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ABSTRACT

We examine in detail the microscopic theories of Beliaev and
Hugenholtz and Pines as applied to an interacting system of bosons in its
ground state and demonstrate that these theories are strictly applicable
to a zero density gas only. After providing a re-normalization of the
time dependent perturbation theory of a many fermion system in its ground
state, we reformulate the corresponding boson theory without ab initio
approximations concerning the K zo mode.

The resulting boson perturbation theory has a diagrammatic structure
which is topologically identical with the corresponding fermion theory
and provided the implicit assumptions concerning convergence are valid,
we conclude that a finite fraction of the particles in an arbitrary
interacting Bose gas at T oK will not condense into the K =0

mode.
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INTRODUCTION

The remarkable success of time dependent perturbation theory in
the many fermion problem is in marked contrast with its almost singular
lack of success in the treatment of the corresponding boson problem.

The reason for this situation can be traced to the fact that unlike the
theory of fermions, the time dependent perturbation theory of bosons has
not been formulated in a rigorous manner which can be treated exactly by
graphical methods. The present work seeks to remove this deficiency and
to provide the basis for a mathematically exact theory which is
applicable to the many boson problem.

To this end, and in order to gain familiarity with some new
techniques developed specifically for this purpose, we begin with a
discussion of conventional Feynman-Dyson perturbation theory as applied
to a system of interactihg fermions at T = oK , and proceed to
reformulate the theory in terms of an effective interaction, F .
The result is a highly summed and manifestly self-consistent version of
conventional perturbation theory and all known applications of the theory
may be obtained from zeroth or first order approximations in I .
The techniques employed, although merely convenient in the fermion
problem, turn out to be essential for the application of diagrammatic
perturbation theory to the many boson problem.

In order to emphasize this, our initial discussion of the boson
problem focusses attention on an expansion of the single particle
condensate Green's function, obtained by employing a counting technique
originally proposed by Brandow [ 1] . It is demonstrated that the
apparently reasonable approximation employed by Brandow fl] and others

[:2] of ignoring diagrams of relative order VQ » where VvV is the

volume of the system, is strictly only applicable to a zero-density
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bose gas.

In view of this, we examine Beliaev's [3] formulation of the
problem and in this way are led to the discovery of an error in his
evaluation of the condensate Green's function. The arguments of
Hugenholtz and Pines [‘4] , Wwhich lead to the same result as Beliaev
for the single particle Green's function are then briefly discussed.

This brings us to the central part of the thesis, in which the new
techniques mentioned above, are employed in order to obtain an equation
for the single particle condensate Green's function of a many boson
gystem in its ground state. This equation allows us to demonstrate that
the formalism of Beliaev and Hugenholtz and Pines although self-
consistent, applies strictly to a zero gas only. We then describe an
infinite hierarchy of self-consistent solutions, which do not suffer
from this restriction.

Finally, we obtain a connected diagram expansion for the single
particle Green's function of a system of interacting bosons in their
ground state and demonstrate that it is topologically identical with
the corresponding fermion expansion. The results suggest that an

arbitrary interacting bose gas at T = OK does not possess a condensate.
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CHAPTER 1

FERMION PERTURBATION THEORY

Introduction

, w
The single particle Green's function G of a system of

interacting particles is a convenient quantity to calculate for
U]
several reasons. One of these is that once G( is known, the

observables of greatest interest may be obtained, [5,6] « Another

is that the Feynman rules for obtaining the n th order contribution

w
to G from perturbation theory are particularly simple and for

()
this reason, 6— will be the focus of our attention throughout

this thesis.

When conventional perturbation theory [7,8] is employed to

w
calculate G for a system of interacting fermions in their

ground state, the result is an infinite series of connected diagrams,

whose sum is given by the well-=known Dyson's equation for the fourier
Q)

transform of the single particle Green's function G (k,w) |

w ) -]
Gc,w) = G‘(K) = [.U-’ - Wy - Z(ts,w)] (1.1)
where 2
wx - ;h—-‘f-
- 2m

and Z is known as the proper or irreducible self energy. In
any practical calculation, G-(" is evaluated by summing an
infinite sub-set of the diagrams which contribute to Z ’
selected on the basis of physical arguments. However, outside of
any explicit evaluation of Z s it is well=known [ 9] that to
every diagram in the expansion of Z there corresponds an infinite

sub-set of diagrams whose sum is self-consistently obtained by
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replacing the 'bare' propagator lines in the diagram by 'clothed!
propagator lines. These clothed lines are simply C;U) and
the approximation of retaining only first order diagrams in the
resulting series fo: 2{ is the well-=known Hartree=Fock
approximation.

With all the propagator lines clothed, equation (1.1) becomes a
self-consistent equation for C}U) « The advantage of the 'clothed'
form of zi over the 'bare' form is demonstrated when one recognizes
that first order diagrams of the former yield agreement with
experiment in a wide range of applications, while first order diagrams
of the latter do not. However, even when 25 is 'clothed', it is
often necessary to sum an infinite sub-set of diagrams in order to
obtain agreement with experiment. An example of this is the case of
a hard sphere gas [10] « In situations of this type, it is usually
the bare interaction lines which need to be 'clothed', and we ask
ourselves if it is possible to perform further self-consistent
summations of the perturbation series, without introducing approx-
imations which are particular to a given calculation, in such a way
that all practical calculations are reduced to the evaluation of a
finite number of terms in the resulting perturbation series.

We shall demonstrate that this is indeed possible. In order
to perform the actual calculation, it is convenient to introduce a
technique which we developed originally in connection with the theory
of bosons.

However, prior to this, it is convenient to give a brief account

of conventional fermion perturbation theory.
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Conventional Perturbation Theory

We shall consider a uniform system of N interacting fermions
of mass m in their ground state Ij N) and suppose that N and
N
V become infinite, while the demnsity n = v remains finite.

The Hamiltonian is assumed to take the form
H=H, + H, (1.2)

t [_ o2
where H‘J = J'ots.x_ 4/()_0[ zmv ] Y‘?S') (1.3)

and
v 3Rt wt
H = ', o( x o( % Yc»‘,‘) y,cgs-"u (a-x") ‘K’_‘" ‘P"—" (1.4),

U.(a:-ag) is an instantaneous, spin independent, two body interaction

and the field operators are given by
y 1K, X
- = =
q’c%) = Z VvV e A« (1.5),
” -

The subscripts K in equation (1.5) refer strictly to both spin and
momentum, but since the effects of the former are easily accounted
for by the Feynman rules which apply to the perturbation expansion
we are about to obtain, we shall not considei spin explicity in
what follows. The statistics of the problem are contained in the

anti-commutation rules 4
Ea!f,a";‘]+ = afaf\ + Ag'@y = SK K
and (1.6)

Las,ae], = [ax Ae]y = O



= g

T
where a.( (a,.‘ ) annihilates (creates) a particle with momentum % K .
()
The single particle Green's function ch, v) is defined by

TG'UL):L,Q) = <f:’v“’[ Y e300 Wﬂfcq)]liz:,> (1.7)

where ' f~§ is assumed normalized. The field operators
appearing in equation (1.7) are in the Heisenberg picture and are
defined by

THEs PHEN
¢,+c:¢)§ ?04"6):6* Y{.x)e * (1.8) ,

The time dependent perturbation expansion of G’U) is usually
obtained by assuming that "g—ﬂ> may be generated adiabatically
from a non-degenerate, non-interacting, N particle ground state

) f ,,) » in accordance with the procedure of Gell-Mann and

Low [11] . This allows us to write

) (J\)’T[ ‘ch) ‘Pt\d)%]'d:v>
76*()( 4)

= S, (1.9)
where ; =S
A - - £l
s = bw T[przi dte  Huie) (1.10)
E>»ot
-
and

Swiz= <§—~‘ g'fh)) (1.11),

Equation (1.7) is in the Heisenberg picture whereas equation (1.9)
is in the interaction picture. The interaction part of the Hamiltonian

in the interaction picture is
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;yt_oe - P HE
H.(é) = e Ho e 5
t t
= '/,_j,otzx. L W Tex, ) Yoo e Tog,e) (1.12)
where
-y, 1Kk.x -iWkE
4’c§,ﬂ = W(_)L) = 2 v ze, e A (1.13)
K=o -
with + K®

We = 2m °

In the case of fermions, all the single particle levels of the
state |J,g> with energies less than or equal to the Fermi energy
6; are occupied, while those with energies greater than €; are
unoccupied. The commutation rules in equations (1.6) allow us to

write

+
aEI@P.o) =0 for K £ Kg

f
which leads us to regard [/ K (KK Kt—') as an annihilation operator

for the state 'g~> . Hence, the field operators may be written Le]

S”cx) - 95c:¢) */th) (1.14)

+ +
and Viyy = @ ) t Beyy

where /g)[,\,) = ¢ I.@:u) = 8

The separation of the field operators expressed in equation (2.6)
represents a canonical transformation to particles (K) KF) and
holes ( K <€ KF) and leads to great simplifications when Wick's

theorem [12]18 applied to equation (1.9), because averages of

normal ordered products of uncontracted operators vanish. It is



this property which leads to the cancellation of disconnected
diagrams in fermion perturbation theory.

The diagrammatic perturbation series obtained from equation
(2.2) is well-known [5,6] and the end result can be expressed in

terms of Dyson's equation in the form

G—(K) =

(1.15),

(L)
4
+

In equation (1.15), a thin solid line propagating 4-momentum
K (E K,w ) is simply the fourier transform of the single

particle non-interacting Green's function, given by [ 5,6]

"

Bcx-ke Ke - K
a(K) E '\K + e( oF -) (1016)
W=~ Wg +iy Ww- wg ~iy

Written algebraically, equation (1.15) assumes the form

Gewy = 9ex) + ﬂcn«)Z(«) @c«)

which is simply equation (1.1).

The first ordexr contribution to Z is

(r)
Z = WW\O + E} (1.17)

where a wavy line carrying a momentum K represents a factor u( K)
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which is simply the fourier transform of the two-body potential

LL"E?"E?) . Hence, to first order,equation (1.15) yields

Gcky = + t"@ + F (1.18)

It is now easy to see how the 'bare! thin solid lines in equation
(1.17) may be replaced by 'clothed' thick solid lines. To this end,

consider the following diagrams which also contribute to 22, H
wrl ek ), + v Z;; +—‘< %Anﬂi ; + ]g%::}

Obviously these and the corresponding higher order diagrams may be
omitted from the expansion of ZE , provided equation (1.17) is

written
)
Z = wwwO 4 /E} (1.19)

This renormalization of thin solid lines occurs to all orders [ 9 ]
and we end this discussion of conventional perturbation theory by
noting that equations (1.15) and (1.19) together form the well-known

Hartree=-Fock approximation.
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An expansion of the single particle Green's function in terms

of an effective interaction

We are seeking a highly summed version of conventional
perturbation theory and our starting point is equation (1.9).
Conventionally, Wick's theorem is applied to this equation in a
rather uncontrolled manner and the result is a proliferation of terms,
which contribute to both the numerator and denominator. However,
it is well=known [8]tha.t the denominator of equation (1.9) serves
to cancel exa.ctiy the disconnected diagrams which appear in the
expansion of the numerator, a feature which is not present in the
corresponding boson theory. The technique which we now propose,
consists of applying Wick's theorem in a far more controlled manner
and avoids completely the introduction of disconnected diagrams into
the theory. We shall see that the resulting theory provides a link
between time dependent perturbation theory and the equation of
motion method.[l}] .

We define an operator t: such that when it acts on a string of
operators, the result is a sum over all possible contractions,

including uncontracted terms. For example,

f t ° T.
C[\hx.) WCQ)J = wcx) tIvu.g) + wcx) SUU:U (1.20)

where dots denote contractions. Representing the normal ordering
A

operator by N allows us to write Wick's theorem in the symbolic

form

T = NC (1.21)

We now apply equation (1.21) to the numerator of equation (1.9)
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and focus our attention on all possible contractions involving the

operator Sycx.) « This is conveniently achieved by writing
/
C = ‘ 4 C*VS C yyt (1.22)

when applying equation (1.21) to equation (1.9). This yields

Q) <§~|&[C'Cy$6ww*£ %:L)WZ;) g”’fa)
G'(x,‘é) = 5—

(1.23)

1—
where Ct}”’f contracts chx) with ‘/’cs) according to the
prescription (1.20). Similarly, C¥s contracts Wc.n) with the
. /
field operators in S , whilst C performs the sum over all

/
remaining contractions. DNoting that Cyw¥?, Cys and C

commute and allowing < wwf to act yields

Y %x) + <[-)N[<— Cvs{w"‘) “”Sl]lg)

(x,9) = (1.24).
Sw
Writing equation (1.10) in the form[5,6 |
3 o0 o
A .i | ~E(164--161)
S = 1 *’Z(t ) y! Ctéc"" c“g e T[H.(E. - "H,(‘-'o)] (1.25)
v=| -R -®

we see that the last term on the right hand side (r.h.s.) of

equatlon (1 24) may be written

J‘k . J (ﬂam < Cws(H.Le.r -- H,(e,)f’w, ‘}’,_.,,)]l N)

Swn
Z( 43 Iﬂ: '"'I‘u'” (1.26)
V:zo -® -ob X <J ’N[ (H (e,)w(‘x)“((-t)"'"@o)%‘»)]'gd

Sw
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where, from equation (1.12),

H,.(t,) \ﬂ.;) = [foa J.!’L? u(-lc.-)}:) ch) Y/ Vx 3 )’yx. €)) yf.,l-..)

Hence, equation (1.26) becomes
00

o 1o
[13 J-X-/UC"'--* )Z )(v—n)' Jk.-'“ Jb ﬂJU Kf-,é.)

~ 00

+
« (Bl THiceay--~ Hices Y'(t__g.,e.s Foxt e foxo,en Fen] 182
Ow

(1.27) .

Writing equation (1.27) in the Heisenberg picture, we see that

equation (1.24) takes the form

i Gexyy = | 9ex.y)

)fa(a‘: J'J-X.oLX Uex, -2 i 9ese, s -g,,,.,

~ <ﬁl T[ vldt’.‘-'a €) UAJ e, H cx.&.)]lﬁ)

(1.28)

where we have written the single particle non-interacting Green's
function i ﬂl.x, 9wy = %") y/‘ 9.) .
In order to write equation (1.28) in terms of diagrams we shall

employ the following notation. An m particle Green's function, given

by

0 Gt eorm iy = $TRITL o bty Yt JI )

will be denoted by m heavy solid lines entering the points X,---~JXm
(
and m heavy solid lines leaving the points 2, canen Xm , These lines

will have free ends. A special case of this rule is that of the
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single particle Green's function ' 6’ CX,Y) , which will be
denoted by a thick solid line running continuously from y to x.

