses, and stresses which lie in
the plane of the area under consideration, the shear stresses. The notation used for
identification of the stress components is demonstrated in figure 2.1. The normal
stresses are denoted by o; where i represents the co-ordinate direction in which the
stress acts. The shear stresses are denoted by Tjj where i represents the direction of
the normal to the plane in which the stress acts, and j represents the direction of the

stress [Timoshenko S, 1934].

A \O'z
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If the cubic element in figure 2.1 is in equilibrium, by considering moments about the
centre of the cube, it can be shown that the nine stress components of figure 2.1 are
reduced to six components [Mal A K, Singh S J, 1991]. Consider moments about

the x axis as shown in figure 2.2,

Z
A

T2y
-

pY
Tyi I >y

Ty
Figure 2.2 Shear stresses on a plane

Under equilibrium the sum of the moments is zero giving

21, (dydx) %z— - 2zyz(dzcbc)%y— =0 (2.2)

where dx, dy and dz correspond to the dimensions of the cube in each of the co-

ordinate directions. Simplifying gives

Ty =Ty (23)
Similar analysis applied to equilibrium conditions about the y and z axes results in

(2.4)

yx xy
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and

2~ Yz 2.5)

Consequently, the number of stress components is reduced to six.

2.4 Strain

Strain describes the deformation of a body. It quantifies the relative displacement of
points in the body. The displacement at a point may have components in each of the
reference co-ordinate frame directions. Let the displacement of a point in a body in

the x, y and z directions be u, v and w respectively. Then the strains are defined as

[Timoshenko S, 1934]

Ou ov ow
€, ='é;, €, =5y“, €, =% (2.6)
ov Ou ov ow _ow ou :
'ny =a+5’ sz :_a;‘*- 6}” Y = 6x+52 (27)

where €, €, €, are the longitudinal or normal strain components, and Yo YVyz> Yo 8TE

the shearing strain components. The fundamental assumption in the derivation of

these equations is that the deformation of the body is small [Wang C T, 1953].

50



2.5 Generalised Hooke's Law

2.5.1 Anisotropic materials

Generalised Hooke's Law relates the deformation of an elastic body to the applied
forces, through the stresses and strains of the body and its elastic properties. The
law is applicable within the proportional elastic limit of the material [Mal A K, Singh
S J, 1991]. Generalised Hooke's Law, (2.8) states that each of the six stress

components may be expressed as a function of the six components of strain.

Ox = €8x T €128y TC138, + €Y ) T C15Y o +Ci6Y
Oy =Cp€y + €y, + 038, +Coq¥ y, +Cps¥ i +Co6Y
O, =C318; +C328), +C338, +C34Y ), +C35Y o +C367
(2.8)
Tyr =CuEx TCpE ), +C 38, +Coy¥ y HC4sY 1 HCo6Y

Ty = €518y 0598, +C538, +C54Y p +Cs5Y xz +Cs6Y

Ty = Ce18x TCs28y, +Ce38, +CeqY ) +C5Y z +Co6Y 5y

The coefficients, ¢;, describe the elastic properties of the material. These may be

dependent upon position within the body, if the material is inhomogeneous, and may
also describe elastic nonlinearity. It can be seen from (2.8) that for the most general
case of an anisotropic elastic material, 36 elastic constants are required to describe
the stress-strain relationship. Many engineering materials do not possess such
anisotropic characteristics since the materials exhibit elastic symmetry and, as will be
shown, for an isotropic elastic material, only two independent elastic coefficients are
required. The number of elastic constants may be reduced if the material is
hyperelastic. This is the case when deformation takes place isothermally or

adiabatically [Lekhnitskii S G, 1981]. Then the elastic constants are symmetrical
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such that ¢; = ¢;, and the number of elastic constants is reduced to 21 [Shames I H,

Cozzarelli F A, 1992].

2.5.2 Elastic symmetry

When the elastic properties are different for every path taken from a given point
within a material, the material is said to be anisotropic. However, there is a class of
anisotropic materials which exhibit some degree of elastic symmetry, such that the
elastic properties on certain paths taken from a given point are the same. Elastic
symmetry is identified by comparing the elastic constants, c;, with the elastic
constants of the same material which has undergone a co-ordinate transformation, c;;
[Shames I H, Cozzarelli F A, 1992]. If ¢; = c;y » then elastic symmetry exists for that

particular transformation. The degree of anisotropy of an elastic body is determined

by how few of these transformations exist.

2.5.2.1 Orthotropic materials

Anisotropic materials which exhibits three mutually perpendicular (orthogonal)
planes of elastic symmetry are known as orthotropic materials. Due to elastic
symmetry the number of elastic constants, when compared with the anisotropic

material of the most general kind, is reduced, since it is found that [Lekhnitskii S G,

1981]

Cia = Cpq = Cyq =Cyg = €15 = Cp5 = C35 = Cys = C16= C26 = C36 = C54= 0 2.9)
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Thus generalised Hooke's law for an orthotropic hyperelastic material reduces to

GJC = Cllgx + 0128}, + 01382
Gy = chSx +022€y + 02382

O, =Cy38, +Cy€, +Cy38,

(2.10)
tyz = C44‘sz
sz = : cSSsz
Txy = CGSny

An example assumed to belong to this category of elastic material is wood.
2.5.2.2 Isotropic materials

An isotropic elastic material has the characteristic that the elastic properties of the
material are the same whichever path is taken from a given point in the material. In
such a material, any arbitrary co-ordinate transform results in no change to the
elastic constants. Due to this symmetry, the number of independent elastic constants

is reduced to two since the only non zero elastic constants and their relationships are

[Shames I H, Cozzarelli F A, 1992]

(c11 -, ) 2.1

’ 1
€y =0 =Cs3, Cp3 =Ci3 = Cpgy C4q = Cs5 = Cgg )
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. 1 . .
Replacing ¢,; =c¢;3=c¢|; and ¢y = €55 = C46 = > (¢,, = ¢, ) with their more common

representations, A and G respectively, the stress strain relationships for an isotropic

material are

o, =(2G+MNe, + e, + Ag,

o, = Ae, +(2G +Me, + Ae,
c, = Ae, + e, +(2G +Ne,

x

(2.12)

where A is the Lamé constant and G is the shear modulus, both of which can be
expressed in terms of the fundamental engineering parameters, Young's modulus, E,

and Poisson's ratio, v, giving

vE
A= (1+v)(1-2v) @13
and
E
G= S04 (2.14)

As an example of such a material, typical values for Young's modulus and Poisson's

ratio for mild steel are E = 2.1 x 1010 N/m? and v =0.3.
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2.6 Equations of Motion

In order to model the transient deformation of an elastic body, it is necessary to

formulate the equations of motion which describe such deformation.

Consider the variation of stress across a small cubic element whose sides coincide

with the rectangular axes x, y and z, as shown in figure 2.3.

-0
¥ 1 I
-)
! l v | wpgedy |7
M GerfC

Figure 2.3 shows the variation of stresses in the x direction, which is assumed to be
continuous over the element. Summing the forces to obtain the total force acting in
the x direction, and equating this to Newton's second law of motion, which relates
the force acting/ on a body to its mass and acceleration gives [Mal A K, Singh S J,

1991]
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acsx atxy
c, + pw dx \dydz - o, dydz + Xdxdydz + 'cxy+—5;1—ay =T, dxdz

C Ot )dx o*u
w(tm+ Y dz dy—tmdvdy—pd’cdydzatz

(2.15)

where p is the density of the element, and X is the body force, resolved in the x
direction. A body force is a force which acts on every part of the body, as would be

experienced, for example, under gravitational or centrifugal forces.

After simplification (2.15) reduces to

— =X+ + + (2.16)

Repeating the above procedure for the forces acting in the y and z directions of the
small element in figure 2.3, yields a similar set of equations for motion in the y and z

directions. The equations which describe motion in each direction are

P " % Ty Ta
v G‘ny acy a'cyz
— 2.17
paﬂ Y+ Ew + P + Py 2.17)
O*w n, Ot, oo,
p*é-z—=Z+ P + Py + Py

where ¥ and Z are the body forces in the y and z directions respectively.
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These equations describe the transient deformation of a body, given the stress state

of the body. The equations also hold for the steady state deformation since the
.. . . . u v o*w
steady state condition simply results in the accelerations, YR 52- an -672—
equating to zero. Substituting the stresses as defined by generalised Hooke's Law
(2.8) into equation (2.17), and replacing the strains with their small strain differential
form (2.6) and (2.7), the equations of motion can be written in terms of the elastic
constants of the material, and in terms of differentials of displacements. Thus, for an

anisotropic elastic body the equations of motion which describe motion in the x, y

and z directions are [Lekhnitskii S G, 1981]

o*u o*u &u &u *u u o*u
p@t"" =¢y o + Ceq o + Cy5 P +(c16 +c61)‘a‘;5y“+(015 +cs1) %0z +(065 +Css) ooz

v %y v o*v %y v
+Cs o2 +Cq2 Py +Cs4 522 +(¢12 +066) oxdy +("14 +cse) %z +(“'64 +csz) oyez

w o*w o*w O*w ) o*w o*w
s o2 +Co4 P +Cs3 Py +(014 +Ces) oy +(¢13 +Css 6x62_+(053 +6‘54)‘a’y—a;

o*v &*v &%y o*v &% ) v ( o%v
Pét‘z‘ = Cgg o +Cp Py +Caq Py +(c62 +CZ6) oxdy +(Cs4 +Cy6 %oz +\C2 +c4z)5y‘a‘;

&u 0%u &*u &u ) *u ( o*u
+Ce1 Py +Cas P +Cys Py +(‘721 +066) 6x6y+(c‘“ +Ces 6x82+ Cas +Czs)'év—a‘zf

Fw  oPw  Ow &*w ( ) &*w ( )62 w
axz +Cz4 ayz +C43 622 +(C25 +c64)5;93;+ 053 +c45 axaz+ 023 +C44 ?33‘)‘52‘

+ 065

*w *w o*w *w ) *w (3 +¢ )azw N )62w
pat2 =Css axz :1'6‘44 6})2 +C33 622 +(\054 + Cys 6xay+ Cas 53 ox0z Ciq +Cg3 56;
0%u *u o*u ) &*u ( ) o*u ( ) o*u
+ €5y 5x2 +Cyq 3 + C3s 622 +(C41 + Csg axay +1C31 + Css ooz +1Cyq5 + Cag ““-‘ayaz

62v 62v 82\} ( ) 62v ( +e ) 62\1 ( ) 62\’
+C56 axz -"042 ,ayZ +C34 622 + 052 +C46 axay+ C3§ 54 axaz“" 032 +C44 ‘_""ayaz

(2.18)
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Where elastic symmetry exists, the above equations are simplified since there are

fewer elastic constants. Thus for an isotropic material the equations of motion are

*u 2u G(a%z 62J *v 62 )
5 (2G+x) PERPY (G+ xkax Fve

AR A it 02] G+ x)(éz w ](z 19)

o ay PP axay oyoz
P*w dw [fow Fw J (azx azv)
— 7\’

PO A e P Y ML AL P

In (2.18) and (2.19), the body forces X, ¥ and Z have been omitted. Often it is
appropriate to neglect the body forces terms, since the deformation as a result of
body forces, such as gravitational force, is negligible when compared with the
deformation as a result of the applied surface forces. Gravitational body forces have
been applied to TLM models of viscous bending [Newton H R, Pulko S H, Langley
P, Wallis R, 1994], and it is possible that a similar approach could be taken to apply
body forces in elastic deformation models. However, all the models developed in the
work of this thesis are such that body forces are negligible compared with the

applied loads, hence no further consideration will be given to them.

2.7 Boundary Conditions

Various boundary conditions may be applied to elastic bodies to effect some
constraint, movement or deformation of the body. These include force,
displacement, claﬁnped and frictional boundaries. If a boundary is neither loaded in
any way nor restrained it is called a free boundary. Since stresses are continuous

throughout the bulk of the material, the external forces applied at the boundary are
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considered to be a continuation of the internal stress distribution. Figure 2.4
illustrates a force acting on a body, the components of the force are resolved in each

co-ordinate direction.

Figure 2.4 Surface forces on an arbitrary boundary

Equation (2.20) defines the surface forces in terms of the stresses on the boundary of

the material, and the direction cosines of the normal to the surface [Wang, 1953].