Two examples are given in figure (1). A factor "uﬂcx,g) will be
denoted by a thin solid line running from y to x. The remaining rules
for interpreting diagrams constructed in this way are well-known and
may be found in the literature L 5,6 ] )

Equation (1.28) may now be written

x % 2.
A (1.29)
! 9 N/

where x,wwwWWwwv X, represents a factor (* ) Wex, -x')

Equation (1.29) is an equation for the one particle Green's
function in terms of the two particle Green's function. Although
equations (1.28) and (1.29) are not new, the above derivation and
presentation of them is to our knowledge unique. As demonstrated
below, it is this different approach which provides a new insight
into the perturbation theory of bose systems.

The same arguments leading to equation (1.29) may be used to

(2)
obtain an equation for G (and all higher order Green's functions).

3

For example
x

X
= i.{.
¢

)

xX

X
x1+
Y

&

()

(') G‘(-‘SX;S Y)

< — —— X

Y Y
(1.30)
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Q) C;LB)

which expresses G} in terms of « Equations (1.29),

(1.30) and higher order equations are the quantum analogue of the
B.B.G.K.Y. hierarchy of equations for the classical distribution
functions, [14:], and may be obtained using the equation of motion
method [13,15 ]. It has been noted [15,16] that further progress

can only be made in general, by invoking some approximations on the

two particle Green's function C;!z) appearing in equation (1.29).

An equivalent statement, more pertinent to the conventional pertur-
bation theory summarized in equation (1.15), is that in any practical
calculation it is only possible to perform the summation of a sub-

set of the contributions to 2 C(¥,w). We shall now demonstrate

that equation (1.29) may be expressed in terms of a symmetrized
'effective interaction' r’ » which may be determined self-consistently.
The self-consistent expression for the effective interaction is in the
form of an infinite perturbation series (involving r ) and the problem
is reduced to that of choosing some suitable approximation for n .
However, unlike conventional perturbation theory, it turns out this
choice does not involve the summation of an infinite sub-set of contri-
butions involving I* Rather we shall demonstrate that the zeroth

and first order approximations to I are sufficient for most

practical calculations.

2)
In order to proceed we note that by definition of (;' we have

(:) G e, * * = (%[ ﬁtu)%a)%u‘) Y‘lcz‘)]'.'?;>
44

i (BulTL Yy ¥lay Vu‘) ‘)S] | 8n)

St (1.31)

As mentioned earlier application of Wick's theorem to equation (1.31)

leads,within conventional perturbation theory,to an infinite series
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of connected diagrams. These diagrams fall into one of three
categories:-

(i) Those diagrams connecting the point 1 to the point 1, but
not to the points 2’ or 2 . BEach of these diagrams is multiplied
by a diagram connecting the point 2’ to the point Z , but not to the

points 1’ or 1 . The sum of all diagrams in this category is

obviously | 2
X
1 2’
(i1) The second category is similar to the first apart from the

interchange of the labels 1’ and 2’ « Clearly the sum of diagrams

in this category is | 2

oh 2! '
(iii) The third category contains all diagrams which are
’ ‘
connected to all four points 1, 1,2 g 2 . The sum of
diagrams of this type may be represented by
| 2
/ 4

|
With this notation equation (1.31) may be written

2 2 { 2 ' 2
b
= x + x +
+ 4
V2 v 2/ 1’ It 27 (1.32),

Note that we have ignored any minus one factors which arise from the
anti-commutation rules, since these are automatically taken into

account by the Feynman rules which apply to equation (1.29). We now
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define an effective interaction I y denoted in the diagrams by
Q22222202 sy in terms of which we write the last term on the

r.h.s. of equation (1.32) in the symmetrized form,

! 2 ) - B ) 2
) 2/ 0 2’ - i v/

Equation (1.33) defines "  and with this notation equation (1.29)

(1.33)

may be written
3 xX > &

. x x
= /l\+ + + +
(1.34)
| | 9

4y 9 Y .
Although the decomposition expressed in equation (1.32) may be

found in the literature [9,15,21] where it is often used to define
the reducible vertex part, the expression for the‘last term on the
r.h.s. of equation (1.32) in the form of equation (1.33) has rarely if
ever been discussed. Our introduction of equation (1.33) provides

in equation (1.54) a completely new and original way of representing
the infinite order perturbation series.

Since equation (1.34) follows straightforwardly from equation
(1.33) it might appear that it is of little utility until we have
obtained an expression for the effective interaction r N
Although such an expression can be readily derived (as shown

explicitly below) we wish first (as an interesting aside) to
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demonstrate that equation (1.34) is itself an extremely useful

equation. To this end we note that a self-consistent solution of

of the latter takes the form

x> x o x
= A+ }m@ + Bﬂ
g i3 . g (1.35)
where  @200000 = wwwww
(1.36).

If we were to now make the approximation of replacing r by the
first term on the r.h.s. of equation (1.36) we would obfain the
Hartree-Fock approximation. Similarly if we iterated equation (1.36),
substituted the result into equation (1.35) and then replaced thick
solid lines by thin solid lines on the r.h.s. of this equation, we
would obtain the ladder approximation. Finally in order to obtain
what is essentially the ring approximation we must return to

equation (1.34) and ignore the second and fifth terms on the r.h.s.

If this is done, a self-consistent solution of the resulting equation

is
* p x
i\: N+
(1.37)
| Y Y
where
(1.38),

Q900200 = www  +
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Iteration of equation (1.38) followed by the replacement of thick
solid lines by thin ones then yields the desired result. This
analysis shows that all the well-known methods of fermion perturbation

theory can be regarded as approximations to self-consistent solutions,

An expression for the effective interaction M.

In order to obtain an expression for the effective interaction

we return first to the expression for the single particle Green's
({})
function G given in equation (1.29). BEmploying the represention

(2)
for the two particle Green function G given in equation (1.32)
Q)
we see that we can write & in the form
P xX x s x
)
[
Ich,g)‘—‘ —+‘+ + gt
-] 9 9 9 Y

(1.39) .

The next step in the argument requires us to employ equation (1.30)
and expand the last term on the r.h.s., which involves the three
particle Green function G#;) « Employing an exactly analagous
procedure to that which led to the expression for C;&, given by
equation (1.32) shows that the only (topologically) distinct diagrams
entering Gﬁ}) are those given in Figure 2. Substituting the
symmetrized form of these diagrams into equation (1.30), and employing
the result expressed in equation (1.39) for C;p) leads to a

partial cancellation of diagrams on both sides of the ensuing equation.
The end result is the diagrammatic equation given in Figure 3, where
the last term on the r.h.s. involves term (¢) of Figure 2, which does

not depend explicitly on the bare interaction and is at least
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proportionalto(r')3 « Although this term could be expanded further
using the techniques described above we shall ignore it in what
follows and restrict ourselves to second order in I .

With this approximation we now invoke the decomposition expressed
in equation (1.33) and apply it to both sides of the equation appearing
in Figure 3. Comparison of equivalent terms on both sides of the
resultant equation shows that the expression for the effective
interaction I can be represented by the form shown in Figure 4.

This completes our reformulation of conventional perturbation theory

and we note that these results apply equally well at finite temperatures,
provided the finite temperature Green's functions are substituted

for their T = O counter parts appearing above.

Before leaving this section however, we note some interesting
conclusions that can be drawn from consultation of Figure 4, which
must be solved self-consistently with equation (1.34). For example
the zeroth order solution to these simultaneous equations is obtained
by ignoring all terms involving " on the right hand sides of these

equations, thus giving

Y Y 9 ) (1.40)
Equation (1.40) is the well-known Hartree~Fock approximation. If we
retain terms up to first order in n then we are left with equation
(1.34) and the terms (a) to (f).on the r.h.s. of the equation
appearing in Figure 4. In order to obtain the ladder approximation

we insert the terms (a) and (f) only into the r.h.s. of equation (1.34).
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Similarly to obtain what is essentially the ring approximation we
substitute terms (a) and (d) of Figure 4 into the fourth term on the
r.hes. of equation (1.34).

Finally, we remark that the well-known Bethe-Salpeter equation
[13] is contained in the equation in Figure 4. To see this
explicitly to second order in i s, define the quantity f‘, (denoted
by XXxxxxX ) to be the sum of diagrams a to e in Figure 4.

Clearly then, the following diagrams are also to be found in Figure 4:

XXXX

/
‘Generalizing r to include higher order diagrams will obviously

yield

AXXKKX RXK

220020090 T— XXXXXXXXX <+

which is the Bethe-Salpeter equation. It is clear from Figure 4
/
however that 7  is not irreducible, being itself expressed in

terms of r1 .

Discussion of the renormalized theory of normal fermi systems

In the equation of motion method of calculating the single
particle Green's function, one must eventually tackle the problem
of evaluating the two particle Green's function Gfg) « This has
been dealt with in the literature by invoking various ad hoc

factorization procedures [15,16,17] o« In conventional perturbation
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theory, the equivalent problem is resolved by summing an infinite
sub-set of the contributions to the self energy zi + What we have
provided is a systematic technique for the treatment of C;(z’ (and
higher order Green's functions) and the power of this formalism is
demonstrated by the fact that the simplest of approximations yield
many of the well-known results of fermion perturbation theory. It is
to be emphasized that equations (1.29) and (1.34) are exact, while
the equation in Figure 4 is correct only to second order in F‘ .
In the unlikely event that more diagrams are required, they may be
readily obtained by employing the techniques described above. Thus,
the application of the well-known Feynman rule, 'Draw all topologically
distinct connected diagrams' may now be applied in a systematic
manner and its application is no longer a chance affair in which
diagrams may be missed.

A typical situation in which the perturbation theory discussed
above may not be applied, occurs when the system enters a phase
which exhibits long range order [:9,18 ] « Two well=known examples
are the superconducting phase and the ferromagnetic phase. 1In
gituations of this type, the order is characterized by the appearance,
in the expansion of the single particle Green's function, of
'anomalous' propagators,[L9,18,l9,20] which disappear above the
transition temperature. To complete our reformulation of fermion
perturbation theory, we should now turn our attention to the
perturbation theory of fermi systems exhibiting long range order
characterized by the existence of anomalous propagators. However,
since the primary objective of the present section has been to gain
familiarity with the techniques involved, we defer a discussion of

this problem to appendix A.
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Finally, it should be noted that nowhere among the above
diagrammatic manipulations have we considered the difficult question
of convergence. In fact throughout the present thesis, this question
will in the main be tacitly ignored. However, it is anticipated that
such problems may be alleviated to some extent by the self-consistent
nature of the manipulations involved, thus giving increased

confidence in the validity of the results obtained.
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CHAPTER 2

BOSON PERTURBATION THEORY (i): THE PARTICLE DENSITY IN THE CONDENSATE

Introduction

It is widely assumed that the density of particles f, , in the
K=o mode of an interacting bose gas at T =OK , is a finite

fraction of the total particle density n « In fact, as used in the
literature, the term condensate has become synonymous with exactly this
concept. To be more precise, if we imagine that we know the distribution
function nﬁ of an interacting bbse gas, then a 'condensate' is
said to exist if it is found that the K =¢ mode is associated with
a p . function singularity in g « The reason for dwelling at
such great length on exactly what is meant by a condensate is that
recent high energy neutron scattering experiments on superfluid A‘//e
[22] have yielded results which are consistent with the absence of such
a singularity - i.e. are consistent with the absence of a condensate.
Furthermore theoretical arguments due to Evan's [23] indicate that
Bose-Einstein condensation in an interacting bose gas described by
the grand-canonical ensemble cannot occur beyond the Hartree-Fock
approximation,

In view of these recent criticisms of the validity of the existence
of a condensate, it is relevant to review the arguments which led to
the concept in the first place. For a system of non-interacting bosons,
energy considerations alone show that when T =©K , all the particles
will occupy the K =0 mode., Similarly, by treating “//e, as a
nearly perfect gas, London [35] argued that below a certain
temperature T, » particles will condense into the K =© mode. The
close agreement between his calculated value of T, and the
eritical temperature T_ of “‘He considerably strengthened belief

in the correctness of this view. Since that time the existence of a.
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condensate in an interacting bose gas at T =OK has been reasserted
many times [4,6,24,25,26 ] .

Starting from this assertion, Bogoliubov [26] argued that in the
description of a low density bose gas at T =oK y the operators ¢,
and a.,T for particles in the K zo mode may be replaced by the
C - number na"* + Within this approximation, the single particle

“
K =0 Green's function G‘o (e -¢€") assumes the form

(1) L ACETD

;G‘o (_é-—é.) = N, €
(2.1)

where M is the chemical potential. The resulting theory predicts a
linear energy spectrum in the region K £& O , in agreement with the
original proposals of Landau [27] and also with the neutron scattering
data [28].

Assuming the presence of a condensate, Hugenholtz and Pines L4]
employed this same replacement of K =0 operators by C - numbers to
extend the ideas of Bogoliubov to finite densities. Within this
formalism, Gavoret and Nozieres [29] demonstrated that an arbitrary
interacting bose gas at T =0K | will have an energy spectrum which
will vary linearly with K for small K and will pass through the
origin. This is in agreement with the observed excitation spectrum
of “He [28] and hence, we see that the existence of a condensate
is a sufficient condition for the occurence of superfluidity. However,
it should be noted that the evidence described above in support of a
condensate in an interacting bose gas (i.e. T, % T, and a linear
spectrum for small K ) is purely circumstantial.

A fundamentally different approach to the problem was developed
by Beliaev [3] » who purported to prove from first principles that
equation (2.1) was a mathematically correct result (valid to order 1/V

where V is the volume of the system) for an arbitrary interacting bose
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gas in its ground state. This proof, if it is correct, provides
direct evidence that an arbitrary interacting bose gas in its ground
state possesses a condensate.

Within the formalism of Beliaev and Hugenholtz and Pines (BHP),n°
is only ever calculated self-consistently. However, we shall now
demonstrate that the Beliaev formalism may be extended to provide an
explicit evaluation of the particle density in the K = o mode,

The result is quite startling and dem;nstrates that the common practice

of ignoring diagrams of relative order 'A, , can lead to

inconsistencies in the boson problem.

The condensate Green's function

We consider a system of N interacting spin-less bosons of mass m,
enclosed in a volume V and suppose N and V to become infinite while
n = Ab</ remains finite.

The Hamiltonian of the system is

H = Ho + K,
where H, describes a system of non-interacting bosons in their
ground state | B3 , where

1 &) = 7r'!—(at)~|°>

The single particle condensate Green's function is defined by

) t
' G‘o (e-¢') = <f-3”'[0(u e D(u I3 :”ﬁ >
(2.2)
where l}[:: ) is 'the normalized ground state of the interacting

system. Following Beliaev [3] , Wwe assume that | j?h’) is generated
from | o > by the adiabatic switching procedure of Gell-Mann

and Low. This allows us to write
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0 ;oA
G e-e = BT X oy XTeey S TIES 53]
SO

where
S = <Bul S 1)

and we have inserted a 'hat' above the § in equation (2.3) to
indicate that it is an operator. kEquation (2.2) is in the Heisenberg
picture, while equation (2.3) is in the interaction picture and we

have

-0

Ke -THE

% )
oLy ce) e Qe

"

®

and

The S matrix and the interaction part of the Hamiltonian in the
interaction picture, are given by equations (1.10) and (1.12), while
the interaction picture field operators are given by equation (1.13).

It is convenient to make the separation

.~

- . :E-l‘ :w“b
Vex.er = ®Keey *Z V% e ag
K #o
!\’ 4
= Koy + ng_c)(,—)

(2.4)

Al A
and to define S to be that quantity obtained from S by making
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A

the separation (2.4) in the expansion (1.25) for S and averaging
A { A ’.'

with respect to the vacuum of the operators '4 and y

We may now follow Beliaev [ 3 ] and use Wick's theorem to write

equation (2.3) in the form

() A A
;6“0 (e-&') = {8, N[QA(D(((-) o(te‘)s )] 'ﬁ>
Sw

(2.5)
A
where e is a special case of the operator C defined in
chapter 1 and D y which merely replaces a pair of operators
.'.
Qo Qo by their contraction, is given by
=
I \ -
N vl b G P —
-’.
go(ce y S b )
(2.6)

If >\ is the sum of contributions from all connected vacuum

A\

loops, then [3] S may be written

A\ A v o

S = @ = e

1.
where is a volume independent functional of X and X
N A A o~ v o'
Defining the quantities O~ and§ = @ ev = 3
Beliaev proves to order '/v that
A t ¢ LA
e [“U—) xTevs’'] = Aeer B e S
(2.7)

University
Library
Hull



- 26 -

where

+ +
/3<e) = Xeey t X, ce) ound /ga-) = Xte) +0(,u~)

(2.8)
the quantity 0(.“.) being given by
| \
ey = j# Oce-¢H) oo
S e (2.9).
To second order, D(. (&) is given by
(=
~ ,:\
A
+ T
7,~ '
ovads
A T
(2.10)

where a wavy line represents a factor '?:) Uca‘c -9) , a dotted line
é

entering (leaving) the point X = % ,€&é. represents an operator
o( CEs ) ( o(te,d) and to order ‘/V s, a solid line running from
Yy to x represents a factor ' 3(::, 4) where

;9()‘,‘4) = <°IT[ Y/}(.)() th)]‘O) (2.11),
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Equation (2.5) may now be written

G & T
AN 1&-&‘) = <&.IN [ Bces ﬂte‘) S ] 1£25)
S~

= <°IT[(dv)Nll‘}{ﬂcel,gZe‘)g"z(dZ)N]lo)

N S (2.12)

where the time associated with the N operators . (do*) is greater
(less) than the times associated with the operators /8)/3+ and §“,
Since the ﬁ operator ensures that contractions between operators X
and a(*' in the curly brackets vanish, applications of Wick's
theorem to equation (2.12) merely replaces the m pairs of operators

X X ¥ in a given contribution to the product /R} +S ! by a
factor ) N

vh™ (N-m)l

(we call this factor a condensate weight). Hence, equation (2.12)

becomes

2 Beo Rl s
P Go e-¢Y
S~

"
o)
<1z

- ot .
*ﬁ[d,(_t) + d,(t‘)]"’ dl(e)dl(e‘) S“
¢ S~

(2.13)

where for example, O( , (&) is topologically identical with o(, ce)
except that dotted lines no longer represent operators o’ and a(t

The final result takes the form

t

3 A

S\\ ’;\ h :
+4\+A+f
Q@

(G, ) = =

S'o . '
: g
~

: (2.14)

-y---

<,
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which defines the self energy (2 « A diagram or product
of diagrams containing a total of m pairs ofI dotted lines has associated
with it a condensate weight M E_NN——;W y hence although § "
is topologically identical with S, , the two do not cancel. For

example a contribution to the second term on the right of equation

(2.14) is

= € &
- L = L ~ A
A A A ~ 5w % :
SRR I o SR e S

where the condensate weight associated with the second term on the

right of equation (2.15) is V"r N(m-1)(nw=2)(W-3) . However,
: A
the zero and first order contributions to S are 1 + M
[ 1

where the condensate weight associated with the first order contribution
is V-2 N(N-1) . To overcome this problem of
non-cancellation of disconnected diagrams, we resort to the counting

procedure introduced by Brandow [ 1 ] .

Cancellation of disconnected diagrams

Brandow has shown that the condensate weights of disconnected
diagrams may be evaluated by connecting dotted lines to each other in
all possible ways to form continuous condensate lines and then imposing
the rule 'associate a condensate weight (— 1)1.1—( N - V-C with every

diagram containing L loops and ¢ condensate lines'. For example,

"\ %\ N - - ‘/”>-‘\‘
;VW\/MM;\ = v ‘:vvwvwvz y + WwAww,
~ N s o . §
? [] s(. -
l=2 £ =
= e =2

(2.16)
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where the rule yields a condensate weight of

~

venw-1)
V2

-
-—

- b
VZ

To apply this counting procedure to the connected diagrams in equation

(2414), we first re-write this equation in the form

7 ) . L
\ ! A
: A .

) A i
Q ! A\ |} : \Y
:éo L(—-e\) = -—.-— ‘:'X S + XS + "S +
SN ] £y

Z A |
A ' A .
\

\ ¢ (2.17)

where we associate a time t with any line entering the horizontal bar
and a time t with any line leaving it. The topology of connected
diagrams is now identical with the topology of disconnected diagrams

and hence we may use the counting procedure. For example,

.3 -
¢’ s

(2.18)
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(2.19)

Since the condensate weight associated with disconnected diagrams is

dependent on its internal structure only, cancellation of disconnected
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diagrams by S~ in equation (2.17) now occurs. However, equation (2.19)
demonstrates that this is at the cost of greatly increasing the number

of connected diagrams. After changing dotted lines into condensate lines,
and allowing cancellation of disconnected diagrams, equation (2.17) takes

the form

(‘\ =N nl '\: i
IGoce-e‘):-‘q,“‘*.’@*[; b,'* + 4 A
T \Kj)

(2.20)
. B <
which defines the self energies 2 £ @ and Z =2 @ .

The first and second order contributions to ;EB are given in
Figure 5. We note that although diagram (xxviii) does not vanish, it
does not contribute to the retarded part of the condensate Green's

L

function. To second order, ;Z is given by Figure 5, but we note that

<
in total, ZE contains very many more diagrams than = .

Relative magnitudes of diagrams

Since this counting technique does not affect the spatial integrations,
diagrams like (iii) in Figure 5 have an extra volume dependence because
they really contain a disconnected part. We define a disconnected part
of a self energy insertion to be a part that becomes disconnected from
the rest of the diagram when all the condensate lines are removed. The
only diagrams containing disconnected parts in Figure 5 are diagrams (iii)
to (x), which each contain a single disconnected part. We shall ignore
the volume dependence of disconnected parts and multiply any diagram
containing d disconnected parts by a factor \/J' « The leading terms in

Figure 5 are therefore the bubble diagrams i, iii, iv, xiii, xiv, xv and
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xxvii and all other terms are of relative order yﬁ' + Indeed,

bubble diagrams are the only diagrams ever considered by many workers
[ 1,2.] and therefore we shall consider here the summation of this

sub-set of the right hand side of equation (2.20). Replacing the bare

interactions in Figure 5, by the sum of ladders defined by

. = Wm@

8
the leading contributions to 2{ are to second order, as shown in
Figure 6 where, in Figure 6, VWAWWW represents the sum of

ladders WL

Renormalization of condensate lines

Consider the quantity /B , defined by

A

2 i
../6 = § = <+ ,$ + ‘)
\4 b] :

o~
)

(2.21)

The sum of the first two terms of equation (2.20) is simply ng§ , which

090
(<)
we denote by -:L /A « Now, /B is obtained from the first term of
0, (o]
% ©
equation (2.17) by allowing the dotted lines connected to the horizontal

u
bar to pair with dotted lines in £ e Since we carry out the same
procedure with all of the dotted lines in the connected diagrams on the
right hand side (r.h.s.) of equation (2.17), there will be associated with

each pair of dotted lines in a connected diagram a term just equal to the
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r.h.s. of equation (2.21). We may therefore omit all contributions

<
to Z that contain disconnected parts and reinterpret a condensate
line as'“ég rather than simply‘:% o This is only correct within

the approximation of summing bubble diagrams and it is clear from

S:\l"

equation (2.14) that /3 = < . Equation (2.20) now takes the
~N
form
0 . g :
» \ 00 Do ? 0
i, c-¢) =% A+ + A ~
00000 c

(2.22)

It is clear that for the present sub-set of diagrams, a diagram
containing m renormalized condensate lines also contains m loops. We

may therefore change the rule for obtaining condensate weights to

W m
'agsociate a factor <,B \N7> - (ﬂ n) with any diagram containing
m pairs of dotted lines' and simultaneously re-write equation (2.22)

in the form

& t > 2
Q
i A

0 3 A

fGo e-£y= , + + () +

0 A
& o
¢ e £ &

(2.23)
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which to second order is simply

Q)
'Go (e -6\) =

+

LA (’7~/ 00?000 I‘)W o

o

oo n;oy)o
e
%‘J(‘t ﬂ'loé‘OOz

Srodpeo
+
e
< ope
.
oo EPoc @ o, Poo ;:;5;?;:j__— o
g),‘.
+

-+
,ﬁz 0%
-:—)—%w "fi—— N
o3plciee  cPOY ’
300
+
-+

o~
w
-
T,
o

+
: (2.24)
¢
Denoting G, (e-€') by
&
o A
’.Go (L‘ "é\) =
% (2.25)
e\
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we see that to second order at least, equation (2.24) may be written

&

\

)
Gy e ey = +

Bhane

oocbooo "
SR A 1

P

(9 0+ 27T

(=

&

(2.26)

[ ]
0) &'
Indeed, since Go (&—e‘) is a sum over all topologically distinct

connected diagrams, this structure persists to all orders.T':ua,all pairs
of dotted lines in equation (2.23) except those shown explicity,
Trenormalize in terms of the single particle condensate Green's function.
The self energy 2‘ may be written in terms of a proper self energy Z*C

denoted by @ as follows

@
@:@4- +%*"" """ s

(2.27)
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hence with the usual definition of a Fourier transform [5] we obtain

¥ C
;E < _ .25 CK)
CK) —
*<
Il = Qe 2w
(2.28)
where the Fourier transform of equation (2.11) is
. -1
Qewy = CW"")ﬁ b Y ) . (2.29)
Hence, equation (2.23) becomes
Q) i 7 2
'6 : Z“C %<
10, ce-e) = /8" Z (o) + o)
o oy P2 = ¥ <
Sw) ‘Z (o) 8(0) "Z o)
_ l
- <2
(e o)
. (2.30)

An inspection of the r.h.s. of equation (2.30) shows that it is time
independent, whereas it follows from the definition of G—f,') that it is
a function of (t = t ). These two statements are only mathematically
compatible if both sides of the equation vanish. A fact which is

consistent with the divergence of 3(0) +« Now

Q)
eLkg P 6o =€) = p,
->

hence we conclude that n s 2O in the present approximation.
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Discussion

In the above, we have demonstrated that the self-consistent
summation of 'ladder' and 'bubble' diagrams leads to an expression for
the condensate Green's function, from which we deduce that N, = ©
Hence, we conclude that ladders and bubbles are not sufficient to
describe a finite density bose gas and it is not permissible to neglect
terms of relative order VV in the expansion of the condensate
Green's function. In view of this, we turn our attention in the next
chapter to a critical review of the formalisms of Beliaev and Hugenholtz
and Pines. In this way, we are led to a new interpretation of equation
(2.1) together with two self-consistency conditions which impose
restrictions on any formalism in which this equation is employed.

Before ending this discussion we must emphasize that the results
of this chapter merely represent a warning to be heeded in later work,
The result N, = © should not be taken seriously, because of a

possible lack of convergence in the perturbation series (see appendix D).
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CHAPTER

BOSON_PERTURBATION THEORY (ii). THE BHP FORMALISM

Introduction

It has been shown by Beliaev [j}j] how perturbation theory might
be employed to calculate the single particle non-condensate Green's
function G( of a many boson system, by considering the condensate as a
kind of external field. The diagrammatic representation of the
perturbation series contains incomplete vertices which may be completed
by inserting pairs of dotted lines. Only connected diagrams need be
considered in the expansion of Gl, provided m pairs of dotted lines are
interpreted as an m particle condensate Green's function of the N-particle
system. This result is exact.

In order to proceed, Beliaev purports to prove that for an arbitrary
interacting bose gas at T=0K y the m particle condensate Green's
function G;S") may be written as a product of m single particle
condensate Green's functions and that equation (2.1) is valid. In view
of the calculation in chapter 2, we shall, in the present chapter,
Provide an examination of Beliaev's work, in an effort to determine its
true range of validity.

It should be noted however that equation (2.1) and the factorization

(m

of C}, ) can be obtained without recourse to perturbation
theory, either by replacing the operators .o and Ao which
act on the K = o mode, by the ¢ - number /n, [ 4 1

or by introducing the concept of a restricted average [25‘] o« In both
of these cases, it is assumed ab initio that a condensate exists in an
interacting bose gas at T = 0K o« In fact, as we shall demonstrate
below these same arguments leads us to the conclusion that an

interacting bose gas at T = oK does not possess a condensate.
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342  Expansion of the single particle K # © Green's function, G’.