X = o, +me g, +nt,,
Y= ky+mo,+nt, (2.20)

Z=h,+mt, +no,

X, Yand Z are the surface forces per unit area on the boundary in the x, y and z

directions respectively, and /, m and n, the direction cosines, are defined as

[ = cos,
m=cos6, (2.21)
n = cos0,
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The equations contained in (2.20) enable force boundary conditions to be
implemented in a TLM elastic deformation model. Free boundary conditions may be
impiemented with the simplification that the surface forces in (2.20) are zero.
Chapter four gives a full account of the implementation of boundary conditions in

the TLM elastic deformation model.
2.8 Summary

Initially considering the fundamental equations of stress and strain, this chapter
develops the equations of motion for a three-dimensional anisotropic body in terms
of the elastic constants of the matertal, and the displacements within the body. In
materials where elastic symmetry exists the number of elastic constants is reduced
from that of the fully anisotropic material. Consideration is given to applying loads
to elastic bodies, for which the boundary equations are presented. The following

chapters describe the TLM elastic deformation model.
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Solution of the elastic equations by TLM

3.1 Introduction

This chapter describes the TLM technique as applied to modelling the bulk
deformation of elastic materials. The extensions to existing TLM nodal structures
for the purpose of modelling elastic deformation are presented. A description of the
nodal structure for modelling two-dimensional isotropic elastic deformation is given,
together with an analysis of this structure using the TLM - state space analogy.
Extension to the modelling of two-dimensional, anisotropic elastic materials is also

presented.
3.2 Development of the standard two-dimensional TLM wave model

The equations which describe the transient deformation of elastic material are
derived in chapter two. They are stated in their most general form for a fully
anisotropic elastic material in (2.18). For an isotropic elastic material, the equations

of elastic deformation in two-dimensions may be extracted from (2.19),

52 82 62 2

(pé’t2 =(2G + 7\,)““‘—+G‘éy— +(G+ 7\«) axdy o
oy v ou ‘
52 G5x7+(2G+?»)*a—y—*+(G X)&gy‘

The TLM nodal structure for two-dimensional wave applications, is illustrated in

figure 1.6, for which the continuous time equation is specified in (1.96). The
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extensions to this nodal structure for the modelling of two-dimensional elastic

deformation will now be examined.

The continuous time equation for the two-dimensional stub loaded shunt node
structure, (1.96), is repeated below in (3.2). Comparing (3.2) with the elastic
deformation equation for the x direction, (3.3), the extensions required to the
existing two-dimensional TLM nodal structure to facilitate the modelling of elastic

deformation can be identified.

(4+y,) (4)? G0 Fo do

5 (Al)2 7 o + 5‘y2 (3.2)
a2 %y
o (2G+7»)—-———+Gay H(G+1)2 ooy (3:3)

It is apparent that the proposed TLM scheme must be able to incorporate scaled
2

0 N .
spacial cross derivatives of the form A oy This arises due to the expression

2
oy in (3.3), for which there is no equivalent expression in equation, (3.2).
L Fo O ,
It is also apparent that the spacial derivatives in (3.2), £%) and —5 P require scaling

(G+)»)

2 2
of the form A, —Q-z— and A, g—)—z— respectively, where A, corresponds to (2G + 1), and

h, corresponds-to G in (3.3). Given these extensions, the comparison suggests that

the TLM nodal potential, ®, will be equivalent to the displacement variable u.

In considering a TLM implementation of the elastic deformation equations, it is
reasonable to conclude that, since two equations containing two displacement

variables are required to describe the elastic deformation in each of the co-ordinate
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directions, then two TLM meshes will be required to model the two displacement

variables. A conceptual model is illustrated in figure 3.1.

Y= == A
A I
1 I
A 1 A v
1
: v o
D, v = =
2-D Elastic Body TLM model

Figure 3.1 Conceptual model of the two-dimensional elastic deformation TLM scheme - two

interdependent meshes describe deformation in each of the co-ordinate directions

Thus, two interdependent meshes, say @, which describes displacement in the x
direction, and ®,, which describes displacement in the y direction, will form the basis
of the TLM elastic deformation model. ~The meshes must be considered

interdependent since, from (3.1)

u=f(u,v) and v=f(uv)
which implies (3.4)

o, = /(@) and @, =/(0,0)
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This interdependence is apparent from (3.1), where the dependence of # on v, and v
on u, is through the scaled spacial cross derivatives. Connections between the two
meshes will provide information routes for interchange of data between the two

meshes.

The following section describes the implementation of the extensions required for the

elastic deformation model.
3.2.1 Incorporation of cross derivatives

It has been identified that the proposed TLM elastic deformation model should
incorporate scaled spacial cross derivatives. Work by Witwit er al describes the
TLM-state space analogy for analysis of TLM nodal structures, and applies it to a
number of nodal structures [Witwit, A R M, Wilkinson A J, Pulko S H, 1995]. One
of the structures considered, is a mesh to model the two-dimensional wave equation
incorporating a scaled spacial cross derivative of the form

¢ 8 0 4

M-—= + +h
o’ x? oy oy

(3.5)

for which the corresponding nodal structure, identified by Witwit et a/, is shown in

figure 3.2.

The nodal structure consists of a central node at location (i) with associated
transmission ]ines, numbered 1 to 9. The transmission lines numbered 1, 2, 3, 4, of
impedance Z, and 5, of impedance Z, are those of the standard TLM wave nodal
structure (figure 1.6) incorporating a stub line. The additional transmission lines,
numbered 6, 7, 8 and 9, connect the central node to adjacent diagonal nodes in the

same mesh at positions (i - 1,j+ 1), G+ 1,j+1),G+1,j-1)and (G -1,/ - 1)
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respectively. This connection of nodes is similar to the template used in finite

difference implementations of cross derivatives [Leigh J R, 1983].

Wilkinson A J, Pulko S H, 1995]

These diagonal transmission lines have an impedance of magnitude Z scaled by the
factor (4/h). The sign of the impedance is dependent upon the link lines position
within the structure, such that impedances of link lines 6 and 8 are negative, and
those of 7 and 9 are positive. Analysis of this nodal structure, by Witwit ef al, using

TLM-state space analysis yields a solution for the characteristic equation of

4+y,

5 (0-2+07) =(1-2+17) +(J—2+J’1)+-Z-(IJ—-IJ“ I+

(3.6)
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for which, with reference to Appendix 1, the corresponding continuous time

equation is

4+y, (A1) BP0 30 Qo PO

2 (Al)2 at2 - axZ + ayZ +haxay (37)
o (1-2+17) fo (J-2+J7)
where > = v , > = A ,

Fo (0-2+07) ; Fo (W-w'-1y+r'y)
a - AP T T 4(AD)?

The analysis demonstrates that scaling the impedance by the value 4, ensures
consistency of spacial discretisation, and scaling the impedance by (1/4) ensures the
correct scaling of the cross derivative. Thus, scaled spacial cross derivatives may be
incorporated into a TLM model by inclusion, in a standard wave nodal structure, of
appropriately scaled diagonally connected transmission lines. However, there is one
fundamental difference between the nodal structure described by Witwit, and that
required for the TLM elastic deformation model. This relates to the interdependence
of the two meshes required in the proposed elastic deformation model, as described
in (3.4). The nodal structure illustrated in figure 3.2 models the equation specified in
(3.7), which has a single solution variable (nodal potential), ®. Having identified
that the proposed TLM model will consist of two interdependent meshes, with

solution variables @, and ®,, the following representation of the equations to be

modelled can be written.

Fo,  do,  do, IO,
M =h—+h—+h
- o ox oy oxdy 69
o P, O, PO, '
M-?——-Z-: L —=+h
ot 7 ot oy Ox0y
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It is apparent from equations (3.8) that the interdependence of the two meshes is
through the cross derivatives. Extending the work of Witwit ef al to accommodate
cross derivatives related to other meshes, the nodal structure illustrated in figure 3.3

is proposed.

Oy [i-1j-1]

Figure 3.3 Connections for implementation of cross derivatives (®x mesh)

Figure 3.3 illustrates the connections and scaled impedances of the proposed nodal
structure for incorporation of scaled spacial cross derivatives of @, into the @,
mesh. Since the sum of the impedances of the cross derivative link lines is zero, the
overéll nodal irﬁpedance is not changed because of these additional transmission

lines.
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3.2.2 Scaling of the spacial derivatives

The previous section described the incorporation of scaled spacial cross derivatives.
It is shown that by multiplying the cross derivative link line impedances by the factor,
(4/h), the cross derivative is scaled by 4. It is shown also that the factor 4 is
required only to ensure consistency of spacial discretisation for the implementation
of cross derivatives. Extending this implementation, it is anticipated that the scaling
4. JPNa. : . :
of the spatial derivatives e and By_{’ is accomplished by scaling the appropriate
standard transmission line impedances by the reciprocal of the desired coefficient.

2
® C
For example, to scale pel by A, the transmission line impedance Z along the x

direction is scaled by (1/4,).

Having proposed methods by which cross derivatives and scaling can be
incorporated into TLM models, the corresponding nodal structure for modelling the
elastic deformation equations (3.1), is illustrated in figure 3.4a and figure 3.4b.

Figure 3.4c shows the connectivity between the two meshes.

For clarity the stub transmission lines at each node in figures 3.4a 3.4b and 3.4c are
not shown, the impedances also are omitted from figure 3.4c. The proposed model
therefore consists of two interdependent, two dimensional meshes, one with solution
variable (nodal potential) @,, and one with solution variable @, corresponding to
displacements, # and v, in the x and y co-ordinate directions respectively. Each node
in the @, mesh has four transmission lines each of which connects with one
neighbouring node in the @, mesh, four transmission lines each of which connects

with its diagonal spacial neighbouring node in the ®, mesh. A stub transmission line

is included also.
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@y [i-14-1)
Figure 3.4a Nodal structure for solution of ®x
D xfi-1j+1] D yfi+],j+]]
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&, fij-1]

Figure 3.4b Nodal structure for solution of @y
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¥ Oyfi+1,]
/

Dyfit+1-1]

Figure 3.4c Combined connectivity of the ®x and ®ymeshes

Similarly, each node in the ®, mesh has four transmission lines each connecting with
a neighbouring node in the @, mesh, four transmission lines each connecting with its
diagonal spacial neighbouring node in the @, mesh. Again, a stub transmission line
is included. Each transmission line is scaled to incorporate the relevant coefficient of

the spacial derivative.

3.3 State space analysis of the proposed nodal structure

Analysis of the nodal structure proposed for modelling elastic deformation by the

TLM-state space analogy, provides validation of the discrete representation of the
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structure. Since the analysis must consider nodes in both meshes, and each node has
associated with it nine transmission lines, the analysis requires manipulation of 18 x
18 matrices. In order to simplify the resulting matrices, the spacial derivative
coefficient A, can be incorporated into the remaining coefficients such that the
coefficient is effectively removed. This is achieved in the elastic deformation
equations by dividing each side of the equations in (3.1) by G, resulting in the

equations shown below.

2 2 2 2
_e_fifi___(z ’»)é_+_5__+(l 7») oy

G ot G/ox* oyt G/ oxdy

(3.9)
p v A 0% x O*u
Gar ='5x7+(2+6)ay "G oy

The notation used for identification of the link lines in the nodal structure is
illustrated in figure 3.5. Stub transmission lines are Iabelle& 1 and 10, the
transmission lines which implement the cross derivatives are labelled 6, 7, 8, 9, 15,
16, 17 and 18, and the standard transmission lines are labelled 2, 3, 4, 5, 11, 12, 13
and 14.

1 Ofi-1j+1]

- fi+1 j+1]
\\;d*“
~ s S At
dfi-1j] [ 3 i1 o
" ;/ i.“Dx[H'lJ}

Dpfi-lj-lfgwm d e e e e i+1j-1]

2

fi-1 .1+/]
’
/ . d)y[i'Iﬂ-’ 11

14

B o v v P e - -
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It is apparent from (3.9) that, due to the scaled spacial derivatives, link lines in the
D, mesh which run parallel to the x axis need to be scaled by the value h, = (2 +
AMG). No scaling is required on the link lines which run parallel to the y axis in this
mesh (2, = 1). Similarly, link lines in the ®, mesh which run parallel to the y axis
require scaling by the value A] = (2 + A/G), and no scaling is required on the link
lines which run parallel to the x axis. All cross derivative link lines require scaling by

h= (1 +A/G). This results in the following link line impedance values

Zy=2,=2,3=12,,=ZIh
Zy=Zs=7,y=Zy,=1lh
Z=2;=Z,s=2s=(42)/n

Zy=2y=2;=Z;x=-(42)h
Further,
Z,=2,y=2,

defines the stub impedance.

The 18 x 1 partitioned incident pulse vector, consisting of two column vectors of

pulses incident on nodes in the meshes, ®,, and @, is defined as,

(3.10)
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and extending the TLM matrix notation outlined in section 1.3.3.3, the nodal

potentials of the two meshes may be determined by use of the following expressions,

¢ Puiy = A kVaic,i,j (3.11)
@i = V) (3.12)

The entries of q, and q, may be determined from the nodal potential equation
specified in equation (1.1). Since the nodal structure is resistance free, application of

equation (1.1) yields

21 kV;ijlj' 21
b . =— ~—| where ¥, =Z-—— 3.13
k Fxij Yx [E ZI P Zl ( )
and
2 & kViijl 1
o . =— 2| where ¥, = 2 = 3.14
k¥ yiJ Yy [:2]% Zl ‘y ==ZIO ZI ( )

If the nominal link line impedance, Z, is set equal to unity before scaling, as is
generally the case in TLM wave models, (3.13) and (3.14) expressed in matrix form

may be written
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V'io
Vi
Vi
Vi
J Vi
Viis
Vi
Vi
V18

(3.16)
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from which q, and q, can be identified as

2[ 1 ]

h h h h

qx-':'fLZ mom11 < 1 3 7 3G.17)
2] 1 h h h h

Geylz, VIR T T Y (3.18)

1
where ¥ = Yx=Y;,=E—+2k1 +2

$

To find the scattering matrix S, matrices p and r must be determined (see
expressions (1.45) and (1.46)). Using (1.44) the reflected pulse equation for each

mesh becomes

Vi =0 Y@y {r)Vis,s (3.19)

and

Viis {pg y11+( \X (3.20)

The elements of p,, p,, r, and r, can be determined by use of the reflected pulse

equation, equation (1.2), which for the proposed nodal structure simplifies to,

V xi gl kq)x,i,j Vlljl I=1t09 (3.21)
and
¥ yiia= e Py ~ Vi I=1010 18 (3.22)
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or in matrix form

[y 1 1] 10000000 0][p,]
vyl |1 01000000 0||p,
iy |1 00100000 O0]|V,
Vel |1 00010000 0|V,
v's| H1),@,,,40 0 0 0 1.0 0 0 0|y
Vel |1 00000100 0V
e 000000100V,
el 11 0000000 1 0|V
Ll Ll 00000000 1)lp]
(3.23)
Y 1000000 0 0][pi,
vrol 01000000 0llp
Vi 1 00100000 Of|pi,
2 00010000 0]|p,
Vi =1kq>yj,j—0 0001000 0|V,
s |1 00000100 0|y
Vel 11 00000010 0V,
.l 0000000 T1 0llpy,
r i
el LU 00000000 1}[¥i]
(3.24)

from which it is apparent that p, and p, are unit column vectors, and r, and r, are

negative unit matrices.
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Given that S = pq + r, the scattering matrix can be defined as

[o]

[p.a.]
l

[p,q,

[0]

] o

]
|10

[

;

i

Substituting into this values for p,, p,, 4, q,, I, and r,, gives

~l=

=

s

Nl Niow Nip N Nin Ne o N

Nfw

VRN
M-¥  2h
on  2Mm-Y
2k 2
2m 24
2 2
2% 2
2% 24
W 2

[SIE

N> LSRR [SER [STR- 3

SR

[V 3 [S3

[N IR )

N ISP (SR [SRE 3

[SER

(ST

[SEE-3

N
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Ch

% %
%
m %
2m-Y 2
R
% 2%
% %
W %
%

[STE ] [STE 3 [SIE 3 [SEE- 3

SR

e (M1

P

ST (1% ] [SIE- ) (ST N

ST

ol

(SR

(3.25)




and the scattering equation, (1.46), can be written

(Ve 1 W%—Y 20, 20 2 2 ’E' g _IE' _g ] ] [ 1
Viia zl M-¥ w2 2 g g _g _g Vi
Viiga % 2 m-Y 2 2 ; g -g —g Viss
Vs _2_2: M W 2 2 ;_ Y g . ’5' - g Vigs
V' _ZZ'. 0, 2 2 2 ’5' Ay __;f _; Via
Visa % w2 2 2 _’i’ g _g_y _g Vigs
Vi ] 1 _Z_z_'_ 25, 2, 2 2 g _;} _g _h_ y‘ - V',,,,p
Va0 ! rizf ST %y g g ’g 'g Vi
Vg .22,- -1 12 Bl el g g _g —g Vi
Vi % 2 Y 2 g g —g ——2'! Vi
Vi -Z?,_ 2 2 -y Wy g g -g —g Viias
Viigu o —ZZ,- 2 2 Wy oY g g -g __2’! Vit
Va5 TZZ: 2 2 " H g- ¥ g _g —g Vs
Viias % 2 2 ! e g 3 ——; _g Vs
V’IJ,]') Zz—, 2 2 2"‘ Zh‘ g g - ‘2‘ =Y —g V‘.‘,,,n

Wl | ISR N T B B B | P
(3.27)

To determine the modified scattering matrix §', and the time and space shift matrix

T, it is necessary to consider the scattering notation.
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The notation used to describe the connection of pulses is

Viia Vi
Vfil.m 171’:]2
i, 2 Viia
V15 Viia
Viina Viis
Viss Viie
L1 Viia
Vit e Vi
L1107 Viie
Visao V0
Viil,j,n i,rj,ll
AL Vi
V114 Vi
Vifj+1,13 14
Viyjm17 18
416 Ve
I/iil,j-!-l.9 ,‘:,-,17
k4= #1518 4 Vs ]

(3.28)
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which, when substituted into expressing (3.27), gives

[ Vi ] Zi,—y 2 2 2 2 g g _g _,;1 Vit
V'inja 22: 2 - 2 2 f'z_ g _’_2’ __!2'_ Vi
Viicig-it6 22'_ w2 2 %’ _y _2’1 . g _g Vs
Visuts % w2 2 ’i’ ,’zl_y _.’21 _g Vi
Vi _ZZ'_ W w2 2 ; _2’! ks ,_;1 Vi
Viigent? Al 52: o w2 2 g g __;1 A _‘ Y_j Vs
Va0 " Z—y 2 2 o w ; g _’5. ‘!,i -] Vi
Vi —Z-z,— v 2 h 2 g 'E' —g .._2’3 Von
Piun % R oy g g -g —g Vi
Vigan -ZZT T2 WY g g —g ‘g Vi
Vi L % T2 W WY g g "E‘ _LZ, Pl
Vign? 52: 2 2 b Iy 27 Y g _g - g Vs
Vs 22: 2 2 b Z g ;_Y ‘g —g V06
Vs Z : P M 3 3 T 4 o

A LTTSIR I L % L 2 g g -g ‘—'“Y_LL,V‘L]J&.

(3.29)
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Rearranging, such that link line incident pulse indices match on both sides of the

equation, gives

[ ¥ r%—}’ wm w2 2 '21 '2-' —'2—' -’2—’ o o 0 o0 6 o0 0 o o (v,
Viiz -22: 2 w-Y 2 2 2 g ‘,E' —g o 0 0o o0 0 [ 0 0 | ¥
Vis Z% n-¥Y w2 2 ’2—’ g -;—' ~g o 0o 0 o [ 0o 0 (i 0 ||V
Via zi 7 2 2 2-¥ ’5' '21 -’5' -g 0 o 0 o 0 0 0 0 0 ia
Vs zl, m  m 2-Y 2 g '2—' -g -12' o 0o 0 o [ o 0 0 0 s
Fagms 0o ¢ o o 0o 0 0 0 0 % 2 2 m m '5' - ¢ ‘2 —% Vi
Vi 0 0 0 ¢ o0 0 0 0 0 —ZZ— 2 2 2 hy g -’—; ~g Vi
Vi jors 0 0 0 0o o o 0 0 0 ’z% 2 2 w2 g g -5'2- —==F ¥y
Vips 1 0 0 0 o 0 o o 0 o "22: 2 2 w2 g g —f'i-r —g Vis
o =¥ 0 0 o 0o 0o o 0 0 0 Zi‘-y 2 2 m  m g g -g _g Ao
Vi 0 0 0 o 0 o0 0 0 0 22: 2 2-F m In g Lz' -g —g Vign
V,{wz 0 0 0 0 0 0 0 0 0 Zl, 2-y 2 2t e g ’hz' ‘; “g (9353
i 0 0 0 ¢ 6 o0 0 0 0 32: 2 2 21 mm-Y g g —g —g Vin
Vi 0 0 0 o 0 o0 0 0 0 'z% 2 2 m-Y M % %‘ -fz‘ -52' Vi

Vigess zi, @ w2 2 g g—r -g -g 0 ¢ 0 0 0 0 0 0 0 {|¥as

Vi jtas 22: w2 2 g—r g -g -g 0 0 0 o0 0 0o o 0 0 {1Vl
Vgt Zl, oom 212 g g —g A 0 ° 0 ° o ||

hILK"'J‘u“' L Z% mo 22 g g _E_Y —g 0 o 0 0 0 0 0 0 ° JLV“MB
(3.30)
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from which the modified scattering matrix, S', can be identified as

i Kt

r
Niw

Niv  Nlo N[o

Nfw

Niw Nl

Njw

2n~Y

an

n

2rt

n

art

n

art

:
. !
:
2>r 2
:
[
0o 0
0 o©
0o 0
¢ 0
o 0
[
0 0
0 0
: ]
2 o-r
> 1
)

[STR [SAR-~ (SRR SR

(Y

(S350 [(Sh

(SR

_h —g 0 o 0 0
—g —g 0 o 0 0
_g _.’21 0 0 o o0
~g -g 6 0 o0 0
-g —g o o0 o0 0
0 0 22: 2 2 2rt
0 0 —22: 2 2 bl
0 0 —22: 2 2 n
] 0 -;—’ 2 2 n
0 0 —22;—-}’ 2 2 2n
0 0 .Z%,_ 2 2-Y 2n
0 0 -%‘ 2-Y 2 2t
Z,
0 0 -22: 2 2 n
0 1] 2 2 2 2n-Y
?;
—é —g— 0 0 0 0
—}—2 —-’22 0 0 0 0
-g _g-y 0 0 0 0
——¥ -—g 0 0 0 0
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[ SR

[SER- (ST iy [ [ ST [N

(ST

ST [T [ (S [T [SAR- [ ST

LS
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The pulses incident on adjacent nodes at iteration k£ + 1, can be related to the

incident pulses on node i, j at iteration k by the expression

(v, ] ftoooo o o o 000000 o0 o o olfw,
Virz 07 00 0 0 O O 0 00000 0 0 0 0¥,
Via 000 o o0 0 0 0 00 0 0 0 0 O 0 0 ||¥,
Vi 00 0J 00 0O 0 0 00000 O 0 0 0]V,
Viias 00 0 0J'" 0 O 6 0 00 0 O 0 O O 0 0 ||V
Vidyms 00 0 0 0 U 0 0 0 00 0 0 0 0 O 0 0 ||V

Ve 00 0 0 0 oI''VY 0 o0 60 0 0 0 0 0 0 o ||V,

Vijas| (00 0 0 0 0 0 M' 0 0000 0 0 0 0 0|V,
Viws| 00 0 0 0 0 0o o0 I'V0oO0o o000 0 0 0 oliK,
Ve =Qo 00000 O O ©0 10000 0 0 0 0¥,
Vi 000000 O O ©0 O0IO0O0O0O O 0 0 0]V,

-1 .
Vi 00 0 0 0 ¢ O 0 o0 0010 0 0 O o o IV,

128

ij+L13

Vi 00 0 0 0 0 O o o 00 0 0J" 0 0 0 0 ||V,
Views| 100 00 0 0 0 ©0 0 0000 0L 0 0 0pn¥,
Viaws| [00 00 0 0 0 0 0 000 0 0 0V 0 0¥,

Viyas| 00 000 0 0 o0 0 00000 0 0 utoo v,

i

W] L0000 0 0 0 0 0 00000 0 0 o0 'K,

(3.32)

so that the matrix T can be identified as
T=diagQUI " J /W I TS 0 0 ]

(3.33)
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Substituting into (1.58), the matrices T and S', gives

}KQH)—ZA -t -2t -2 -2
L3
A wrew w2 -2
ZS
2
- r-2r Rr'-» -2 -2
Zt
-2 -1 ot KU-2 Y2
Zt
2
— -2t Y2 Yt
2
0 [ 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1
Y
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
i 0 0 0 0
2
- o -2 2 -2
Zt
2
Z - -2 -2 )
2
—Z -t - -2 -2
2
Z -1 -2 -2 -2

from which the characteristic equation can be determined.