In order to clarify the role played by the condensate Green's
function G,EM) in the expansion of the single particle non-condensate
Green's function G-, , we shall briefly describe Beliaev's formulation
of the problem of a finite density bose gas at T=©0K in terms of
Feynman graphs.

Employing the algebraic notation of chapter 2 in what follows,

the single particle non-condensate (i.e. K # © ) Green's

/
function G s is given in the interaction picture by

/ ot 1T A
TG'CJ‘,Q) = <§~‘T[ Yerxs Yeay S ]‘ﬁv) (3.1)
Sw

In order to apply field theoretic techniques to equation (3.1), we note
that |€~ ) is the vacuum of the operators v’ and p 4 .
Thus, we apply the separation expressed in equation (2.4) to the field
operators appearing in the expansion for g and substitute the
result into equation (3.1). The averages of the time ordered products
of the K # O field operators ( V¥ and ¥’ H j
which now appear in the numerator of equation (3.1) can now be performed
with respect to their vacuum IJN) « This averaging is most easily
achieved by applying Wick's theorem to the products of K # o
operators and noting that averages of normal ordered products of
uncontracted operators vanish.

The diagrams which contribute to the resulting perturbation
expansion contain incomplete vertices, which may be completed by

inserting dotted lines with free ends. In general, a diagram will

contain m incoming and m outgoing dotted lines. Beliaev proves that the
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contribution from these dotted lines to a diagram containing m dotted

lines entering (leaving) the points b,-----bpm (b~ - tm) is

m t + , A
(;) G',m(t,---k,,.,b,'-« bllﬁ) - ({,\,IT[X o)==+ D(Lém) Kcel)--- 0(((-...)5]'5»‘>
Sw

(3.2)

which is simply an m particle K=o Green's function of the
N-particle system. In the Heisenberg picture, equation (3.2) takes

the form

e\ ™M (M) ¢ / ? 1 i “ f / ] ?
(') G’,, (€€, E---bl) = < m‘T[cxu(e,)-~~9(u(6..)0("(e,)-~- neel) (183>
(3.3)

where we have assumed that | }Z;;a > is normalized. In order to
draw the diagrams which contribute to the r.h.s. of equation (3.1),

we represent the potential . '/t. UO_‘— - 9%) by a wavy line

(';_f wwwmw Q) joining the points x and y. A contraction of
two operators is represented by a continuous line directed from y to x.
Noting that only connected diagrams contribute, we see that to first
order, G/cx- 9) is given by figure 7.

It is to be emphasised that the above results are exact and the
problem of calculating the K #0 Creen's function has been
reduced to that of obtaining a general expression for the m=particle

kK o Green's functions G‘.(.M) of the interacting system.
This is the point at which approximations are introduced into the

theory [3 ] , and the mathematical points raised are described in

appendix (B). However, so that we may stress other, equally, important



- L =

mathematical features we proceed with the general argument. In order
to make it possible for Feynman-Dyson perturbation theory to be applied
to the present problem, we must find a way of decoupling the proper

/
self-energies appearing in the expansion for G « It is to be noted

L (m)
that one possible way of achieving this is to assume that Go takes
the form
o) %
‘ , *
Go ((:.---(:,..), é‘,“'énﬂ) = F(_e,) R FCeM) F‘é:) i F(é,i‘)

(3.4)

since then the value associated with any of the dotted lines appearing
in a given proper self-energy is independent of the presence of dotted
lines in the other self-energies appearing in the same diagram. Since

(M)
the decomposition for (y & of

. () m (e r by (- 42 )]
()" Gt einely = )" €

(3.5)
is a special case of equation (3.4), and because equation (3.5) follows
from equations (2.1), [3] y we see that the assumption that G—,m
has the form of equation (2.1) can be viewed as a sufficient condition
for the applicability of Feynman-Dyson perturbation theory to the
problem. As is well-known, when equation (3.5) is applied to the
expansion of G, the resulting series can be expressed in terms of
three distinct proper self-energies (denoted by Z,, , Z,z ) Zz‘ )
and may be summed to yield the well-known result ['5,4] for the Fourier
transform of G‘I

Q7R eply = B C-KAA )
[32"“/‘%\) 2 Lk*t“/«)][gzk*f‘/ﬁ =D c-kw«] ‘Z.J ""‘Yt)Zz. (Rtrp)
(3.6)

/ ’
G( g)un/.”;) = G(n&/ﬁ,&) =
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Since in appendix B, we show that the proof of Beliaev regarding
the decomposition given in equation (2.1) (together with its general-
ization in equation (3.5)) is not generally valid, we shall consider
next the derivation of an exact expression for G-S) from which
we can obtain a self-consistent evaluation of this term. The validity

Q)

of one such self-consistent solution for G, y namely equation

(2.1), introduces a restriction which is not evident in the Beliaev

approach.

Calculation of the single particle ¥ = O (Green's function

Q)
From the definition of G. , it follows that in the

interaction picture we have

. Go(i)cb-é') - (Bl TL Xeer D(:e')g:“@&

S~

which can be written in the form

QA v U
'.6’0 e -€67) = <ZN'T[KL¢\D(U-")€ ]|§~> (3.7)

Sw

where

S"\J = <Z~' T‘:GVT] )§~>

v T
As before, the quantity (- is given by
v / A
e = KelT [sT]lo) (3.8)
( / T7

where T time orders the field operators b and 4 only,

while treating the operators X and X U as C — numbers.

Hence, the quantity -~ is a functional of &  and a(f "
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I

but not of ¥ and V/T/o
In order to apply the techniques of chapter 1 to the present
problem, we again define an operator C such that when it acts on a
string of operators, the result is a sum over all possible contractions,
including uncontracted terms. For example,
C[D(ct) 0(1;6\)] = olce) 0<I¢') + D(u:.) O(T:c’)
(3.9)

where dots denote contractions. Representing the normal ordering
A
operator by N allows us again to write Wick's theorem in the symbolic

form

N
' == N¢& , (3.10)

when equation (3.11) is substituted into equation (3.7) the operator C

may be written in the form
o /
C = Cuxxt Cxey C

r
where  C xxt contracts &  with X according to the
prescription appearing in equation (3.9), < xo~ ~contracts X

/
with the operators appearing in and < performs the sum over

all remaining contractions. Hence, eguation (3.7) may be written

o y T L IN (X T’ )Id.
:Go (C'—é') = oK e x((‘:‘) + <; £CO(0‘C( S(.C)D(“-)e_ )] >

» A ¢~ L J [ ] 6’
= 19.ce-e) + LBJIRL (e av e’ Y118
S~

+ {8l 3[‘—% K oe) euo.)] Xe® 1Z~>
S~

(3.11)
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where (3:12)
190 ce-¢) = Dee-eh .
V
Writing
oD
~E1&
., @ .1
~ 0
and noting that CLI acts on all operators appearing in equation (3.11)
yields
o0
. W . -£16.0 t v
1 G, ce-ey = iJote-¢) 4 JJ& Ote-enye  LBltlowsXwehe J18,)
-A SN
) 1
+ (Lv_)’l (BT X ey YT 1 Bt}
V
& s (3.14)
where

+
E 2. .0 .
In the Heisenberg picture, the second term on the r.h.s. of equation

(3.14) becomes simply

oo
ou'- @ce—e.) e <%”’[@ce.) K Lé')]'?;>
~ o0
(3.15)
where all operators appearing in Gﬁ;(e,) are in the Heisenberg

picture. When converting the last term on the r.h.s. of equation (3.14)
to the Heisenberg picture, we must take great care to isolate any

time divergences appearing in the numerator and denominator. It is
shown in appendix (C) that this term takes the form (to within a

phase factor)
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(w)'/z (_g_ﬁ__,)h {Z| o(.fus’) | Zoui)

(3.16)

and hence, in the Heisenberg picture, equation (3.14) becomes

| 1o t
:&:')cc--e') = 3 Jore-4" +<\A/’)h (%:T‘) ol oeets| 2o

+ J#- Oce -e.)e.ué'%ﬁ”[q“" ‘x:“‘)]lﬁ>

(3.17)

where ; "
+ THE -1 HE
Xyeeh = e ® a, ¢ *

JV ) (3.18)

Diagrammatically, equation (3.17) takes the form of Figure 8, where we
have drawn the 'extra' ingoing dotted line appearing in (/’,,' explicitly.
(The choice of the 'extra' dotted line is arbitrary and cannot affect
the arguments). This defines a proper self-energy G’* which contains
an equal number of incoming and outgoing dotted lines. Note that the
last term in Figure 8 is a function of ¢-¢'  while the second term
is a function of t' only. We shall now take advantage of this
property to obtain some self-consistency conditions.

In general, a given contribution to 0“* contains m incoming and
m outgoing dotted lines. The corresponding contribution to the last
term of Figure 8 contains(m + 1)such pairs of dotted lines. This
corresponds to a factor (i)'"” G.f"”‘) which contributes to the

diagram as a whole. The self energy 0“* is only a mathematical
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entity in its own right when it is independent of the two external lines
drawn explicitly in Figure 8. When equation (3.5) applies this

condition is satisfied because it permits us to write

QMH)

M4 W m )
O76 = i ()G
for all m. Within this approximation, we have

2 /3 * gy LS
Chcey = oa'z J.)(,a[ ) 67):.)6.)-{,#,) N,"e &

and the last term on the r.h.s. of equation (3.17) becomes

- e-¢’) *

/*/f; + 72’

(3.19)

where 7 is an infinitesimal positive constant and 67'*c53¢o) is

defined by
* doo [ g3k FECE -2 Lwik -6
O_;L‘-,b.;)ﬁ&,(:;) \. o T e Q G”z!_‘,“,) ]

Applying the approximation of equation (3.5) to the second term on the

r.hes. of equation (3.17) gives

By (s=)" al ¥

v S

‘ (3.20)
Hence, for t') € equation (3.17) may be written
Y {
o Gw o 2 S;.';‘)vl :/i;-?' * "/“-——-(i":)
| o(é"&) - (n ﬂO) S e + na U-Co,f‘/ﬁ) e

M ‘
ds (3.21)
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However, employing equation (3.5) on the l.h.s. of this equation and

comparing terms yields the result that, for /4( 4 o

*
O coppmy = “/4 (3.22)

and

|
e (Sa R
(nno) *\s.) et = o (3.23)

Application of the well-known arguments of Hugenholtz and Pines [_4 ]
and others [:6] to the self-energy 67;* readily demonstrates that

(see also appendix E)

* -
(/v(—") M) ~ Z,, Colm) .= 2,1 (o, YK) (3.24)

and hence, equation (3.22) is simply the celebrated Hugenholtz and Pines
relation. As the latter follows simply from the self-consistency
condition given in equation (3.22), we see that the linearity in the
energy spectrum for small K , (which follows from the Hugenholtz and
Pines relation) is to be regarded, from the present viewpoint, as a
measure of the self-consistency of the theory, rather than as evidence
in support of any ab initio approximations concerning the K = ©
Green's function.

The second self-consistency condition is more interesting, since it
is not evident in the original formalism of Beliaev. Furthermore,
since the Hugenholtz and Pines replacement of the operators Ae and Q,

by c-numbers implies the validity of equation (2.1), equation (3.23)
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applies equally well to their formalism [4] ¢« In the case of a

. . : .S~-l/ . § 8 .
non-interacting gas, the ratio S i equals unity, while in
the presence of an interaction H, we may write [4,30,31] within the

Hugenholtz and Pines formalism,

SN = Lun exp§<5~fuce)l@r~> (‘al}

E~> o0
where (.Z:o) (,LL(:) I dm} f&l is the sum of all
vacuum loops given by [4,30,31]
& Y. €
n
% & |

<J~luce)‘§u>m b —Z 7{) ;‘! oU?." o #"‘

. "./;e “‘/zt

X <§N’ r[“;(.h)"“" Hc(éﬂ)]'ég)M S

In the limit & —> #©  we find [4,30 |

(Bl Ucer | Bodoutd = 7 Eut

and therefore

(‘;’" -.'/t Eﬂ-lb
Side ety 0 J |
S w e G HET
=90 (3.25)

Hence the ratio SN"/S ~ if it exists, cannot vanish.
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This result, together with equation (3.23) shows that

(3.26)

Since neither of these possibilities is consistent with a finite
density gas, we conclude that the condition /bt O is invalid.
This means that equation (2.1) strictly applies to a non-interacting

gas of bosons only.

Discussion

We have demonstrated that the self-consistency of the Beliaev and
Hugenholtz and Pines formalisms implies the existence of the two self-
consistency conditions given in equations (3.22) and (3.23). The first
of these conditions is the well=known Hugenholtz and Pines relation,
and leads directly to a linear spectrum in the long wavelength limit.
This demonstrates that a prediction of linearity in the energy spectrum
in this limit is a measure of the self-consistency of the theory.
However, the applicability of the theory to a given problem depends on
both equations (3.22) and (3.23) being satisfied. We have shown that
the latter condition cannot be satisfied by an interacting bose gas
within the formalism of BHP, and therefore an arbitrary condensed bose
system described by the BHP formalism is non-interacting. Hence, if
the widely held view that the BHP formalism provides a valid description
of an arbitrary interacting condensed bose gas, is correct, we conclude
that an arbitrary interacting bose system is not condensed i.e. no

is not a finite fraction of n. Such a conclusion is in agreement with
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the finite temperature results of Evan's [:23] and the neutron
Scattering data of Mook [22] .

An alternative interpretation of the above results is obtained
when one notes that, within the Hugenholtz and Pines formalism and
assuming that the limit of the ratio equals the ratio of the limits in

equation (3.25),

f Ll
SN“I — ‘.4.17‘ e H
.S~ E > 00
Hence this formalism can be made to apply to an interacting condensed
bose gas (i.e. #, finite in equation (3.17))by introducing a small
positive imaginary part to the chemical potential. The full implications

that such an ad hoc procedure would hold for the theory are not clear

however and this possibility will not be discussed further.
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CHAPTER

BOSON PERTURBATION THEORY (iii): AN INFINITE HIKRARCHY OF SELF=-CONSISTENT

SOLUTIONS

Introduction

In chapters 2 and 3, we have demonstrated that it is not permissible
in boson perturbation theory to neglect infinite series of diagrams of
relative order W and that the self-consistent solution of BHP .
strictly applies to a zero density gas only. The problem of keeping
track of all connected diagrams, irrespective of their volume dependence,
is enormous. As a result, it could be argued that until more powerful
counting techniques are developed, we should content ourselves with self-
consistent theories. Indeed, it is well known that such theories have
been remarkably successful in many branches of physics as evidenced,
for example, by the Hartree-Fock theory. In chapter 5, we shall
reformulate the perturbation theory of bosons using techniques described
in chapter 1. However, it is useful in the present chapter to consider
an infinite hierarchy of self-consistent solutions to the problem which
do not suffer from the restrictions of the BHP formalism.