S
SN
i3 0
T
R
0 0 -%
0 0 -—Z‘z—
Ut oo -%
0 YQI".; %
0 0 Ho#-
o o %
o 0 ~zl
o 0 %
0o o 72:
S T
A
+g Y+g 0
Y+£2l g 0
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0 0
0 0
0 0
0 0
0 0
2 -2
-2 -2
-2 -2
-2 -2
2 -2
-2 r-2
Y-2 yor'-2
-2 -2
-2 -2
0 0
0 0
0 0
0 0

0 0
0 0
[} 0
0 0
0 0
-2 -t
-2t -1
-t 21
-t -2t
2
21 -an
-t -1
Ry-2t Y-t
Y-21 RUt-2r
0 0
0 0
0 0
0 0

0 [ 0
0 0 0
0 0 0
0 0 0
0 0 0
h h
2 o2
h h
o7 2
L
2 2 2
_g ..
h h h
2 2 2
ok
2 T2 2
LI B
2 T2 2
Ao Rk
2 2 2
LI b
2 T2 2
oo o 0
o rrv' o
0 o rut
0 0 0

ISR

(SR

h
Y+§

LS LS Ny LS2- A3

[y




Manipulation of (3.34) using symbolic mathematics software Maple, yields the

characteristic equation

AB +CA+CB =0 ' (3.3%5)
where

Lyon +2

A=ff_i.5}_i_(Q—2+Q'l)-—hl(I——2+I'l)-—(J—2+J—l)
_-Z-(]J-['IJ“I ~U 1Y)

Lion +2

Bzfz:_ill(Q_2+Q’l)—(I-2+I'l)-h1(J—2+J’l)
h

~w-rtt-utert)

C= -E(IJ—I"J“ ~Ut 1Y)

or, using equivalent continuous time representations,

(~z‘:+2h1+2)(Ar)’ # & F P

A= - - -h
2 (A)? o taxr @yt oxdy
1
p (‘2"+2h1 + 2) (At)z 62 62 62 62
B=- - -h -h 3.36
2 (Al)2 612 ax2 la.yz axa}) ( )
52
C”haxay

A number of "spurious solutions” similar to those of previous analyses are obtained

in addition to (3.35).
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To satisfy (3.35), either

A=B=C=0 (3.37)

A=C=0 | (3.38)

B=C=0 (3.39)
or

A=B=0 (3.40)

Taking these solutions in turn and using the continuous time representations the

following solutions are obtained.

From (3.37),

(-zl;+2h1+2) (A)* &0, o, o,
2 (Al)2 atz"lax2+ay2

(3.41)
(£ +2m +2) (an)? 20, _do,
2 (AD? ot ox?

oo,
ay 2

+hy

which represents waves propagating in two independent meshes, and corresponding

to wave propagation in @, and @, meshes.

From (3.38),

(%;+2h1+2) (A @, 0, Jo, V
T s =gt T3 (3.42)
2 (AD* o &y
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which represents waves propagating in ®©_ mesh.

From (3.39),

(F+2m+2) (a2 P, Fo, o,
2 (AD)? a* ~ &t ! 9?

which represents waves propagating in the @, mesh.

From (3.40),

(-z‘j+2h1 +2) (A)? o, &0, N D, +h82<1>y
2 (AD? & Tt gt axoy
(£ +2m +2) (an? 20, P, Fo,  Fo,
2 (AD? ar  axr ' g? oy

(3.43)

(3.44)

which represents waves propagating in two interdependent meshes, and corresponds

to the desired solution for the elastic deformation model.

The stub impedance, Z,, is determined by equating the wave velocity of the elastic

deformation equations, (3.9), with the wave velocity of the TLM-state space derived

equations, (3.44), giving

| “[E_é’_ 2
p A\ F+2k +2
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from which

(p = ] (3.46)
L‘az‘- 1+h

The space step Al is chosen to be sufficently small to represent the smallest
wavelength of interest, the time step Af is chosen to ensure a positive stub

impedance.

Noting that,

s

3.47
hy = (2 + }—) o
- G
and substituting into (3.44), expressions for A, h, and Z, gives
G or? GJox? 8y 6xay
(3.48)
pdv v (2+ 7»)52 +(l+&)_§iz_
Gt ot G/ oy* G/ dxdy

which are the elastic wave équations as presented in expression (3.9).
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In the preceding analysis, the equations of elasticity were divided through by G at the
outset, resulting in equations containing only one spacial derivative coefficient, A,.
This was done only to simplify the analysis, the nodal structure is equally effective
with two spacial derivative coefficients, s, and h, which would result in the

following model parameters,

h=G+A
h =2G+A
h,=G

(3.49)

The model would then solve the elastic wave equations as specified in (3.1).
Chapter 5 presents several applications of the nodal structure analysed in this section

for the solution of various two-dimensional isotropic elastic deformation problems.

3.4 Extension to anisotropic elastic deformation

Many elastic problems inviting analysis cannot be assumed to be isotropic. For
example, consider the analysis of a wooden or composite material, subjected to
applied forces. Such a problem would require analysis by techniques capable of
solving anisotropic elastic equations. Therefore the extension of the two-
dimensional, isotropic, TLM elastic deformation model to anisotropic materials
should provide an extremely useful analysis tool, and provide an alternative to other
numerical techniques. A publication shows the extension of the finite difference

method to anisotropic elastic modelling in the area of seismic analysis [Faria E L,

89



Stoffa P L, 1994]. This section extends the two-dimensional isotropic elastic wave
model, as described in previous sections, to the case of anisotropic, hyperelastic

material.

The equations which describe anisotropic elastic deformation are presented in
chapter two of this thesis. The equations of motion for a two-dimensional

anisotropic, hyperelastic (c; = c;) material may be extracted from (2.18) giving

u  Pu &*u Fv v v
p—a—t-é—z C“ 5x2 +C66 ay2 +2016 axay +016 8x2 +026 ay2 +(CIZ +c66) axay

o*v o*v o*v o*v o*u o*u o*u
—é;z— = c665x—-2—+022 ay +2026 axay +6‘16 axz +026 6)/2 +(c12 +066) axay

(3.50)

Comparing these with the equations for isotropic deformation, repeated below in

(3.51), the extensions required of the isotropic model in order to model anisotropic,

hyperelastic deformation can be seen.

& Pu Gy
P =(2G + x)-——may + oy
(3.51)
52 _3_3_ 62 82
o7 =(2G+ x)ay +G—7+(G+N = oy

Considering only the equations which describe deformation in the x direction, it is

seen that the anisotropic, hyperelastic equation contains the additional spacial

derivatives
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2¢46 axdy (3.52)

Cie % (3.53)
and

Ca6 g;% (3.549)

Section 3.2.1 demonstrates how cross derivatives of the form (3.52) can be
incorporated into TLM models by use of the nodal structure reported by Witwit et
al, illustrated in figure 3.2. Additional scaled transmission lines, centred on nodal
position (7, j), connect diagonally to nodes within the same mesh at positions (i - 1, j
+1),@+1,j+1),G+1,j-1),and (i - 1,j-1). For the case of anisotropic,
hyperelastic material, these transmission lines should have impedance scaling values

of magnitude

4
(2016)

(3.55)

Considering implementation of the remaining derivative terms in the anisotropic,
hyperelastic equations, (3.53) and (3.54), intuitively, one might expect that since the

nodal structure illustrated in figure 3.6a implements the spacial derivatives

PD. D,
axZ + 8},2

(3.56)

91



the nodal structure illustrated in figure 3.6b would implement the spacial derivatives

se, &0,
axZ + 6y2

(3.57)

In figure 3.6b, transmission lines centred on nodal position (i, j) in the ®, mesh
connect to nodal positions (7, + 1), (7,7 - 1), (i + 1, ), and (¢ - 1, j) in the @, mesh.
To ensure correct coefficients for these spacial derivatives, the transmission line

impedances, connecting ®@,[7, j1to @, [i - 1, j] and @ [i + 1, /], are scaled by

1
—_ (3.58)
Ci6
and those connecting @,[7, j]1to ®,[1, j - 1] and @,[7, j + 1] are scaled by
1
— (3.59)
Ca6
Difij+l]
fmm s /“'Jt -y
- :pi/ll‘lil‘]- a4 Y,
odi-lj] (Oufi+1 ] f
/T / Ir
Cedij T X
Oyfi-1 ] -~ -Ff - » Oy [i+1 )
RPN AU ’
Dyfij-1]
a b
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The proposed nodal structure, for solution of displacement in the x direction, will
therefore consist of the nodal structure used for the isotropic case, with an additional
eight appropriately scaled transmission lines, for implementation of the extra spacial
derivatives which feature in the anisotropic, hyperelastic equations. The full node is

illustrated in figure 3.7, in which transmission lines have been omitted for clarity.

@yfi-1j+1]y _eligtl] Dyfi+] j+1]

7 @ . /
Dyfi-1 j]¢F o Dyfi+1,j]
/ /

Dufi-1 -1 @i TN~ Reli+ L1

Y.
X
DOy fi-1,j+1 - Dy [i+1,j+1]
i’
Dy [i-1,jjf® - - - Dy [i+1]
/ I oo 4.
Dy [i-1,)-1]% - - = - »- Dy [i+1j-1]
Dy [ij-1]
Figure 3.7 Pr 0 cture for ®x mesh for solution of

 anisotropic, hyperelastic waves
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The nodal structure for the ®y mesh, consists of that of the isotropic elastic model,
with eight additional transmission lines. Four of which implement the spacial cross

derivative

v

2Cq6 Ex——a}— (3.60)

These transmission lines, centred on nodal position (7, /) in the ®, mesh, connect
diagonally to nodes within the same mesh at positions (i - 1,7+ 1), ((+ 1,j + 1), G +
1,j-1),and (i - 1, - 1), with scaled impedance of magnitude (4Z/ (2¢,¢). The four

remaining transmission lines implement the spacial derivatives

o*u
and
82
Oy 5;’21 (3.62)

These transmission lines, centred on nodal position (7, j) in the @, mesh connect to
nodal positions (i ,j + 1), (7, j- 1), G+ 1,)), and ( - 1, j) in the @, mesh. The
transmission lines connecting ®,[i , j] to @,[i - 1, j] and ®,[i + 1, j] have impedance

scaling of

— .v (3.63)
€16

and those connecting ®,[7 , j] to @.[7, j - 1] and @[1, j + 1] have impedance scaling

of
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— (3.64)

Analysis of the nodal structure proposed for TLM modelling of two-dimensional,
anisotropic, hyperelastic elastic deformation proves beyond the capability of the
symbolic software available, due to the size of the scattering and associated matrices.
However, the proposed nodal structure is used to model several cases of anisotropic
elastic waves, the results of which are presented in chapter S, and provides validation

of the nodal structure.

3.5 Summary

Extensions to the standard TLM wave model nodal structure, required for modelling
isotropic and anisotropic, hyperelastic elastic deformation in the bulk of the material -
have been proposed. Building on the work of Witwit ef al, which describes the
formulation of an eight port network from which scaled spacial cross derivatives can
be incorporated into single mesh TLM models, methods of incorporating derivatives
from a second mesh have been introduced. These methods appear readily extendible
to any number of meshes. Scaling of spacial derivatives in TLM has also been
described. The analysis of the resulting TLM nodal structure suitable for modelling
the equations of isotropic elasticity, based on the TLM-state space analogy, has been
described and provides Vglidation of the nodal structure in terms of discrete
representation of the elastic deformation equations. Extension of the isotropic nodal
structure has been presented which should enable anisotropic, hyperelastic materials

to be modelled.
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Elastic analyses are generally concerned with finite bodies and interfaces of elastic
bodies to externally applied loads and restraints. The following chapter describes the

implementation of the boundary equations in the TLM elastic deformation model.

96



Boundary treatment

4.1 Introduction

Various types of boundary condition are applicable to elastic problems. The
boundary conditions describe the interface of a body to its immediate surroundings.
A generally applicable model should have the ability to quel all practical boundary
conditions. To this end it is necessary for the TLM elastic deformation model to
implement displacement loaded, force loaded, free, restrained aﬁd frictional
boundary conditions. The following section takes each of these boundary conditions
in turn and describes their implementation using a nodal structure which is common
to all of these boundary types. The examples of models of elastic bodies contained

in this thesis are rectangular in shape, hence consideration is given to the treatment

of boundaries at corners.

4.2 Boundary nodal structure

Irrespective of which boundary conditions are to be applied to a boundary, the TLM
mesh must be terminated at boundaries. Generally, this is achieved by a skin of
external nodes which surround the body, such that the boundary of the body lies half
way between the internal or bulk nodes and the external or boundary nodes, as

described in section 1.4.4. Figure 4.1 illustrates this concept, as applied to a two-

dimensional, rectangular elastic body.
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Figure 4.1 A two-dimensional rectangt_llai' elastic body and its discretised TLM model
identifying bulk, boundary and corner nodes

The nodal structure of boundary nodes differs from that of internal nodes since the
boundary nodes do not have adjacent nodes on all sides, and so require fewer
transmission lines. Hence, the eight port nodal structure of the isotropic elastic bulk
node must be modified if it is to be applied to the boundaries. The proposed nodal
structure, for implementation of boundary nodes in the TLM isotropic elastic model,
is illustrated in figure 4.2. Figure 4.2 illustrates the nodal structure for a node on a
boundary which lies parallel to the y axis, the bulk of the elastic body lying to the left
of the boundary. The structure consists of a single transmission line connecting the
boundary node at position (i) to its immediate bulk node neighbour in the same
mesh at position (i - 1), and a further two transmission lines connecting the
boundary node to diagonal neighbouring nodes, (i - 1,/ - 1) and (i - 1,7 + 1), in the

other mesh. Similar structures terminate meshes along the remaining boundaries.
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Figure 4.2 Boundary nodal structure

The potential of boundary nodes is calculated not in terms of incident pulses, as is
the case for bulk nodes, but externally, in order to effect the correct boundary
condition. Irrespective of which boundary condition is to be applied at a node, the
boundary node potentials, ®.[7,j] and @ [i,j], must be specified. This is in common
with boundary conditions applied to other TLM models [Johns P B, Pulko S H,
1986]. The following sections describe the determination of boundary nodal

potentials for various boundary conditions.

4.3 Displacement and restrained boundaries

Many elastic problems have boundary conditions which are specified in terms of
displacements and restraints. For example, consider an elastic body with a clamped
boundary so that movement is restricted in all co-ordinate directions. The

displacement on such a boundary is zero in all co-ordinate directions. Also, consider
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a rigid punch impacting an elastic body at a specified velocity or acceleration. The
movement of the punch when in contact with the body can be specified in terms of

displacements at the boundary.

Since the nodal potential in the elastic deformation model is displacement,
displacement boundary conditions are implemented by setting the boundary nodal
potentials in each mesh to the required displacement on the boundary. Should the
specified displacement not lie coincident with the reference co-ordinate frame, then it
is necessary to specify the displacement in terms of components in each of the co-

ordinate directions. This is illustrated in figure 4.3 for a two-dimensional problem.

y
@, [iJ] .
5. 3 1
. @, [ij] it
X
i3 X
O, [ij]
a. Displacement specified on the boundary b. Reducing to component parts
@, [ij] @, /ij]

c. Applying boundary conditions to the model

Ficure 4.3 Stages in applying displacement boundary conditions to a TLM model
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Dynamic displacement loading allows the specification of boundary velocities and
accelerations. For a given acceleration or velocity, the displacement applied to the
node is obtained by integration of the load with respect to time. As an iterative
routine, dynamic loading of displacement boundary conditions is implemented simply
by applying a new nodal displacement value at each iteration. This requires the time
step to be small compared with dynamics of the loading. Figure 4.4 shows a
continuous time sinusoidal loading function and the dynamic loading applied to the

TLM boundary node to effect this loading.

r'y l
“ : Hl IH
g - e L
S X 11
8 e
J 4

loading function node potential

Figure 4.4 Dynamic loading of a TLM boundary node

4.4 Force boundaries

The implementation of force boundary conditions is less straightforward than the
case of displacements. Force boundary conditions are specified in terms of stresses
and surface forces as described in section 2.7. Expression (2.20) relates the applied
surface forces to the internal stress state at the boundary of an elastic material. For

two-dimensions this reduces to
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4.1)
where / and m are the direction cosines of the normal to the surface as defined in
equation (2.21). Free boundaries have zero surface forces, consequently X=Y=0.
The proposed TLM boundary nodal structure requires nodal potentials,
corresponding to displacements, to be specified at the boundary. Recalling Hooke's

law (2.12), which relates the stress state of a body to the strain, the equations in

(4.1) may be written in terms of strains as

= 1((2G+X)ex +?uey)+m(G'yxy) (4.2)

and

Y=1(Gy,,)+m{re, +(2G+1)e,) 43)

Substituting into these the small strain differential equations specified in (2.6) and
(2.7) gives

z{(zem—w»gj ”{ %*%D
22 62 06.n2)

“44

~
!
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In these equations the surface forces are related to the displacements on the
bqundary, but, due to the spacial derivatives, it is not possible to specify boundary
nodal potentials directly from these equations. The derivatives may be expressed as
difference equations to yield a direct relationship between the surface forces and
boundary displacements. Replacing the derivatives in (4.4) with the difference

equations (Appendix 1)

0,(i+1,j)-@,(i-1j) ou
2Al T o
@, (i, j+1)-@,(i,j-1) v
2Al oy
®,(i+1,))-®,(i-1j) av
2Al ~ o
q)x(i’j+1)_(px(i’j_1) ~§£”_
2A ~ oy
4.5)
gives
( (1+1]) (CD 1]+1 ( i,j 1) )
X=1(2G+ x)( 2Al Jm{ 2
vy,
(4.6)
( (D(l+1]) @,(i-1,)) @x11+1 @ (i,j- 1)\
+"{ 2A1 )
and
""1] \ ,(q)xlj+l @_(i,j )\\\
1 J*k 2a JJJ
4.7

103



Of the nodal potentials in these equations, some are within the bulk, and have
potentials specified in terms of incident pulses, the remaining are boundary potentials

for which the equations must be solved.

As an example, consider figure 4.5 which illustrates part of an elastic body with an

applied point force, £}, on its lower surface.

Figure 4.5 Boundary of an elastic body with applied point force

The boundary region of the TLM meshes are illustrated below.

®, mesh ®, mesh

® @./ij-1] ® @,/i)-1]

Figure 4.6 Template for forming the boundary difference equations
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Since the boundary of the body lies parallel with the x axis of the reference co-

ordinate frame, the direction cosines are calculated, using (2.21), to be
I=cos{90°) = 0

(4.8)

m= cos(Oo) =1

Resolving the applied force into co-ordinate directions gives

ol
I
(o]

(4.9)

~i
I
N

Substituting values for /, m and X into (4.6) yields

2Al

G(@yoﬂ,j)-my(i—1,j>j+(a>x<f,j+1>—@x<w—m:o @10)

and values for /, m and ¥ into (4.7) yields

2A1 2A] 4

me(?“»f)‘@x(" ‘l’f)']+(zc;+x)[®y(i'j RAAY _1)} F, (@1

105



Solving the above equations for the nodal potentials, @ [ij - 1] and @, [ij - 1],

which are boundary potentials, yields

®,(1,j~1)=@,(i, j+1)+ (i +1,j)-@,(i-1,))

R e o

(4.12)

This method of boundary treatment, which is based on the centred approximation of
the derivative equations in (4.4), is identical to that used in some finite difference
models of elastic deformation [Shibuya T, Nakahara I, Koizumi T, Kaibara K, 1975].
Investigations into the implementation of force boundary conditions using this
approximation, by researchers of finite difference methods, have indicated the
method to be unstable given certain elastic parameters [Ilan A, Loewenthal D,
1976]. As a result, modified implementations of the boundary equations based on
the method outlined above have been introduced. These include the one-sided
approximation and composed approximation [Ilan A, Loewenthal D, 1976], and new

composed approximation [Ilan A, 1978].

In forming the difference equations of the continuous time boundary equations (4.4),
the one-sided approximation uses the central difference approximation parallel to the
boundary, and the one-sided difference approximation perpendicular to the

boundary. This results in the boundary templates shown in figure 4.7.
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D, mesh ®, mesh

® 2./ij1] @ @,/ij-1]

Figure 4.7 Template for forming the boundary difference equations using the one-sided

approximation

The corresponding boundary equations expressed as difference equations are

@, (i, j~1) = ®,(i, j) + 05(®,(i+1,j) -, (i-1,))

(4.13)

( " i+1,7)-0,(i-1,7)))
cpy(i,j—l)=<I>y(i,j)—o-5LZNFy A(Gl)x(zc;ljr]x) = LJ))J

Derivations of the centred and one-sided difference approximations are presented in

Appendix 1.

The composed and new composed approximations result in equations that are not
one step since the equations at iteration & are dependent upon values at iteration -1
and £-2. One of the advantages of TLM is that it is a one step routine and since
implementation of these approximations in TLM models would violate this they are

not considered suitable.
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Stability analysis in terms of the elastic parameters for all the approximations has
been carried out by Ilan [Tlan A, 1978]. The analysis is based on elastic equations of

the form

& & & &
o = B oot )
(4.14)
&y 2 v L, [, ) Ou
at2 - B 6x2 +a ayZ +(a —B )axay

and Ilan determines the values of the ratio B/oc for which the various difference

approximations are stable. The results of the analysis are presented below.

Approximation Range of Stability
Centred B > 0.300
a
One-sided -g > 0.350
B
Composed ” > 0.575
B
New composed e 0. 000

Table 4.1 Stability range for various finite difference boundary approximations [Tlan A, 1978]

Applying the analysis to the isotropic elastic deformation equations the

corresponding parameters, B and o, are

o’ = (4.15)
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g = (4.16)
P
and the ratio /o may be expressed as
B_ G 4.17)
o 2G + A

Recalling from chapter two that G and A may be expressed in terms of Young's
modulus and Poisson's ratio, equations (2.13) and (2.14), the above expression may

be written

(4.18)

With reference to the stability ranges presented in table 4.1, the corresponding limits

for values of Poisson's ratio for each approximation may be determined.

The value B/o. = 0.3, the stability limit for the centred difference approximation,
corresponds to Poisson's ratio equal to 0.45. Similarly, the value B/a = 0.35,
corresponds to Poisson's ratio equal to 0.43. Hence, the centred approximation
becomes unstable in the finite difference model for Poisson's ratio greater that 0.45
and the one-sided approximation becomes unstable for Poisson's ratio greater than

0.43. Given that the implementation of the boundary using centred and one-sided
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approximations can give rise to instability in the finite difference models, even when
the stability criterion for the bulk (von Neumann) is satisfied, it can be expected that
similar behaviour will be present in the TLM models given the same boundary
implementation. This is investigated in chapter five where use is made of both

central and one-sided approximations.

The similarity of the proposed boundary treatment to the methods used in other
applications of TLM, for example, thermal diffusion, is discussed in section 4.2.
However, in the elastic boundary formulation a feedback path exists since the
external nodal potentials are determined not only from the applied external force, but
also from the stress state within the body. The consequences of using this type of
boundary formulation on the stability of the TLM routine have not been fully

investigated and present an opportunity for future valuable research.