The simplest of these solutions is investigated in some detail and
the result is a model of a bose gas which can be viewed as comprising
two interacting fluids which do not interact with each other. This
leads to the 'prediction' of a new superfluid branch in the energy
spectrum and it is shown that the existence of the latter offers an
explanation of several well-known features of liquid ‘qup which

are difficult, if not impossible, to account for in terms of the normal

well established excitation spectrum.
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Choice of a restricted ensemble

It has been emphasized [9,25] that in situations where there
exists long range order, the use of an unrestricted (e.g. canonical)
ensemble leads to divergences, and a suitable restricted ensemble must
be employed.

In the theory of bosons, many authors [3,4,25] restrict the
ensemble by fixing the particle density nNg in the K =0 mode.
The assumption here is that Ne is macroscopic and a common
feature of these approximations is that they imply the validity of
equation (3.5), which allows Feynman-Dyson perturbation theory to be
applied to the problem. However, we have demonstrated that equation
(3.5) applies strictly to a zero density gas only.

In view of the self-consistency conditions obtained in chapter 3
and their relation to the linearity of the energy spectrum in the long
wavelength limit, it is desirable to develop a formalism which utilizes
these conditions and yet still applies to an interacting bose gas. As

emphasized in section (3.2), Feynman-Dyson perturbation theory can only

be applied to Beliaev's expansion for the non-condensate Green's function

/

G , in situations where the form of the m particle condensate
o)
Green's function G'o allows for the decoupling of the self energies

¢
in the expansion for G « Bearing this in mind, we propose the

following method for restricting the ensemble.
m)

(i) Write G—ot in the form

(m)

m X (M)
¢ = &Y + &

Lwl) /
where 6‘0 , when substituted into the expansion for G- ’

(4.1)

decouples the self energies.
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~~(m)
(ii) Ignore G'o when interpreting the value to be associated

/
with m pairs of dotted lines in Beliaev's expansion for G .
)
Furthermore, we suggest the following functional forms for Go

(each form corresponding to a different choice of r ):-

(m)

Gr r s ) 2 3)-_.-

(m)
G

where

: 9"' 4+--4C ytotEm
(:)'” Gfmcé.__,emj_e;___eﬁ:) Z(H) ﬁ (e. ) -(Eit -+ Em)]

(4.2)

and n,' and ej are constants. Note that the possibility r=<o©

corresponds to the BHP formalism and has been excluded from equation (4.2).

The self-consistency conditions

In order to obtain the self-consistency conditions which apply to
equation (4.2), we focus attention on Figure 8. Substitution of
equation (4.2) into the last term on the r.h.s. of the equation in

Figure 8 yields, for &' ) &

' 'f2
FG—:)(e-e’) = ( SM) <17'l<>(uc¢)lf"-.>

oeo ]

< (o.:/) ""-3(&"6)
A e 1 550

* Z H 0./* e 4

(4.3)
where we have used the fact that the first term on the r.h.s. of the

equation in Figure 8 vanishes for DY . Inserting a complete
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Q)
set of eigenstates of H into the definition of G‘a given by

equation (2.2) yields, for S Y= ’

}G,,U)ce-e’) = Z <ZZ;IX.Lc’)lﬁf.)(fé.‘lO(.ue)lf.:)

=0

[ 2

-143 (& _e’)
B; e *
Sz (4.4)

NAs

where
+ 9 M
B; = (T I ZNEFLILI1ERD
and .
e 9
O = En.v == E:u-:
so that
AO = /L" .
In equation (4.4), some of the A: )s may be equal. Say,

In this case, it is convenient to write
C_‘, = By +Bct - +8,

so that equation (4.4) may be written in the form

.Y -i% (e -9
i G, e-e) = 2 C, e * p

(4.5)

where the summation in equation (4.5) runs over all distinct values

of A;‘.
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According to equation (4.1), equation (4.5) may be written

(] ) VU ) (‘ )

i G r i Gy

oq_\.\
)i

(4.6)

where, within a given restricted ensemble (corresponding to a given r

in equation (4.2), we have from equation (4.2),

i Q] r N~ S L
l&o (e-¢) - Z n; @TC(— &)
b =0

(4.7)

Selecting the r.h.s. of equation (4.7) from the sum on the r.h.s.
of equation (4.5) and re-labelling the dummy indices in the remainder,

allows equation (4.5) to be written

) ’ - re gy
I o LE-E) = Z Cx c A :
K=o

L -i8; '
+ Zﬁ;@T(é-é) (4.8)

where Ay £ O for all K  and J .

C»
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The self-consistency conditions may now be obtained by substituting

equation (4.8) into equation (4.3). This yields

C‘K = O goi‘ a.// K

(4.9)
VZ +
n§~-‘ <f,:l 0(,;(,&')1}‘?.,) =0
S~
(4.10)
and
)
T o, &34 ) = é;é/ g r
-ﬁ .
(4.11)
5 *
Note that g has the same topology as T of Figure 8, the

difference being that in =2 , m pairs of dotted lines are to be

interpreted as a factor

; " e.:% [(e,,-., e,‘)_(e.’f-we,’.)] .

The arguments which led to equation (3.24) are readily generalized to

yield

5 A 3
(0/ g;/t) = m (OJ syt\) -—Z‘l CDJO"/i)
(4.12)
so that equation (4.11) may be regarded as a generalized Hugenholtz

and Pines relation.
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w
In order to illustrate the perturbation series for C;a consider
the ensemble characterized by =/ in equation (4.2). Taking into
account equation (4.10), we see that the equation in Figure 8 becomes,

i
to order /V 3

€ &
K=o s
ws= 0 w = ©
Q) * 4
'63(e~ gf) = s +
A A
' '
| : : (415)
~ O
] '
¢’ ¢!
In the rb ensemble there will be r +I terms of the type shown
@
on the r.h.s. of equation (4.13) which contribute to C;. and in
/
fact, as we shall see below, the expansion for & has a similar
4

structure. Before considering explicitly the structure of é} y it is
convenient at this point to examine the two remaining self-consistency
conditions, namely equations (4.9) and (4.10), in more detail,

Equation (4.9) is of no obvious significance and will not be
considered further. Equation (4.10) on the other hand is more important,
because it indicates the presence of an energy gap in the excitation
spectrum of a bose gas described by one of our restricted ensembles.

That this is so will become clear later, but for the moment, we shall

content ourselves with proving that equation (4.10) implies

9_‘, # /( 50# a.” \j

. (4.14)
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Since n is assumed finite, equation (4.10) and the assumption

Sw-r /5 n #* o (see chapter 5) implies that

<2Z::I P(HI&’)’ﬁ_,) = O

i.e. ool
ézfif, {7 XN FL.D> =0 "
This implies

(Fo <t #y =0
which demonstrates that

E, = ©

a result which is shown in chapter 5 to be of general validity.

J

From this it follows that the term involving Ao (2/4) in

equation (4.4) vanishes and hence in equation (4.8), we must have that

(4.14)

O # M S Wl

4.4 The 'two fluid' approximation

In order to consider a definite example of equation (4.2), we shall
employ the next simplest generalization of the BHP approximation,
namely r = |,
Writing
A, = A R, 2B  ©, 26 .ad 6, = §
yields for r =)

() ST e, - ) - (6 - €0)]
"G, =R"e
” -:¢i£(h..eu)-(e/—-ei)]

e

(4.15)
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and

e &

2.1 (0, 8/ ) ’Z.,. (o, %)

h

9/!;

# ¢
'é/f» = 2.( o, "5/t) ’f.x (o, #t.) . (4.16)

The non-condensate Green's function separates into a sum of two
distinct contributions when equation (4.15) is employed in Beliaev's

/
expansion for & , and we may write

/ & 96
Gy = Gy + Gleo

(4.17)
o ® & ¢
Note that 2.. and 2.2 Cf.. a.na( Zu. ) have the same
topology as the self energies Z,, and Z.; which appear

in the Beliaev formalism, except that m pairs of dotted lines are
interpreted as the first (second) term on the r.h.s. of equation (4.15).
A trivial extension of the arguments E3,4] which led to

equation (3.6) yields

e = s e &
G(&,w*f) Mo e JCKAAS LK+
- | e e &
[3cxfg)’z..w§)}[ (-K+£ -Z“(-m%)] "Zn (x+£)zu (K +$)

(4.18)

with a similar equation for G ¢U< U » ¢/’t y
-~ J

For an isotropic gas of bosons interacting through a hard sphere
repulsive potential, Beliaev [32] has shown that within the approximation

of summing ladder diagrams, the self energies 2" and 2 2
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appearing in equation (3.6) are to a first approximation independent of

K and given by [5]

Zn = ZZ:L = l‘-ﬁn°atz

m

where a is the S - wave scattering length of the medium.
It is clear from equation (4.17) that the present approximation

may be viewed as describing two interacting fluids, which do not interact

(at least explicitly) with each other. With this in mind and in view of

Beliaev's work [32] s we shall, as a first approximation, regard the

& %
self energies Z; 3 and Z 3 % as constants, given by
= e - 2
Z, =22, = ATFRAe4
m
& # — 2 ol gt?
2, = 2%, = %iBask
m
where Ao and QA g are the § - wave scattering lengths of

the two fluids and we have assumed for convenience that m is the same

for both fluids. Equation (4.18) then becomes

= -l &
G'LE)W*é/t) = - 3(-K+9/f. +2..
wt = E% (4.19)
where
o 2 o z o
EC = [ Wi + 2w (52 - %) (e85 - W) -52
- [ sz + 2 Wk Z (=) ]‘/Z
= 5
(4.20)

and we have employed the self-consistency relation (4.16).
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Similarly

c! 9ty +5F

(L‘,"'J*?%‘) =

wr - E¢¢Zl§) (4.21)

where

¢ S g 10
Ew = [' “e 2w,y ] y (4.22)

As expected, the self consistency of the present approximation
(i.e. F =|( ) leads to a phonon like excitation spectrum for small K .
However, in the present approximation, we find that there are two branches
of the spectrum with slopes proportional to Z.: and 2.;¢ in the
linear region; i.e. proportional to A and B respectively within the
approximation of summing ladders [52] .

Instead of becoming involved in detailed calculations within the
present tentative model, we shall proceed to the next section where the
qualitative features of the above results are discussed in relation to°

superfluid #//e .

Comparison with experiment

Equation (4.14) tells us that

© and # F u

which means that both branches of the energy spectrum may possess energy

gaps. The magnitudes of these gaps are

Do = -0 oud Ay =p-¢
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We shall assume in the present discussion that e ﬁE‘/%— and
hence that £ d represents the usual phonon spectrum of BHP,
involving no energy gap. This still leaves the second branch of the
spectrum described by equation (4.22).

It is clear that there exists an energy gap D of(¢417“) at
the origin (K =:o) between this branch and the usual phonon branch.
Furthermore if R # /A  in equation (4.15) the slopes (i.e. velocities)
of the two branches will differ. Hence although it is tempting to try to
identify this second 'branch' of the spectrum with the 'branch' observed
several years ago by the Chalk Hiver group in their neutron scattering
experiments on 4 He [28] » we would like to point out a more
attractive alternative exists. Thus we suggest that the difference (@-m)
is small +~ 1K and that the slopes of the two branches are such that they
rapidly coalesce on the energy-momentum curve. As the energy difference
between the two branches is so small it will not be 'resolved' in the single
broad peaks observed in the neutron scattering data and associated with
single phonon events. Thus its presence is consistent with such data
and may also be responsible for the tentative conclusion reached by
Phillips et al [35?] that for very small k the spectrum appears to be
concave upwards. What is more, one of the most puzzling features of the
neutron scattering data, particularly evident at large momentum transfers,
is the appearance of scattering intensity at energies below the one=phonon
peak [28J « This is puzzling since in terms of the accepted
excitation spectrum, there is no obvious way in which a phonon can decay
80 as to give scattering at lower energies. However, in terms of the
present model, this can occur as a result of a neutron 'absorbing' a

phonon from the normal branch and simultaneously emitting one or more
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phonons of the second branch with momenta centred around K =0 .

A related problem concerns the motion of a slowly moving massive
particle at low temperatures (< I/K) . In terms of the usual
excitation spectrum it is not easy to visualise how such a particle can
lose energy and thus slow down since it cannot simultaneously satisfy
the law of conservation of energy and momentum. This can readily be
achieved in terms of the present model as a result of the particle
scattering off a normal phonon and again simultaneously emitting several
phonons of the second branch with momenta centred around K = o .

Yet another interesting possibility concerns the observed attenuation
of ultrascnic waves where two maxima are observed at O:8 K and the

N — point. It could be argued that the former peak arises from an
exceptionally strong coupling between the ultrasonic wave and the thermally
excited phonons of the second branch. At extremely low temperatures there
are few such phonons but their number will increase rapidly as exp (-,gA)
and will be appreciable when KT ~ & t.e. T ~IK | If the coupling
between these phonons is large and increases rapidly with temperature,
then at higher temperatures their lifetime becomes so short that their
effect on the ultrasonic wave decreases with a concomitant decrease in
the attenuation. In this connection it is to be noted that specific
heat measurements at very low temperatures may reveal the existence of
the second branch via a contribution which varies as exp (-‘ﬂA) .

However this assumes that the contribution from this branch is large

3
enough to be separated from the usual T part arising from the normal

phonon gas [34] .
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Discussion

The aim of the present chapter has been to demonstrate that the‘
restrictions of the BHP formalism may be avoided by generalizing their
choice of a restricted ensemble. We have deliberately chosen the
restricted ensemble in such a way that the self-consistency conditions
obtained in chapter 3 may be utilized. In this way, a phonon like energy
spectrum in the long wavelength limit is guaranteed from the outset.

We have considered the next simplest alternative to that of BHP,
which results in the prediction of a second branch of the excitation
spectrum for small K values.

We have shown that the existence of this second branch in no way
conflicts with the neutron scattering data. Indeed it could account for
certain of the observed properties of the latter which are not readily
interpreted in terms of the normal branch. We have also shown that the
presence of the second branch permits a slowly moving massive body to
lose energy and that this same branch may also contribute significantly
to the observed peak in the ultrasonic attenuation at a temperature A |K
Finally, we have noted that careful measurements of the specific heat
at very low temperatures may enable the existence of the second branch
to be experimentally established.

From the view point of the present work, additional branches of
the energy spectrum result readily from different choices of the
restricted ensemble and the self-consistency condition (4.12) indicates
that each of these branches will be linear for small K (although
their slopes will vary). It is not clear at this point which if any,

of the self-consistent solutions given by equation (4.2) is relevant to
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4‘”€, y Which is why we have allowed the principle of simplicity
to dictate our choice of ensemble.
In order that this uncertainty might eventually be removed, we
shall now proceed from the rather qualitative work of the present
chapter to a more rigorous formulation of the boson problem given in

chapter 5.
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CHAPTER S

BOSON PERTURBATION THEORY (iv): A NEW FORMALISM

Introduction

In view of the fact that diagrams of relative oxrder 9@ cannot
be ignored, the counting technique of Brandow, which provides for the
cancellation of disconnected diagrams in boson perturbation theory,
is of little use and an alternative formulation of the problem is
required. An examination of the techniques described in chapter 1,
which consist of applying Wick's theorem in a more controlled manner,
reveals that the introduction of disconnected diagrams into the theory
may actually be avoided.

We shall now demonstrate that these techniques may be employed to
provide a connected diagram expansion for the single particle Green's
function which is topologically identical with the corresponding fermion
expansion. Thus, the problem of the depletion effect, which has proved
to be one of the main stumbling blocks in the theory of bosons is

overcome without the introduction of ab initio approximations.

The irrelevance of normal ordered products

In common with chapters 2 and 3, we shall assume that lﬁ) is
generated by the Gell-Mann and Low adiabatic switching procedure from

the non-interacting ground state lj;@ > sy given by

£y = @) o)

Ny

(5.1)
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The problem which is immediately encountered when equation (5.1) is
employed, is that 'éio) is not the vacuum of the operators

+

Aol s> # ©

The single particle K =-o Green's function is given by,

(1 A
1 Gy (£-¢7) = @JTLD(LUO(L‘)SJI@TD

Sw

(5.2)

and hence when Wick's theorem is applied to the r.h.s. of this equation,
averages of normal ordered products of K =0 operators do not
vanish. However, we shall now demonstrate that the sum of all terms
containing normal ordered products in the expansion for the ;ingle
particle Green's function C;(n of a many boson system at T =OK
must vanish.

In order to demonstrate this, we write Wick's theorem in the now

familiar form

and substitute equation (5.3) into equation (5.2)

Writing

Cor = g e
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and allowing C «ot to act yields (c.f. equation (3.11)) ,

) . &
:&9 (-t = f‘jb(e-e') + <§~'N[C/st(O(ce)o(tws)]lg\.)

S~
/
Noting that C does not act on X ¢¢) yields, on allowing C x s
to act,
0) - tf 4+, C
7@, te-e) = i9ece-¢) +Sn LLlrLc (p(cé’)S)}llﬁ,)
Sw
00
. _Elé.l 3 .
t(FEF) [ @ [ PadB U -0 180cenen
- o0

.t
X <f’~l T[ WMTL{-\,(-.) 0(‘4 (6') %(5,',5,) %{(5.16,)] ’ f:>

(5.3)

where the last term on the r.h.s. of equation (5.3) has been converted
to the Heisenberg picture, in accordance with the techniques of

chapter 1.
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The second term on the r.h.s. of equation (5.3) has been
converted to the Heisenberg picture in Appendix C, which leads us to

write this equation in the form (to within a phase factor).

)
| Go (e-£) = 3 ﬂo (e-¢€)

s Fol o o)

+ T)Jo“ ¢ P i T de Ceme [Lon-xd

X <ﬁ’T[ Y:cag-',é-) D(:(él) WH (J_t_.',e.) H (i.,é.)]l f; >

[ 4

(5+4)

A trivial combination of the diagrammatic notation of equation

(1.29) and Figure 8, enables equation (5.4) to be written as

& E &
fc-:')ce—e')f-:' = ¢k+ n % , + M .

~ 4 wd

¢ e ¢! &

(5.5)
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We shall now demonstrate that the second term on the r.h.s. of equation
(5.4) must in general vanish.

’
For & D€ , the first term on the r.h.s. of equation (5.4)

vanishes, hence writing

and

<o x HELD

D
Wi

with ,f’i‘> = Iﬁ)

we see that for é' > [t , equation (5.4) becomes
Y. Y ’
(1) S - .) = 1tk
iG, (e-¢f) = o e A,

*(’E'.ﬁ“f‘ls Ll & ey ony Sceme

v

(5.6)

where we have inserted a complete set of eigenstates of H into

the last term on the r.h.s. of equation (5.4) and written

1 9o e-¢f) = © ce-¢')
\Va

85 U.f')’i") = <i};-:" Y::_(-') Ycit,') Wcﬁv"?‘:>
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Assuming that it is permissible to interchange the summation and

integration in equation (5.6) yields

/2 %Aoé,
(” S~ € /qo

O
! 6',, (e-¢")

€

Zﬁ 8.(5: ) -z:ele—%A;(ﬁf-éf)

(5.6)

where

fo(zx' o4 (,(uc -y By oex, 10

L

The infinitesimal positive constant £ in equation (5.6) ensures
that the contribution to the definite integral from the lower limit

+
vanishes. Performing the integration, then taking the limit &€ => O

yields
i sAo! . R:
¢) Sw-t = 120¢ H.. BJ ﬁA (""6)
IG, (e-¢')y = (n -S_:) oe" v/ A+ @
:‘ Il
(5.7)
( (D)
For € >é , the definition of 6"» . yields
" '/tA (e-¢)
P Gy (6-€) Z_ AR
' (5.8)

Hence, equation (5.7) becomes

y (5.9)
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and we conclude that both sides of this equation must vanish.

In general therefore

1 86 €
St '
(% H =0 .
(5.10)
Since n is assumed finite, this means that in general we must
have
Sn-l
A, =+ = o
o S~
iy (5.11)

This result tells us that the second term on the r.h.s. of
equations (5.3) and (5.4) must vanish. Hence, had we employed the
mnemonic 'Ignore normal ordered products in time dependent boson
perturbation theory', we would have obtained the correct result for
G;:!{ In order to demonstrate the general validity of this mnemonic,
consider for example the two particle 5-510 Green's function

given by

@)
() G (&, T ¢’ ‘T) <f-“'[0<u(e) D(HLT)“N (&) Mu(r')]l

= LBl TL Kee) Ker) ofte') O(t'r')g:l 18.)
S. " (5.12)

Applying to equation (5.12), the same arguments which led to equation

(5.5) yields
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é' Tl t' T’ T’ b’ t( T 6’ T’ )
and we are led to the conclusion
T
]
]
N
|
/i Set L = O .
Sw ! |
o
b
6‘ "r’ (5'14)

In other words, the correct result is again obtained if the mnemonic
on the previous page is employed. Clearly, this result is of general
validity, because whenever Wick's theorem is applied in the controlled
manner described above to any Green's function appearing in boson
perturbation theory, the resulting normal ordered terms lose their
dependence on at least one time variable and must therefore vanish.
Since the controlled application of Wick's theorem merely represents a
convenient method of summing the diagrams obtained in the more conventional
theory of chapter 2 and section 3.2, we have demonstrated that the sum
of normal ordered terms in time dependent boson perturbation theory must
in general vanish.

Before proceeding to formulate a new diagrammatic perturbation

theory which is applicable to the boson problem, it is convenient at
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this point to consider the existence or otherwise of a condensate in an

interacting bose gas at T = OK z

The question of a condensate

By definition, the ’_( ”* O single particle Green's function

is given by

Gy = LTI Yoo Y NES

(5.15)
In the interaction picture this becomes
/ 4 ‘}, I
P Gex,9y = <[~IT[ Vexo €Y sjlf.&
(5.16)
/ Tt
Since IE,\;) is the vacuum of the operators Y and” ¥V

the arguments which led to equation (1.29) of chapter 1 are valid and

o /
hence denoting ' 6‘ ¢x,4) by

4
U 6— Cx,49) =
! R
9
yields
x’ x %
/|\05¢o Ko
= S *
N
/i\'f“o +£to
9 ) Y (5.17)
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In view of equation (5.17), equation (5.5) becomes

& & €
0) P .
(G et 2 = |0 o+ '
j A
e( 6! 6, (5.18)

A comparison of equations (5.17) and (5.18) reveals that

) (
6’0 (e-¢') = éw" Gcf,é—é’) .

K=o (5.19)

Since the particle density N in the state K is simply

"A"‘" " [ G’(lj,(—-é’) y equation (5.19) yields
'€

Ne = Lv"' N« .
K o - (5.20)
Hence, assuming that Nk is a continuous function of K for
small K , there will be no & =~ function singularity in the
particle distribution function of an interacting bose gas in the state
| %u) y i.e. there will be no condensate. This is
consistent with the neutron scattering data of Mook [22] and the
theoretical arguments of Evans [23] . It should be noted however that
equation (5.20) does not exclude the possibility of a generalized or
smeared condensate of the type discussed in the literature [35] .
A comparison of equations (5.17) and (5.18) shows that we may
Q) Q) ’
write the whole single particle Green's function G = G—o + G

in the form of equation (1,29)
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In terms of mathematics, equation (5.21) is simply

~£l‘.,

ob
s - -—-_: S cl; (a /
'é’cx,g) L ’30’55) t+ \ &k Jf:e o(": X, X, =x.)
- 00

X «'gg,{.) (%l T[ )U:c»c") %ta) %cx'.) %cxu] ’ﬁ)

(5.22)

which is identical with equation (1.28) of the fermion problem.

In view of the similarity between equations (5.21) and (1.29) it is
perhaps not too surprising that (as demonstrated below) the perturbation
expansion for C;(” in the boson problem turns out to be topologically
identical with the corresponding expansion in the fermion problem. The
derivation of the boson perturbation expansion is non-trivial however
and in fact we shall find that a canonical transformation is required
in order to obtain it. In order to illustrate the new techniques which
we shall employ to generate the boson perturbation expansion, we shall

consider in the following section, the problem of obtaining the infinite

order fermion perturbation series directly from equation (1.29).
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Generation of the conventional fermion perturbation series

In fermion perturbation theory, the canonical transformation to
particles and holes in equation (1.14) ensures that averages of normal
ordered products of uncontracted operators vanish. An additional
feature of this transformation is that it allows ;gcxuﬁ) to propagate
both forwards (particles) and backwards (holes) in time, a property
which as we shall see in section (5.5) is vital for the generation of
the perturbation series.

In order to obtain a perturbation series from equation (1.29), we
focus attention on the matrix element appearing in the corresponding

equation (1.28). 1In the interaction picture, this matrix element is

+ + A
<§~| T[ Y({.’,e.) WC'Q) %i-';*') %f,,é‘) S ]Iﬁn\)
Sn

(5.23)

We shall generate the perturbation expansion in stages. The first
stage consists of selecting one of the operators appearing in the above
matrix element and considering all the possible contractions which may
involve the chosen operator. This is similar to the process which led
to equation (1.29), where, by selecting the operator *Q,c) we
re-wrote equation (1.9) in the form of equation (1.23).

In equation (5.23), we shall for convenience select the operator

¥ I—;u_.’,é,) , which may contract with wlﬁf,).-.) " Wcﬁ, y€1  and
~

S . Employing the techniques which led to equation (1.29) readily

demonstrates that equation (1.29) becomes
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(5.24)

& e

9 2 9

The next state in this iterative procedure consists of arbitrarily
selecting one of the six operators in the last term on the r.h.s. of
equation (5.24) and considering all the possible contractions which may
involve it. For example, the last term on the r.h.s. of equation (5.24)

may be written

- el

A

The middle two terms on the r.h.s. of equation (5.24) have the topology

P

4 (5.25)

of the last term on the r.h.s. of equation (1.15) and the ultimate goal
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of our iterative procedure is to write the last term on the r.h.s. of
equation (5.24) in this same form. The first three terms on the r.h.s.

of equation (5.25) will assume the correct form after a pair of thick

solid lines with free ends have been eliminated from these diagrams.
Jterating these terms one stage further yields Figure 9, which demonstrates
that, to second order in the bare interaction, equation (5.24) takes the
form of Figure 10.

The latter figure demonstrates explicitly how the clothing of bare
propagator lines occurs in the theory and it is easy to see that repeating
this iterative procedure to infinity yields the conventional perturbation
series found in the literature 1:7,8] « The assumption of convergence
is self-evident in the present derivation, because terms which do not
have the topology of the last term on the r.h.s. of equation (5.26) have

been ignored at infinity.

Problems with the formation of a boson perturbation series

As a first attempt at generating the boson perturbation series, we
shall take equation (5.21) as our starting point and employ the
techniques described in the previous section. Noting that normal ordered
terms may be ignored, we see that equation (5.24) readily follows from
equation (5.21). For bosons however, a thin solid line may only
propagate forwards in time and all diagrams containing thin solid lines
at equal times or running backwards in time must be omitted. Hence, for

bosons, equation (5.24) becomes

4 (5.27)
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A glance at equation (5.25) reveals that this equation may be further

iterated to yield

%
A4 ' (5.28)

I
o
7

“+

Clearly the topology of equation (5.26) of Figure 10 is not forthcoming.
Indeed, an arbitrarily large number of iterations of the type which led
to equation (5.28) yields Figure 11, which indicates a lack of convergence
in the present iterative procedure.

Of course, it is possible to iterate equation (5.21) in a
different manner. For example, after one iteration, equation (5.21)
may be written in the form

X Xx X

N

b

X X
N

= A \AAA<::I~ + l !
\

9 b

4 4 9 (5.30)
0)
Iteration of equation (5.30) demonstrates that G may be written
(after N iterations say)
> xX aC
= N + + Z;<Ln)
(5.31)
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where %&HU represents terms with the topology of the last term on the
r.h.s. of equation (5.30), consisting of two parts separately connected
to the points x and y. In view of equation (5.29) however, it is not
clear that 5 (1) may be ignored in the limit M => ©© and furthermore,
even if j; ¢n) could be ignored in this limit, not all contributions
to the second term on the r.h.s. of equation (5.31) have the topology of
the diagrams in Figure 10. A typical contribution to equation (5.31) of

this type is

@)

which involves a two particle Green's function G; « Since the
purpose of the present iterative procedure is to remove C;(z) from the
theory ( <.§- equation (5.21)) the topology of equation (5.31) is clearly
unsatisfactory. For this reason, we must resort to the canonical
transformation described in the following section.