4.5 Frictional boundary

Friction presents itself in many engineering problems and is a consequence of the
roughness and adhesion of materials resisting movement in contact regions between
bodies [Bowden F P, Tabor D, 1956]. The modelling of frictional contact problems
provides a useful analysis tool, and has been incorporated into several other
numerical techniques [Olukoko O A, Becker A A, Fenner R T, 1993]. Friction
occurring between bodies in contact may be described by Coulomb's law of friction
[Bowden F P, Tabor D, 1956]. When surfaces are in contact, one of two regimes
may exist. If there is no relative movement between adjacent points on the
cont‘acting surféces then the points are in the "stick" regime. Alternatively, if relative
movement between adjacent points on the contacting surfaces exists, then the points

are in the "slip" regime. Coulomb's law of friction defines which of the

110



aforementioned regimes is appropriate for a point of contact, depending on the
coefficient of friction and the forces acting in the region of the point. If the
tangential force at the point of contact is less than the product of the coefficient of
friction and the normal force, then the contact point will stick. Otherwise the point
of contact will slip and the value of the tangential force is equal to the product of the

coefficient of friction and the normal force, or more concisely

stick: I'c,l <urt,
(4.19)

slip: ]t,l =uT,

where
—uT, £T, ST,
and

1, is the tangential force at the surface point of contact
1, is the normal force at the surface point of contact

u is the coefficient of friction.
The notation is illustrated in figure 4.8.
If at the outset the bodies are not in contact, then the problem of determining at
which point the bodies come into contact presents itself. Consider the case of two

elastic bodies some distance apart but travelling towards each other as illustrated in

figure 4.9.
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Body 1
Ty T

Body 2

Figure 4.8 Normal and tangential forces at a contacting boundary point

In this state the boundary conditions are those for free boundaries as described in
section 4.4. As the bodies approach each other, a contact condition may be
identified by monitoring the co-ordinate points of nodes on the surfaces of the

bodies. If the co-ordinates of a surface node in one of the bodies coincide with the

Body 1
'cnl ={)
Tei=0
Toro Body 2
Te2-0

Figure 4.9 Two non-contacting bodies
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surface or the bulk of the second body then the bodies are defined as being in
contact. For the case of a surface node entering the bulk of the second body, as
shown in figure 4.10, then an overlap condition has occurred and correction to the

surface node must be applied.

Body 1

Body 2

Figure 4.10 Overlap condition

Upon contact, normal and tangential forces are generated at each of the contact
points. The force generated by one body loads the body with which it is in contact,
and vice versa. The normal and tangential forces at the boundary are generated
when the two boundaries overlap and corréction is made to the boundary nodal
positions to ensure that the boundaries are compatible, as illustrated in figure 4.11.
This is in common with other numerical techniques [Olukoko O A, Becker A A,
Fenner R T, 1993]

For the case of contact between two bodies with an infinite coefficient of friction the
normal force and the normal displacement across the boundaries are continuous.
Similarly a continuous tangential force and displacement exists across the boundary,

since no relative tangential displacement between the two body surfaces is possible.
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Figure 4.11 Correction of boundary node positions

Therefore

(4.20)

where subscript # denotes normal force, subscript ¢ denotes tangential force, and 1

and 2 identify the individual bodies.
In the case of contact between two bodies of finite coefficient of friction, the normal
force and displacement remain continuous across the boundary but the tangential

force and displacement will be continuous only up to the friction threshold, specified

by

|T,| = wr, 4.21)
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Once this threshold is reached, tangential forces and displacements are no longer
continuous across the surface and slipping occurs. Then the slip condition of

equation (4.19) determines the behaviour of the boundary.

To demonstrate how frictional contact can be applied to the boundaries of a TLM
model, consider the case of an elastic body brought into contact with a rigid base as

shown in figure 4.12.

b

Figure 4.12 An elastic body in contact with a rigid base

Considering the contacting surface only, the nodal template used for forming the
boundary equations is as illustrated in figure 4.6. It is not necessary to discretise the
base since it is rigid and no displacement can occur. When there is no contact
between the elastic body and the rigid base, then the lower surface of the body is free

and the forces on this surface are

ol
I
~|
I
o

(4.22)

115



Considering equation (4.1), the direction cosines, as defined in (2.21) are

l= 005(900) =0
(4.23)

m= 005{00) =

Substituting values for Z, m and X into (4.6) yields

G{((Dy(iﬂ,j) d’(z—lf}{ @, (i,j+1)- ‘D(’?f“l))}:o (4.24)

2Al

and values for [, m and Y into (4.7) yields

7 (4.25)

M@xw,j)—@x(z-—1,j>)+(zw{ (:m

\__.__/

Solving (4.24) and (4.25) for the boundary nodal potentials, ®@,[/,j - 1] and @ [ij-1],

yields

@ (i,j-1) =@, (i,j+1)+@,(i+1) -0, (i~-1))
(4.26)

2G+A

®,(i,j-1) :@y(l-’j+l)+()\'((I)x(i+1’j)+q)x(i—17]))}
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Upon contact, there can be no further displacement of the contacting boundary in the
y direction. Consequently, the boundary nodal potential in the @, mesh is set equal

to zero, giving
O >(j-1)=0 (4.27)

Initially, the contact region assumes the stick condition so that the boundary nodal

potential in the @_mesh is set equal to zero, thus
D (ij-1)=0 (4.28)

This is reasonable since the boundary must generate normal forces before the slip
condition can occur. Over subsequent iterations, the normal force on the contacting
boundary may increase, and zero potential is maintained on the ®, mesh. If the
Coulomb threshold is reached, the tangential surface force is given by the slip

condition of (4.19), which can be expressed as
X =yF, (4.29)

where F, is the normal stress generated due to contact with the rigid base.

Substituting (4.29) and (4.23) into (4.6), gives

" :G[[%(w1,f>-®y(f—LJ')H@@-JH)-q»x(i,j—l)ﬂ “30)

2A1 2Al
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Displacement in the x direction due to slipping is determined by solving this equation

for @,(ij - 1), giving

2AIuF,
G

@,(1,j-1)=@,(i+1)-@,(i-1,j)+@,(,j+1) - (4.31)

F, can be determined from stress measures taken at the contacting boundary. The

normal force on the boundary is given by
(4.32)

From Hooke's law, (2.12), o, can be expressed in terms of strain components as

6, =hke, +(2G+Me, | (4.33)

Expressing the strain components as derivatives, from (2.6), gives

»

ou
o, =Ké—x"+(2G+k) %

(4.34)

Replacing the displacement derivatives with difference approximations as specified in

(4.5) yields

N '._. (@, (i, j+1)-@,(i,j-1))
s :?\{(I)x(i+l’])2Al®x(l 1’]))+(2G+7‘¢)L(Dy(l,]+1)2A1®y(,] I)J (4.35)
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which provides a measure of the normal force acting on the contacting boundary.

Chapter five presents the results from a TLM elastic deformation model of an elastic

body in contact with a rigid base.

4.6 Corners

Corners require special attention with regard to nodal structure and the boundary
conditions applied at the corner region. Frequently, corners are the interface
between different boundary conditions on different faces of the body, consequently
the boundary conditions at corners are not well defined. Figure 4.13 shows the

corner region of an elastic body and the associated region of the TLM meshes.

i+1

Figure 4.13 Corner region of the body and model

119



Applying the central or one-sided templates for force or free boundaries to the nodes
at positions (7,j-1) and (i+1,)), requires simultaneous solution of the two boundary
conditions on each face [Harker A H, 1988]. With regard to specifying the nodal
potentials at position (i+1,/-1), the TLM elastic deformation model requires the
specification of the nodal potential at this point, since termination of the TLM mesh
requires a transmission line connection between the corner node in one mesh, and its

diagonal neighbour in the other mesh, as illustrated below.

Corner node

Figure 4.14 Corner node connectivit

To specify the nodal potential at the corner point in a finite difference
implementation, Harker imposes the following boundary condition at the corner

point [Harker A H, 1988]

("x +°y) =Ty =0 (4.36)
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In implementing the boundary conditions as difference equations, the reference co-
ordinate axes are rotated by 45° so that the boundary equations, in difference form,

for the corner illustrated in figure 4.14 may be expressed as

@, (i+1j-1) =0 (i-1j+1)+@,(i-1,j+1)-@(i+1j+1)
(437)
@,(i+1j-1)=®,(i-1j+1)+@(i-1,j-1)-®(i+1,j+)

Applying this technique to the specification of TLM corner nodal potentials allows
all boundary nodal potentials to be specified.

4.7 Summary

The boundary treatment for the TLM elastic deformation model has been presented.
Boundaries are implemented by a skin of surface nodes which surround the bulk
nodes. The boundary nodal potentials may be calculated to effect displacement,
force and frictional boundary conditions. Due to the equivalence of displacement
and nodal potential, displacement boundary conditions simply require the appropriate
nodal potential to be set equal to the required displacement. Force boundary
conditions require the discretisation of the boundary equations by use of difference
equations. The implementation of force boundary conditions is the same as that used
by the finite difference method of elastic modelling. The stability limits of the
various differencing schemes, determined by Ilan, have been presented [Ilan A,

1978]. Calculation of boundary nodal potentials, adjacent to corners, requires the
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simultaneous solution of boundary condition equations. The application of boundary
equations to corner points has been considered also and is equivalent to the method

used in some finite difference elastic models.
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Numerical Implementations

5.1 Introduction

The preceding chapters describe the TLM modelling method and develop nodal
structures suitable for two-dimensional, isotropic and anisotropic elastic deformation
modelling. Methods are developed for applying a wide variety of boundary
conditions. This chapter applies the TLM elastic deformation model to several
elastic problems, the results of which are used to validate the technique and
demonstrate its capability. The various models presented in this chapter are
validated against results using analytical or numerical methods as published by

various authors.

5.2 Two-dimensional isotropic models

5.2.1 Semi-infinite plate

The case of a two-dimensional, semi-infinite plate subjected to an applied force is
useful as an initial model, since the modelled region contains no corners and only one
boundary. Analytical and finite difference solutions have been reported [Shibuya T,
Nakahara I, Koizumi T, Kaibara K, 1975]. The elastic problem requires the
calculation of transient and steady state stress values at several points in the bulk and
on the surface of an elastic half plane resulting from loading applied along part of the

surface. Figure 5.1 illustrates the problem. The predictions from the TLM model,
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for direct stresses, o, and o, and the shear stress, 1,,, at the positions indicated in
figure 5.1, are to be compared with those for the finite difference model, reported by

Shibuya ef al.

y(mm)

ordinates refer to points on a Imm grid

The applied excitation P(t) is of the form shown in figure 5.2. 71 represents the

scaled time variable such that t = 7,/(2G +A)/p, where 1 signifies time in seconds.

P(1) '

dv

To

Figure 5.2 Load applied to the semi-infinite plate
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The appropriate boundary descriptions are

o, =P(1)

x| <25
Ty =0
c, = 01

x])2.5
Ty = OJ

and the material properties of the plate are those of mild steel, given by

E=2.1x 1010 N/m?2
p = 7860 kg/m3
v=03

The TLM model operates with the following time and space steps for consistency

with the finite difference model

At=16x107s
Al = 0lmm

The excitation, over the region —2.5mm < x < 2.5mm, is ramped according to figure

5.2, with 1, equal to 1. Figures 5.3 to 5.7 compare the results produced by the
TLM elastic deformation model with those reported by Shibuya et al, for the finite

difference model [Shibuya T ef al, 1975]. The solid curves represent the results for
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the TLM model, and the broken curves represent the results for the finite difference

model. In all cases the level of agreement between the two methods is excellent.

1.2

1.0 .

{‘,
0.8 | j -
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04 /,E"\/ | i

0.2"/ 7

Normalised stress

Figure S.3 Stress at the point (0.0)
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10f /\V
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Normalised stress

Figure 5.4 Stress at the point (1,0)
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Figure 5.7 Stresses at the point (1.1)

In chapter four, the range of stability of the various differencing schemes for
implemention of the boundary equations in finite difference models is presented. It is
found that the finite difference boundary schemes are unstable for certain values of
Poisson's ratio [Ilan A, 1978]. In order to establish whether the same stability range
is applicable to the TLM models, when using finite difference derived boundary
potentials, tests are performed on the TLM semi-infinite plate model with
appropriate values of Poisson's ratio. Using the central approximation to discretise
the boundary equations, Poisson's ratios of 0.45 (the limit of the stability range) and
0.46 (outside of the stability range) are chosen. Figure 5.8 shows the results of such
a test. It is clear that, for Poisson's ratio of 0.45, the displacement monitored at the
point (1,0), provides stable results. However, for Poission's ratio of 0.46 the
displacement diverges and the finite difference boundary implementation renders the

model unstable.
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displacement u (m)
>

v= 0.46

_30 1 1 i L 1 1 1 'l
0 50 100 150 200 250 300 350 400 450

T

Figure 5.8 Stability test for central difference boundary condition - u displacement at position

(1,0) in the semi-infinite plate model

5.2.2 Bridge structure

The following example, that of a bridge structure, demonstrates the application of
the TLM model to a slightly more complex geometry. The geometry contains a
number of corners, and the boundaries include fixed, force loaded and free

conditions.
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The bridge structure is illustrated in figure 5.9. The structure is clamped to a rigid

base and force loading is applied to one side of the structure.

P(t)

s

Figure 5.9 Dimensions of the bridge structure

The boundary conditions for the structure are:

o, =P(t)
loaded surface
Ty =0
c,=0
free surfaces parallel to x
Ty =0

c,=0
5 free surfaces parallel to y
T

} clamped surface
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The elastic problem is to investigate the horizontal displacement at the central
position marked A in figure 5.9, due to the loading function P(#). The dynamics of

the force load are illustrated below.

had 4

0.1

Figure 5.10 Load applied to the bridge structure

The material properties of the structure are

E=1x10*N/m?
p=1Kg/m’®
v=02

and the structure is discretised by a square mesh with an internodal spacing of 0.2m

and a time step of 800us is used in the simulation , giving

At=8x107*s
Al=02m
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The TLM elastic deformation model predictions are compared with those reported
by Brebbia using a boundary element formulation [Brebbia C A, 1984] in figure

5.11.

u displacement (m)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
time (s)

Figure 5.11 Displacement at point A of the bridge structure

The predictions, which are in close agreement, indicate that the structure oscillates
about a mean dispacement. The results would imply that the treatment of corners in
the TLM rﬁodel is satisfactory, since it would be expected that any errors in the
treatment of boundaries at corners would propagate through the model resulting in

an erroneous solution in the remainder of the model.
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5.2.3 Frictional contact model

Section 4.5 describes the TLM boundary implementation for the case of frictional
contact between bodies. Considering the case of an elastic body in contact with a
rigid base, as illustrated in figure 5.12, Lee reports finite element predictions of the
steady state normal and tangential forces at the interface of the contacting surfaces

[Lee S, 1994].

B

2.54cm

// /)

Figure 5.12 An elastic body in contact with a rigid base

The boundary conditions for the elastic body can be defined as

o, = Pt )}
loaded surface
Ty =
o, = 0}
free surfaces
Ty = 0
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v=0

} contacting surfacein slip
Ty = UOy
v=0

} contacting surfacein stick
u=0

and the material properties of the body are

E =1443x10"° N / m?
p=177107Kg / m*
v=03

The pressure applied to the top surface of the elastic body, P(?), is ramped over
2.2ms, from 0 to 275862069 N/m?,

The results presented by Lee are for damped steady state distributions.  The
corresponding TLM simulation therefore requires the incorporation of damping.

This is achieved by the introduction of resistance into the network transmission lines.

The TLM model operates with the following time and space steps:

At=6x10"s
Al=3.33x1_0‘4m

chosen to correspond with those of Lee. Transmission line resistors are

incorporated into the model, these having a nominal value of 0.01 Q.
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Comparisons of the TLM predictions with those obtained by Lee, for the tangential
stress distribution along the contacting surface, with friction coefficients of 0.05 and
0.15, are shown in figure 5.13. Similarly, the predictions for the normal stress

distribution are shown in figure 5.14.
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Figure 5.13 Tangential stress distribution along the contacting bounda
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Figure 5.14 Normal stress distribution along the contacting bound
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The level of agreement between the two methods is excellent. It is interesting to
note the tangential stress distribution for = 0.15 in figure 5.13, from which the slip
and stick regions at the interface can be determined. Over the region 0 <x < 1.5, the
interface exhibits stick characteristics. This is a result of the tangential stress values
over this region, which are less than the product of the friction coefficient and the
normal stress. Over the region 1.5 < x < 2.54, the interface exhibits slip
characteristics, and the tangential stresses are equal to the product of the friction
coefficient and the normal stresses, as spedfied by Coulombs friction law. For the

case of p = 0.05 the whole interface is in the slip condition.

5.3 Anisotropic models

The formulation for anisotropic elastic modelling by TLM is set out in section 3.4.
The example chosen to demonstrate the TLM anisotropic elasticity model, is that of
an infinitely long orthotropic hyperelastic plate, of thickness 2H, which is subjected
to point loading, as illustrated in figure 5.15. Plates of ice, zinc, copper and
beechwood are considered. This example was considered by Scott and Miklowitz,
for which they present results of far field approximations of displacements at a point

in the plate [Scott R A, Miklowitz J, 1967].

Po

20H

Po

Figure 5.15 Infinitely long anisotropic plate subjected to point loading
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The boundary conditions for the problem may be stated as:

cx:Po}
z=0x=tH
T,=0
c, =0

zz20,x=1H
T,=0

where Po is the value of step load applied at = 0.

The materials under consideration and their material properties are presented in table

5.1

Material ¢y Cyy Css C13=Cy
Ice 1.429 1.510 0.304 0.486
Zinc 16.368 6.347 3.879 5.030
Copper 17.100 17.100 7.560 12.390
Beechwood 0.170 0.338 0.044 0.135

Table 5.1 Material properties for the anisotropic models ( N/m? x10'%)
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The TLM predictions are compared with those reported by Scott and Miklowitz for
far field analytical approximations in figures 5.16 and 5.17. The figures show

horizontal displacements, normalised to loading Po.

7 is the scaled time variable, defined by Scott and Miklowitz as
(L fes) fem e
kH p J P cp

2
€11€33 —Cy3

where&:%:ZO and ¢, = oc
33

Comparing the predictions of the two methods, the TLM predicted displacement
magnitudes are slightly larger and noisier than those of the far field approximation,
and the TLM model predicts waveleng ths that are slightly longer than the far field
approximation. Whether these anomalies are a result of the limitations of the far
field approximation, or errors associated with the implementation of the TLM
anisotropic model requires further investigation. However, the relative magnitude

and frequency changes between the four materials show close agreement.
5.4 Summairy

The TLM elastic deformation model has been applied to several classes of elastic
problem in this chapter. The use of the TLM model has been demonstrated in

modelling two-dimensional isotropic and anisotropic elastic bodies with frictional,
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force, displacement, and mixed boundary conditions. It has been demonstrated that
the boundary treatment can cause model instability for certain values of Poisson's
ratio. The results obtained by the TLM method show very good agreement with

other methods.
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‘Extension to Three-Dimensions and General Anisotropy, Discussion
and Further Work

6.1 Introduction

This chapter presents extensions to the two-dimensional elastic deformation model
described in the previous chapters, for treatments of general anisotropy and three-
dimensional isotropic elastic materials. The merits and limitations of the work
described in this thesis are discussed, and suggestions for extension and

improvement are presented.
6.2 Extension to general anisotropy

The TLM implementation of the hyperelastic anisotropic equations of motion is
presented in section 3.4, and applied in section 5.3. The general equations for three-
dimensional anisotropic elasticity are presented in expression (2.18), which, for two-

dimensions, reduce to

0*u 0*u *u *u v v v
P“a?‘ =¢y az"“‘cssgy’{‘*‘(cm “‘061) awdy +C6 oc? +Cep P +(¢12 “'066)5;5};
and 6.1

v o*u o*u o*u

62v 62*\’ 62v + + ( + )
[ C +icC Cee |

— =Ce =5 +Cpn 7 Heg +e
13512 666x2 226y2 (62 26)

6.2)
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For the convenient case of hyperelasticity, ¢,, = ¢,;. This equality ensures that the
scaling of the cross derivative transmission lines, which form diagonal connections
‘between the two meshes, is the same with respect to both @, and ®©, meshes. These
transmission lines form common pulse paths between the two meshes. For the case
of general anisotropic elastic materials, ¢,, # ¢,;, hence the scaling of the cross
derivative transmission lines is different with respect to each mesh. This would
require uni-directional cross derivative transmission lines, scaled appropriately for
each mesh. This relatively trivial extension would facilitate the application to general

anisotropic analysis.

6.3 Extension to three-dimensions

The equations of motion for a three-dimensional anisotropic material are presented
in expression (2.18). Considering the case of an isotropic material, for which

conditions (2.11) apply, the equations of motion reduce to

o%u u G(azu 62j ( J
PORCEAt P RLs PR G+ 5y * vtz
v v [P 62) (a ]
ov_ G+ 6.
ot " 20N ot At 5 ) M ey T e 6
. otw Iw , Jdw v ) (ézx ava
P =0+ N+ G+ r [H O M s 5

The third dimension introduces the solution variable, w, which represents

displacement in the z direction. It is apparent that to model the three-dimensional
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equations, three TLM meshes will be required, as illustrated in the conceptual model

of figure 6.1.

D,
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X \ | z L
\ I - i
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I - -
| | ] -
- -
i -
| - -
3-D Elastic Body TLM model
D

Figure 6.1 Conceptual model of three-dimensional TLM elastic deformation - three
interdependent meshes representing deformation in each of the co-ordinate directions

Three three-dimensional meshes are required to hold the three displacement
variables #, v and w in the x, y and z directions. Since the equation which describes
displacement in the x direction contains cross derivatives of v (as in the case of the
two-dimensional model) and w, the mesh describing displacement in the x direction,

®,, will have connections to both @, and ®, as shown in figure 6.1. Similar

connections are formed for the other meshes.
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Comparing the three-dimensional description of deformation in the x direction, (6.4),
with the equivalent two-dimensional equation, (6.5) the extensions required for the

three-dimensional model are apparent.

p—aaj—fz (2G+) g;f +G@;’2‘ ¥ Z:Z‘]+(G+x)( ;:;} + gjgz) (6.4)
pgzi:(zc+x)g—:§’—+a—g—;’zi+(6+x)§:gy (6.5)
The three-dimensional equation contains the additional terms

G—g-:{i | (6.6)
and

(G+ x)gx%. (6.7)

The first of these derivatives (6.6), may be incorporated by the addition of
appropriately scaled transmission lines along the z direction. The second of these
derivatives may be incorporated by the use of appropriately connected transmission
lines to implement the cross derivative. The proposed nodal structure showing the
connectivity for the @, mesh is shown in figure 6.2a, from which impedances have
been omitted for clarity. The nodal structures for modelling the deformation in the y

and z directions are shown in figures 6.2b and 6.2¢ respectively.
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The fifteen port nodal structure proposed for three-dimensional analysis, gives rise to
a scattering matrix of size 45 x 45. Symbolic manipulation of the resulting
characteristic determinant has proven to be beyond the capabilities of current PC
based packages, consequently the analysis of the three-dimensional nodal structure
by the TLM-state space analogy has not been possible. The development of the
three-dimensional model is based on intuitive extensions to the two-dimensional

model.

D, [ij+] k+1]

O fijh+1]) |

¢ ®: i1 kr1]

» D; [ij+1k-1]

D-[ij-1,z-1]

Dy i+ j+1.k]

.....................

@y [i-1j-1.k] Dy fi+1,j-1.k]

Figure 6.2a Nodal structure for the ®x mesh
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Figure 6.2b_Nodal structure for the ®y mesh
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6.4 Discussion

6.4.1 TLM Transient Stress Model

Previous work in the area of stress modelling using the TLM method provided a
useful platform from which to develop a TLM elastic deformation model. Boston
describes several approaches to modelling transient stress waves using TLM
[Boston I E, 1992]. The approaches are based on the elastic equations of motion as
presented in this thesis. The fundamental difference between the models proposed
by Boston and those presented here is that Boston, following the lead of many texts,
for example, Hudson [Hudson J A, 1980], chose to separate two different wave
types, transverse and longitudinal, from the equations of motion. In his displacement
approach, Boston expresses the equations of motion as sets of two independent

wave equations

62
—at-z‘i =GV
v
Et GV?y (6.8)
62
p at\;v =GVw

and

82
pat—: =(2G+N)Vu

2

9
p—ét—-} = (2G+ NV (6.9)

62
p—a-tzE = (2G+ V2w
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By representing the equations of motion in this form the cross derivatives in the
equations of motion are neglected. Boston recognised the inadequacy of this
approach when considering an implementation of such a model. He also recognised

the need for information flow between each of the displacement networks,

"The second order terms iny and z (of the full system of equations) are
links to the other networks representing the displacements v and w. The
problem at this stage is understanding how these links operate and how

exactly to implement them.” [Boston I E, 1992].

The second part of this statement emphasises the value of the TLM-state space
analogy as a tool for analysis of the nodal structures which was not available to
Boston at the time of his work. The TLM elastic deformation model, as described in
this thesis, models the full system of elastic equations of motion which is consistent
with other numerical methods of elastic deformation modelling, for example, the
finite difference method [Harker A H, 1988], the finite-element method [Fenner R T,
1975] and the boundary element method [Becker A A, 1992]. It seems that the
cross derivatives account for the discrepancies observed between the

implementations by Boston and the present work.