The essence of the transformation is that it allows thin solid lines
to propagate both forwards and backwards in time, while still preserving
the irrelevance of normal ordered products in the perturbation series.
Thus the problems of the present section are removed and the techniques

of section (5.4) may be applied to yield a perturbation series which is

identical with that of the fermion problem.

A canonical transformation

The probable lack of convergence in the perturbation series obtained
in section (5.4) is demonstrated explicitly in Figure 1l. In the fermion

series of section (5.3) such a demonstration of non-convergence was not
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possible, because thin solid lines were not constrained to run

forwards in time only. Of course, this does not mean that the fermion

perturbation series converges, it simply means that we cannot prove

that it does not converge. In the present section, we shall reformulate

the perturbation theory of bosons in such a way that the non-convergence

of the perturbation series obtained cannot be demonstrated. The theory

obtained is thus on the same footing as the corresponding fermion theory.
To this end, consider the simple canonical transformation

A .

+

n

+
K = i
/g d X (5.32)

Equations (5.32) may be considered to be a transformation from particles,
to holes in the condensate, although the analogy with holes in the fermi
sea should be treated with caution.

In order to proceed, we shall first prove that normal ordered
products may still be ignored when the transformation (5.32) is
employed . Our starting point is again equation (5.2) and we shall
follow closely the analysis of section (5.2).

T
The normal ordered product of two operators /8 and ‘/f is

given by
A + +
N = £'p .
[/e/g ] /g (5.33)
Thus, writing
/G:Lc’)ﬁt.e) = T[ ﬁce’)/@te)] ‘R’[/gcc’)/gté-)]
yields
/glt,)/g‘r('“ = =68 = 14,(c-€") cay.
Y J (5.34)
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Applying the transformation (5.32) to equation (5.2) yields

) A
-'6—,,0(6-6') = {&ITL /g+ce) ABeey S 118D

S~

(5.35)

The analysis of section (5.2) which led to equation (5.3) now yields

() A
iGote-€) = iloce-e'y +Im {Burl TL Beery STIEL)
S~

f(f‘ J;u' _ue'jolx X, cx,-{g,') ;ﬂo (6-¢€)

+
x <{Ll T[ ¥ ex e Buce) WH o) A C{.;"‘)]lf;>'

(5.36)

Notice the difference between the second terms on the r.h.s. of equations
(5.3) and (5.36). This is due to the re-definition of a normal ordered
product given in equation (5.33). An analysis similar to that given in
Appendix C readily shows that the second term on the r.h.s. of equation

(5.36) may be written

S"“)/t {Fowl Bueen VEL)

and hence, equation (5.36) becomes

(]

'6’ (6-¢) = l.do (e -€) +( Sﬂ“)/z<ﬂﬂ/o(j(ét)'ﬁ>
(M J‘# e J'cix X, cx.-)_c_.') ;loce’El)

+ +
x <ﬁ,l T[ \VH ¢X,\€) D(u ') %og',é.) %u'(,,é.)] [ ﬁ-> .

(5.37)
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The analysis which led from equation (5.3) to equation (5.11), when

applied to equation (5.37) yields

A
Swr\ (T | L TTED s 0

Sn (5.38)

Since we are working in the limit N =? % equations (5.38) holds equally

well for an N =1 particle system i.e.,

/2
Sw -0
=) A

' (5.39)

Again we find that normal ordered terms may be ignored, and comparison

of equations (5.11) and (5.39) yields

A, =o .
(5.40)

These equations are also consistent with the result obtained within the

Hugenholtz and Pines formalism in section (3.3), that

SN-‘
- Z O

Note that equation (5.40), which is simply

<§Z:;l 0(+12zt..) =0

(5.41)

supports the result of section (5.3) that there will be no condensate in
an interacting bose gas. This follows from the work of Beliaev [jﬁ]

where it is argued that when the number of particles in the K =0 mode
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is a finite fraction of N , we should find that

a NV FED = g 1 E>

Since this is certainly not the case according to equation (5.41), we
conclude that there is no condensate.

In order to generate the perturbation series, we introduce the
transformation (5.32) and employ the techniques of section (5.4). A

thin solid line running from y to x is now to be interpreted as

/ +/.

. -~
] ch, Yy) = WUU ‘/JL‘:\) t+ 'io (tx -&,)

/
= 190w + 0L oty

(5.42)
/ i
where 14 and 4 are K #O field operators.
The fourier transform of equation (5.42) is
ﬂcn) s 5;,0 & ) - S},o
oW T IR el (5.43)

and we now see that a thin solid line may run both forwards and backwards
in time., Since normal ordered terms are to be ignored, the graphical
analysis of section (5.4) applies equally well to the present section.
In particular, Figure 10 remains correct for bosons whilst Figure 11 no
longer applies.

Evidently, the convergence in the boson series is extremely slow,
because each individual contribution to Z_ is of order '/V » while

the sum (equation 5.26) must be of order unity. The former observation

follows , because a thin solid line running backwards in time, or at
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equal times, is of order 9@ and every contribution to ,zi contains
at least one such line. However, the topology of the bare perturbation
series is identical with that of the corresponding fermion series, as a
result each thin solid line may be clothed’ in the manner described in
chapter 1. In this way we obtain a renormalized version of the self-
energy Ei in which each term is of order unity, because now, only
thick solid lines appear in a given contribution to ;E: .

The final result is the well-known Dyson equation

Gce) = [‘*’"‘*’L‘ “ZC'f,uJJ]

(5.44)

and the analysis of chapter 1 and Appendix A may be invoked to express
the self-energy appearing in equation (5.44) in terms of self-consistently
determined effective interactions.

Before leaving the present section and going on to consider the
application of perturbation theory to a bose system which exhibits long
range order, it should be noted that the present theory applies to a
real interacting system of bosons only. That this is so follows from the
implicit assumption that /AL #o » which was employed to eliminate
normal ordered terms from the theory. For this reason, equation (5.44)
will not yield the Green's function of a finite density non-interacting

system of bosons in the limit > > ©

Application to liquid Q.HQ

We shall consider in the present section the perturbation theory of
an interacting system of bosons at T = ©K , exhibiting long range order
characterized by the existence of anomalous propagators. These propagators

are assumed to play the role of an order parameter and therefore vanish
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above the transition temperature. wWe will not consider the question of
what physically constitutes the order parameter (although in the absence
of a condensate, the pairing of bosons seems to be a likely candidate),
but merely assume that the anomalous propagators may be represented.
topologically by the notation of equation A3.
The diagrammatic manipulations found in Appendix A and elsewhere
[9] now apply automatically to the boson problem. In particular,

equations (A10) and (All) yield

C’Uc) = Q-l-K) - Zu =)
( 31‘0 "iu C'C))(S -L-'K) -2..c-n9‘2., (K)Zz.cm)

(5.45)

Instead of entering into detailed numerical calculations, we
shall demonstrate that the simplest of approximations on equation (5.45)
yields some agreement with experiment. For convenience, we shall switch

to the Heisenberg picture of the Hamiltonian
A
K = H = pN

This is readily achieved by writing

-
cE,wp B W g 44

in equation (5.45) and allows us to measure energies relative to /LL .
Assuming as in chapter 5 that (for small l$ and w at least) the

self energies are frequency independent, equation (5.45) yields

GLK) = w +w5’/“/‘k t Z.

w? - EYw

(5.46)
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Hhere + _zql, (5.47)
Ew = [W; + 2w (2. -p4) H(Z-p) + 20 >

Now, the particle density in the state K is

2 lm fwy
Ne = @ Z.>0*JJ“’ e G‘c‘f,«a)

Coupling this with equation (5.46) followed by an elementary integration

yields

Ne = whe ta — 3 - I
ZECJ_(_.) (5.48)

In the case of superfluid liquid #ﬁQl sy the excitation spectrum
is known to be linear in the long wavelength limit [1%3] which implies

via equation (5.47) that for small K

Moo= Zn T Ze

(5.49)

In the present context, the relation (5.49) is semi-empirical, unlike the
Hugenholtz and Pines relation of chapter 3 which is exact with their
(zero density) formalism. Equations (5.48) and (5.49) show that N
is proportional to 9& in the limit K =>0© and hence we expect a
plot of Kzn,_‘ - K for 4'#3 to pass through the origin.
This is in agreement with the neutron scattering data [22,23,35] "
Further progress cannot be made without an explicit evaluation of
the self-energies. However, since the aim of the present thesis has been
to provide a rigorous, general framework in terms of which the problem
may be clearly formulated, we shall terminate the discussion at this
point and leave the question of the detailed structure of the self-

energies to form the subject of a future investigation.
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CONCLUSION

The aim of perturbation theory is to express a real but insoluble
problem in terms of a hypothetical but soluble one. In conventional
perturbation theory this is emphasized by the fact that only bare
interaction (i.e. “‘i‘) 9) ) and propagator (i.e. 9¢x,y) ) lines,
corresponding to the hypothetical system, appear in the diagrammatic
perturbation series, and any practical calculation consists of summing
an infinite subset of these diagrams.

It is well-known that the theory may be improved by replacing bare
propagator lines by the exact propagator ( C;ﬂ?x,q) ) of the interacting
system. In this way, the original expansion of the self-energy in powers
of 9 and (L , 1s replaced by an expansion in powers of G— and (,( 5
and the retention of only first order (i.e. Hartree-Fock) diagrams, yields
agreement with experiment in a wide range of situations. The renormal-
ization is incomplete however, and in some situations it is still
necessary to perform the summation of an infinite subset of the above
diagrams.

We have shown in the present thesis how the fenormalization may be
completed, by expanding the self-energy in powers of C;- and an
effective interaction f7 . The result is not a perturbation theory
in the true sense, because the real problem is now expressed in terms of
itself rather than a hypothetical problem. However, a given practical
calculation is now reduced to that of solving a self-consistent set of
equations containing a finite number of terms and evidently the summation
of an infinite subset of diagrams is no longer required. This is a highly
desirable feature as far as numerical calculations are concerned, since
the former problem lends itself to solution by computer, while the latter
does not. Furthermore the formalism itself is directly amenable to the

construction of effective interactions between particles, a topic of
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great interest in nuclear physics and theories based on the concept of
a pseudopotential = such theories have not been considered here since
they would take us too far afield from our main theme.

In order to obtain the above result we developed an entirely new
approach to fermion perturbation theory in which the power of diagrammatic
analysis is emphasized by the fact that without the use of diagrams, the
self consistent manipulations involved in the formalism would not have
been possible. The power of the present approach rests on the concept of
employing Wick's theorem in a controlled manner, and then reverting to
the Heisenberg picture. This new technique allows us to avoid from the
outset the introduction of disconnected diagrams into the theory
(c{. section (5.4» o Purthermore it eliminates normal ordered products
from the theory of bosons. The latter feature is extremely important,
since it is the presence of normal ordered products, together with the
associated depletion effect, which prevents an exact formulation of the
boson problem.

Until now, there has been no microscopic theory of a many boson
system in its ground state, which has not invoked ab initio approximations
in order to overcome the problem of the depletion effect. Two of these
approximations, namely those of ignoring diagrams of relative order K/
and replacing the K=o operators by € - numbers, have been shown to
be strictly only applicable to a zero density gas. An infinite hierarchy
of self consistent solutions to the problem of an interacting bose gas
have been proposed; the simplest of these 'predicting' a new branch in
the excitation spectrum which is linear for small K . Clearly, any
number of such branches is possible within the proposed hierarchy of
solutions, which emphasizes that linearity in the energy spectrum is to

be regarded more as a measure of the self consistency of the theory than
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as a measure of the validity of assumptions concerning the E = mode.
Indeed, even the possibility of a band structure in the excitation spectrum
for small '_( is indicated by the above solutions. The range of
applicability of these results is not known however and in chapter 5, we
turned our attention to a more rigorous solution of the problem.

The theory which is provided in chapter 5 is an exact analytic
solution of the problem of an interacting bose gas at TzoK . It
makes no approximations or assumptions, apart from the unavoidable one
concerning the convergence of the perturbation expansion. In relation to
this point, we note that in the absence of a canonical transformation,
section (5.5) indicates a lack of convergence of the perturbation series.
The effect of the introduction of the transformation (5.32) is to provide
a 'bare' perturbation series in which each term is individually of
order !/v . Obviously, terms of order Y\ "4 cannot be ignored
in such a series,whose sum is of order unity. However, the summation
techniques of chapter 1 and Appendix A may be employed and the final
result is identical with that of fermion perturbation theory. Hence we
may reasonably assume that the resulting series does indeed converge.

At first sight it may seem strange that a canonical transformation
can introduce convergence to a previously non-convergent perturbation
series. However, such a transformation merely provides an alternative
expansion of the Green's function G('zx, Yy) .« In relation to this
point we note that an analogous situation is to be found in the following .

]
two series, both of which sum self-consistently to yield /3 .

'/3 S (Hz)" = =2 #h ~B 4 meesw

'/3 = ,/7_(l+'/z)~': '/Z[l' '/2, +'/ll- —'/g il ]
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An important feature of the present work is its relevance to the
question of the existence of a condensate in an interacting bose gas

at T=0OK « We have shown on quite general grounds that

(6.1)

which indicates that the addition of a particle to the K =o mode
of the interacting system in its ground state, produces an excited state
of the system. Since it has been argued [3] that the addition of a
particle to the K = O mode of a condensed system will not excite the
system, equation (6.1) indicates that an interacting system of bosons
at T = OK does not possess a condensate.

In section (5.7), we considered the perturbation theory of a system
of bosons exhibiting long range order characterized by the existence of
anomalous propagators. The assumption that the self-energies were
continuous functions of K for small K , again led to the conclusion
that an interacting bose gas will not possess a condensate. This
immediately poses the question of what physically constitutes the order
parameter in liquid "'HQ, « Unfortunately, perturbation theory does not
provide the answer to this question, but it is interesting to note that
(as shown in section (5.7)) the very assumption that an order parameter
exists in the absence of Bose=Einstein condensation provides a
correlation between the linearity of the energy spectrum and the
& ncﬁy = K curve of superfluid ‘rﬂq, y for small K .