6.4.2 Bulk treatment

Chapter three presents the nodal structures suitable for modelling the two-
dimensional elastic equations of motion. The TLM nodal potential is equivalent to
dis‘placement,A consequently, two, two-dimensional meshes are required to model
two-dimensional problems, one mesh representing displacement in one co-ordinate

direction and one representing displacement in the other. In developing the nodal
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structure for the TLM model, it has been necessary to incorporate scaled spacial
derivatives. This is achieved by scaling the impedance of the transmission lines by
values appropriate to the coefficients which scale the spacial derivatives in the elastic
equations. Also, it has been necessary to incorporate scaled cross derivatives, this is
achieved by additional transmission lines which form diagonal connections to and
from each of the meshes. The work of Witwit ef al proved valuable in making these
extensions, and the TLM-state space analysis tool has been used to check the
discrete representation of the nodal structure, and enabled analysis in terms of
discrete components. This is consistent with the TLM algorithm which is discrete in
all dimensions. The analysis leads to difference equations, from which the
continuous time equivalent equations can be found. Analysis of the two-dimensional
isotropic TLM elastic deformation nodal structure, by TLM-state space analysis,
indicates that the structure models the discrete form of the elastic deformation
equations. The analysis also reveals "spurious" solutions which result from the
discretisation process, and are observed in the analyses of other numerical techniques
[Schroeder W and Wolff I, 1994]. Use is made of stub transmission lines in the
nodal structures. These allow flexibility in the choice of values for the space step
and time step. The time and space steps are chosen to be small compared with the

wave lengths of the process being modelled.

The nodal structure for the two-dimensional isotropic model is essentially an eight
port network. Eight port networks have been reported by other workers [Simons N
R S and Sebak A A, 1992] and [Witwit, A R M, Wilkinson A J, Pulko S H, 1995].
Simons and Sebak describe an eight port nodal structure, for the solution of two-
dimensional Maxwell's equations, derived from a combination of two four port
structures, one displaced by an angle of 45° for the other. Propagation on the mesh
is controlled by variable intrinsic impedance of the transmission lines, such that
waves can propagate across either the diagonally placed transmission lines (those

rotated by 45°), across the non-rotated transmission lines, or across a combination
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of the two structures [Simons N R S and Sebak A A, 1992]. The structure reported
by Witwit ef al is described in section 3.2.1, and allows the incorporation of cross
derivatives into the system of equations. However, the link lines in these structures

link nodes in the same mesh, unlike the structure for the elastic deformation model.

6.4.3 Boundary treatment

Since the nodal potential in the TLM model is displacement, implementation of
boundary conditions requires that the boundaries be specified in terms of
displacements. Displacement boundary conditions require the surface skin of
boundary nodes to have nodal potentials which correspond to the appropriate
displacement for a particular region on the boundary. Force and frictional
boundaries require discretisation of the boundary equations which are specified in
terms of applied forces and surface stresses. By specifying the boundary equations
in difference form, the potential of the boundary skin of nodes can be calculated.
The implementation of boundary equations by this method is exactly the same as the
finite difference implementation of the boundary equations. Many researchers in the
area of finite difference elastic analysis report on the instability of such boundary
implementations at high Poisson's ratio, and propose modified schemes to overcome
the instability [Ilan A, Loewenthal D, 1976], [Ilan A, 1978], [Dow J O et al, 1990],
[Stacey R, 1994]. This instability has been shown to be present when applied to
TLM boundary conditions for the same values of Poisson's ratio (section 5.1). The
new composed approximation proposed by Ilan and Loewenthal is stable for the full
range of Poisson's ratio yet it is a two step routine and as such violates the one step
nature of TLM if it were to be applied to TLM models. Since the one step schemes,
namely, centred approximation and one-sided approximation, are stable only within a

given range of material properties, these schemes can be considered suitable only
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within the range of stability. Operation of these schemes outside this range destroys

the stability of the TLM model.

Implementation of a comprehensive set of boundary conditiqns has been described,
including displacement, force, and frictional. Those not treated include infinite and
symmetry boundary conditions for which it would be hoped that the existing
treatments of these boundaries [Johns P B, Pulko S H, 1986] would be transferable
to elastic boundaries, although special treatment for cross derivative transmission

lines would be required.

6.5 Future work

The TLM elastic deformation model as described in this thesis provides an efficient
numerical routine for the modelling of elastic problems. The treatment has been
demonstrated to be effective in modelling two-dimensional isotropic and anisotropic
hyperelastic elastic deformation, and the extensions to three-dimensional and generai
anisotropic models have been described. However, several issues require further

investigation.

The introduction of new nodal structures not only opens up new areas of application
for the TLLM technique, but also new areas of research. The interconnection of TLM
meshes by transmission lines, the incorporation of scaling, transmission lines with
negative impedance values, are all novel ideas, and present questions in terms of the
stability and dispersion with respect to the TLM algorithm which should be
investigated. The introduction of interconnected meshes via transmission lines with
negative impedances may introduce positive feedback paths which render such an

implementation unstable. However, the only evidence of instability during the
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course of this work is a result of the boundary implementation which is based on
finite difference techniques. The dispersion characteristics of such a mesh are likely to
differ from those of a standard TLM mesh as a result of the use of scaled
transmission lines and additional pulse paths. Understanding needs to be gained in

these areas.

A technique which uses a boundary treatment based on the finite difference approach
which is unstable for high values of Poisson's ratio cannot be considered ideal.
Investigations should be carried out into new methods of applying force boundary
conditions. One possible solution would be the implementation of the boundary
equations in terms of pulses reflected and absorbed at boundary walls rather than the
calculation of boundary nodal potentials. This treatment would not require the
discretisation of boundary equations by finite difference approximations and may
lead to a boundary treatment which is consistent with the explicit, one step and
unconditionally stable nature of the 'fundamental TLM routine without imposing

limits on the material properties of the model.

Most of the models presented in chapter five of this thesis model transient elastic
deformation, and excellent agreement with other methods is shown. However, the
assumption, made in chapter two, that t,, =1, is based on equilibrium conditions
of a small cube of elastic material. The question arises - is this assumption valid for
transient analysis? Since this assumption is commonly used by other numerical and
analytical techniques it is to be expected that good agreement between the methods
is obtained. Further work into the validity of such an assumption for transient

analysis could provide the answer.

A further assumption made in the development of the elastic deformation model is
that the equations which allow the strains to be expressed in terms of displacements

are based on the assumption that the strains are small [Timoshenko S, 1934]. This
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may preclude the model from large strain analysis. However, it is possible that due
to the iterative nature of TLM, if, at each iteration, the changes in strains are small,

then the technique may be valid for large strains which develop over many iterations.

The development of the TLM elastic deformation model as it stands offers exciting
possibilities in terms of coupled models. Coupling represents the modelling of two
or more interacting phenomena. Coupled TLM models have been reported [Newton
H R, Pulko S H, 1991] and coupled models may be implemented in terms of elastic
deformation. For example, the coupling of a thermal model with the elastic
deformation model so that thermal stress analysis may be undertaken for the

prediction of residual thermal stresses.

Finite element analysis is the most widely used analysis tool in terms of elastic
deformation modelling, although in certain areas other techniques find popularity.
The main advantage of the finite element method is its ability to describe complex
shapes. If the TLM elastic deformation model is to become a popular alternative to
the finite element method in the field of elastic modelling, it will be necessary to
develop methods which allow complex geometries to be modelled. Much work has
already been done in the area of new meshing techniques for TLM which allow
better boundary description of complex shapes applied to TLM diffusion [Austin J,
Pulko S H, 1993] [Witwit A R M, 1995], electromagnetic wave [Meliani H, De
Cogan D, Johns P B, 1988] and acoustic models [Jaycocks R, Pomeroy S C, 1996].
The extension of these techniques to elastic deformation modelling by TLM, in
association with the benefits obtainable from parallel implementations of the
algorithm [Parsons P J, Jaques S R, Pulko S H, Rabbi F A, 1996] and TLM specific
hardware [Stothard D, Pomeroy S C, Sillitoe I P W, 1995], which are facilitated by
the one step and explicit nature of the TLM algorithm, could ensure the competitive
edge over other numerical techniques. Should the TLM technique offer the

modelling of complex shapes to analysts and designers, then the advantages in terms
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of run time and simplicity of the technique should help establish the technique in the

area of elastic analysis, especially where transient analysis is required.
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Conclusion

TLM nodal structures and models have been developed which model the
deformation of elastic material. The model is based on the solution, by TLM, of the
equations of motion of elastic material. Analysis of the nodal structure for the two-
dimensional isotropic case by the TLM-state space analysis tool confirms that the
structure models the two-dimensional isotropic equations of motion. The
application of the model to various elastic problems has been implemented and the
results obtained show excellent agreement with those obtained using other methods.
The boundary conditions for the TLM model are based on a finite difference
implementation, the stability of which is dependent upon the value of Poisson's ratio
of the material being modelled. = A model of two-dimensional anisotropic
deformation has also been demonstrated and validated against analytic results. The
extension to three-dimensional elastic modelling has also been described. The TLM
elastic deformation model provides a simple, one step and explicit analysis tool

applicable to a wide range of elastic problems.
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Appendix 1

- Derivation of the discrete difference equations from Taylor series

expansions

The transformation from discrete difference to continuous differential is an
approximation arrived at by consideration of Taylor series expansions of f(x +A)

and f(x-h).

The expansions are defined as

2
FlxtB) = S0+ 100+ 5 172) +O() (D

ho 2
Flo=R) = S )~ T e) 4 ()~ O(R) )

2
where f'(x) denotes gc- f(x) and f”(x) denotes g;—i- f(x)

Summing (A1) and (A2) gives
SOe+h)+ flx—h)=2f(x)+h* f"(x)+O(h*) (A3)

Neglecting terms greater than 42 and solving for f”(x), yields the approximation

St =27(x) + f(x—h)
h2

fr(x)= (A4)
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Subtracting (A2) from (A1) gives

f(x+h) - fx—h) =2nf(x)+O(h?) (AS)

Neglecting terms greater than A2 and solving for f'(x), yields the approximation

vy Jx+h) - flx—h)
f(x) ~ 27 (A6)

The difference approximations expressed in (A4) and (AS) represent centred
difference equations. One sided difference equations may be derived by considering

equations (A1) and (A2) independently.

Restating (A1) and neglecting terms greater than / gives

Flx+h) = f(x)+—1{17 fx) A7)

from which

flx+h) - f(x)

fi(x)= (A8)

and represents the forward difference equation.
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Restating (A2) and neglecting terms greater than / gives

Sle=h) % (=15 (%) (A9)

from which

(A10)

f,(x)%f(x)—}{(x—h)

and represents the backward difference equation.

Summing the forward and backward difference equations, (A8) and (A10), gives

zf,(x)zf(mh);f(x-h) (AlD)

For a function of two variables, x and y, the centred difference approximation

becomes

9 flx+hy)-7(x-hy)

2 fle) L2 A
and

9 fley+n)-flxy-h)

b—y—-f(x,y) ~ (x )Zh (A13)
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2

oy f (x, y) may be written

The expression,

g(@f (x’y)) (A14)

Substituting into this (A13)

o 0 (f (x.y+h)-f (X-y-h)} (A15)

6x6yf(x’y) Y 2h

and applying (A12), yields

& (flxrny+h) = fx~hy+h)-flx+hy-h)+f(x=hy-h))
—a_x-—a—y—f(x’y) ~( 4h2 J

(A16)
Introducing 7 and I1, the shift operators and defining as
I=fx+h) (A17)
and
I'=fx-h) (A18)
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Substituting (A11) and (A12) into (A4) gives

I-2+17"

S'(x)=~ B2

into (A6) gives

I-17"
2h

f(x)~

into (A8) gives

-1
f’(x)z“‘h—“

into (A10) gives

1-7171
S'(x)~ ,

into (A11) gives

I-171!

2f'(x)~

Introducing J and J!, the shift operators for y

J=fy+h)

and
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(A19)

(A20)

(A21)

(A22)

(A23)

(A24)



J1 =1y - h) (A25)

and (A16) can be expressed as

2 gl gl -l g1
P f(xy)z(u - 1ty ) (A26)

oxdy 4n*
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