The excitation spectrum cannot be calculated without an explicit
evaluation of the self-energies and until such a calculation is

performed, it is not possible to determine which, if any of the self-
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consistent solutions proposed in chapter 4 are applicable to
superfluid *A&z « Although we have not concerned ourselves with
such numerical calculations in the present work, we note in conclusion
that the general results of Appendix A should prove to be a useful
point from which a self-consistent evaluation of the self-energies

may proceed.
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APPENDIX A

PERTURBATION THEORY IN THE PRESENCE OF ANOMALOUS PROPAGATORS

A.1 Introduction

The adiabatic switching on of the interaction is most conveniently

achieved by writing the Hamiltonian in the form

H = ,710 + 3”( (A1)

-£1¢€]
where 3 - &“A e (a2)

E->0

The basic hypothesis of the perturbation theory discussed in
Chapter 1 is the continuity of all physical guantities as functions of
the coupling constant 9 in the interval 0 9 £ | .

An equivalent hypothesis [13] consists of assuming the continuity
of all quantities as functions of the density N , (if n is small,
it is physically evident that 9§ is small). Such a hypothesis
obviously eliminates any possibility of a phase change. The most
convenient way of avoiding this problem and generating the ground state
of an interacting system which is known a priori to have undergone a
transition, is to introduce a small symmetry breaking term X into the
free part of the Hamiltonian, M, and to take the limit o =>©
after the adiabatic switching on procedure has been carried out [9] .

The perturbation series thus generated contains an infinite number
of terms of order ®& , which must be summed self-consistently before
the 1limit o => © is taken. In this limit, equations (1.29) and

(1.30) are still valid, but the appearance of 'anomalous' propagators
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in the perturbation series means that our treatment of the two and three
particle Green's functions appearing in these equations requires some
modification,

The anomalous propagators, which we shall call C;Wz and é;zo

and denote by

Giecwy = G, cxy =

(a3)

have various definitions, depending on the particular system under
consideration [9] . However, since almost all of our manipulations

are of a diagrammatic nature, the final results apply to any system whose
anomalous propagators can be written in the diagrammatic form of equation
(AS), whatever their definition. An example, which is useful to bear

in mind throughout this appendix is

VG 6,9 {F| [ o 0 %cw]/?}
Cunsy = KFITL Voo i TIF)

)

(A4)

Equations (A4) are useful, because they describe a superconducting
system of spin-less fermions [19] or alternatively a superfluid system
of spin-less bosons within the BHP formalism. The arguments leading to

equations (1.29) and (1.30) yield, in the limit &=>0 ,

1/ (44)
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SR

and we now proceed to solve equations (1.29), (A4) and (A5) self-

and

consistently to first order in the effective interaction.

The two particle Green's functions

In the presence of anomalous propagators, an examination of the
perturbation series L3,4,9] reveals that equation (1.32) must be
generalized as follows:

i) In addition to the first two terms on the r.h.s. of equation (1.32),

{
| )
< 2’

ii) The only restriction on the interference term (i.e. the last term

we must include the term

on the r.h.s. of equation (1.32) is that lines must enter (leave) the

points 1 and 2 ( 1" and 2° ). Hence, propagators of the type

/t and I zl\ and may be attached to

! /
and 2 ) and the generalization of the last

the points 1 and 2 ( 1
term on the r.h.s. of equation (1.32) is the following sum of sixteen

diagrams.



w Al o=
| 2 1 I z v z z z z 2
X’L X+X+ X+XX+XX
ooy 7wt b S b AP TAY 2! Y ./ N
' 2 \ 2 \ z t 2 l L 3 ' 2 ) 2 ) 2
N O XA LA L LT ST A L N Y Y
(46)

The sum of terms (A6) may conveniently be represented by the single

diagram below, ‘ "

'l z’

provided we always bear in mind that the generalized propagator G’ =

represents either /*_‘_I or ++I « Fortunately

this presents no ambiguity in the present work, because we shall find
that at least one end of G is always attached to either an

1

external point (e.g. ' 2| y of (A6)) or a bare interaction

> ) J
line (represented by wAMWwv ) and the following rule determines which
of the above two possibilities are to be chosen. 'A line G entering

(leaving)either an external point or a vertex of the bare interaction is

to be int ted a o!
o be interprete s /'\.*_I /}"_I

With this notation, the generalization of equation (1.32) takes the

form
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1
+
+
_'_

A
4

N

(
to2 r A z 2 ) 2 (A7)

()

In order to obtain Dyson's equation for C} s We require an expression
for the averages of four Heisenberg operators appearing on the r.h.s.

of equations (A4) and (A5). The arguments which led to equation (A7)

readily yield
( 2 3

tE_ I+ I b
"f 1‘ (A8)
-1 I A
(49)

(
Dyson's equation and the self-energies

and

A
1

pA

-
-

3 v/

Before proceeding to introduce effective interactions into the theory,
it is convenient at this point to obtain Dyson's equation for the single
particle Green's function C;(” . Substituting equations (A7), (A8)
and (A9) into equations (1.29), (A4) and (A5) respectively, yields in

the limit o > ©

(A10)

Ol B S e
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|

4+

(A12)

which agrees with Mattuck and Johansson, [9] . The self-energies are

given by

T

s.ro-ra-Pe]

T T

~ A (413)
¢\
226~ [3+
12
v v v (414)

d

| J/‘J
A (415)

and it should be noted that the last term on the rlght hand sides of
these equations are not identical, as will become clear later, when we
introduce the effective interactions.

Equations (A10) to (A15) are exact. However, although equations
(A10) to (A12) are to be found in the literature [3,4, 9 ] , equations
(A13) to (A15) from an entirely new and compact expression for the self-
energies and we shall proceed by evaluating these terms in a self-consistent

manner.

A4 A self-consistent expression for the interference term

In order to reduce the number of diagrams, it is convenient to
proceed as far as possible without introducing any effective interactions.

In this section therefore we shall self-consistently obtain an expression
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for the interference term and defer the introduction of

the effective interaction to the next section.

Following the method detailed in chapter 1, we begin by writing down
an expression for the three particle Green's function appearing in
equation (1.30). In chapter 1 we found that terms first order in the
effective interaction were sufficient to cover most situations of interest
and as a result in this appendix, we shall restrict our evaluation of the
self-energies to this approximation.

Within this approximation, the three particle Green's function takes
the form of Figure (Al). Substitution of Figure (Al) into equation
(1.30) yields equation (Al6) of Figure (A2).

From equations (A10) to (A15), it follows that the first three terms
on the r.h.s. of equations (Al6) are simply the first three terms on the
r.h.s. of (A7). Similarly, the sum of diagrams (a), (b) and (c) of

Figure A2 is given by

2 t 2 \ 2 ! z
z( “ z( |l z( ‘( z(
2 \ 2 |
(]
2! i’ z" !

to first order in the effective interaction. Hence, a comparison of
Figure A2 and equation (A7) yields equation (Al7) of Figure (A3). We are

now in a position to introduce the effective interaction, a task which

is accomplished in the next section.,
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The effective interactions and their self-consistent evaluation

Before attempting to write x in terms of a two body

effective interaction, it is useful to consider the reasons which enabled
us to write x in terms of a single interaction r in

the situation where anomalous propagators did not exist. This term may

be written
h__8
where contains N bare interaction lines and 2 (7~ ')
A’ B
propagator lines [/*] « We shall give the external points A and B
( A" ana 8 ) the name exit (entra.nce) points,
A__B

A given contribution to O may be arranged to have two
/

: A B
parallel solid lines ["\] running vertically from one of the

entrance points to one of the exit points. In general, to every contrib-

!
ution to O with solid lines running from A & A and
a8
B' te B s there is an identical contribution with solids lines
AR 8
]
running from AR ¢t B and B' ko A . Hence
a8

may be written

A B A B

AR B
O, = | [
i
' ] ( I
B A B B’ A n_s
where only one of the two identical contributions to ! now
A8
contributes to r' « Thus, it is permissible to write

(A15)

) v 3 | j ! 2
'l Z’ ) Zl 5t .1
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V2
where in for example, there is a thick solid line

2! ’
running vertically from 2 to 2 and a corresponding line running from
ll to 1. Since the r.h.s. and l.h.s. of such a term contains one exit
and one entrance point only, we may write

vo2 ) 2

jil‘i~ = jELQQQQﬁéIZ

o2 I 2!
because the points at which the externi} lines are to be connected are
uniquely given by the rule 'Connect ,* to the exit point which is
connected by a vertical solid line in r to the entry point of the
line 17 '+ The only situation which this rule does not cover is that
where anlexit and entrance point occur at the same vertex, as in the

following diagram.

T

1\

/
In this case, 2 and 2 simply connect to the same vertex.
We now return to the situation in which anomalous propagators exist
and temporarily adopt the notation

With this notation, >< may be written in the form of Figure (A4),

which defines the 'interactions' « AT, &, & . This may be
written in the more suggestive form of Figure (A5) where the possibility
of vertical parallel lines connecting the external points is self

evident.
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Consider the particular interaction <::> which has two
/

#’ B
entrance and two exit points. To every contribution in which a vertical
/ /
string of solid lines connects A to A and another string connects B to B,

4 /7
there corresponds another diagram in which A is connected to B and B to A.

For example, to diagram (a) below, there corresponds diagram (b).

A i3 A B

nl L&) B/ Bl (‘,) ﬁl

In the present case however, unlike the situation where anomalous
propagators are absent‘this does not exhaust every type of diagram. All
such remaining diagrams are identified by the fact that they contain a
string of solid lines joining A to B and A' to B'. Two examples of this

type of diagram are

| 2 ! 2
,I 2( z/ ’(
\ 2 | 2
% % -
(A19)
,( 2( ' 4 z (4

Hence (::) is given by

Il
X
.+_
x
4_
2

(A20)
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Note that we have chosen not to permute the labels 1 and 2 in the last
term on the r.h.s. of equation (A20), since as will become evident later,
this allows the interactions to be written in a more compact form. One
aspect of such a procedure is to give rise to a double counting of certain
diagrams in « This turns out to be of no consequence however,

since it is taken account of in a self-consistent manner in the course of

the calculation. 1 T
The entrance and exit points are uniquely defined in . As
T4

a result of this,just as in the case where anomalous propagators do not

exist, we can write this term in the more 'compressed' notation.

A
! 0 i
o« = ooocHoooo
r 1 0 T
This situation does not occur for |9(—_z_| » but since
| 2 \ T
Lo | A
| =[x
‘}. A . N
ot v
we may write O, in the form
<A
(N
oy | =
+ 1 AN

Hence, equation (A20) becomes
I 2 ‘ 2 \ 2 1! \
‘l 2 { ‘( of 11 .l 2 / 2

The arguments which led to equation (A21) are readily applied to

(A21)

A_8 a_8 4_8
each of the terms ’ @ ’ @ » and
Il a g’ A 8’
n_8
@ and since any one of the external points (e.g. A) may

q &
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'connect' to any one of the other three external points (i.e. B A" ¥ ),
we obtain three contributions to each of the above entities when they

are written in terms of effective two body interactions. The final result

is

iy T LT | EN 2
® = ’L:’ib}oog‘i + ﬁM' + ;40}”1'2
(A22)
.
() = npbesin jlpeein (bt
(a23)
A 8 ,
©) = e S
AR NS
(424)
_ J N vy '
(&) = padeiis oMl o enry
g (425)

Fquations (A21) to (A25) define six effective two body interactions

0(.)0(2)/3)8){}5 , denoted by ooo#coo " 06»06 "
00+>Poo ’ cxs+'_<voo i ao@oo ’ ow)aé’oo , respectively

and we see that there are fourty eight contributions to >< from

these interactions.

In order to decrease the number of diagrams, it is convenient to
denote the set of interactions & X, , B, ¥, 5, & by the

symbol [ = Qeoe0a009 . We may then write symbolically,
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I ;3 \ * t T | !
% HeHH
U L N 5 ¥ 2! ! 2 2

With this notation, equation (A17) takes the form of equation (A27) of

(a26)

Figure (A6). Identifying terms on the r.h.s. then yields equations (A28)
and (A29) of Figure (A7).

In order to proceed, the 1l.h.s. of equations (A28) and (A29) must be
written in terms of the interactions &, P X, )/8 etc. and the external

legs (/H) must be written in terms of the propagators ,} I
)

and I . For convenience, we shall revert to the notation,

— —
oy -
—

and simply bear in mind that the line entering the point 1 really is a
thin solid line representing a factor 73 « With this notation, the

l.hes. of equation (A28) becomes

2 \ 2 t 2 .t 2 \ S \ 2 | T \ 2 J
A 4
+ + + +M+£«w + peotpoe| +
/r IF i .,
ll ! 2! 2 o 2f Y v 3! (¢ 2! )¢ (A30)

while the r.h.s. is given in Figure (A8). Comparison of (A30) with
Figure (A8) yields the following self-consistent equations for the effective

interactions.
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Notice for example the discrepancy between equation(A32) and
equations (A33) and (A34). This discrepancy occurs because we are
working to a finite (i.e. first) order in the effective interaction.

To see this more clearly, consider the simplest contribution to

0 G .
, given by
v 1
/r

/r

N

which is third order in the bare interaction. Such a term would have to
be second order in the effective interaction in order to contribute to

equation (A33) and would have the form
1\
T

1-
2

Thus, equations (432), (A33) and (A34) are equally valid representations
of qa*)ux . However, since equation (A32) contains more
information, it presents itself as the most natural choice of the three.
The calculation of the interactions is completed by expressing the
Propagator 4* and the generalized interaction ageos
appearing in equations (A31) to (A38) in terms of the propagators

;‘« I I and the interactions , Xy, A, ¥y&, £ . The
resultais gi;en in Figure A9 and we remark that the same result follows
from equation (A29). Substitution of the equations in Figure A9 into
equations (A13) and (Al4) yields the equations in Figure (Al10) for the
self energies ;E" and 2242_ . Obviously, Zfz. is obtained
from ,Zf,l by reversing the arrows. This completes our self=- '
consistent renormalization of the perturbation series in the presence

of anomalous propagators.
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Comments on the self-consistent renormalization procedure

The diagrammatic tour de force presented in this appendix
demonstrates the enormous power of diagrammatic perturbation theory.
Within this formalism, it has been possible to define certain classes
of diagrams according to their topological structure and to identify these
terms in any given equation. Such a procedure would be impossible without
the use of diagrams.

The method described of self-consistently defining and then identifying
the various terms appearing in the perturbation expansion has enabled the
self energies to be summed to first order in the effective interactions;
the latter themselves being determined to first order. A given practical
calculation is thus reduced to that of self-consistently evaluating a
subset of the diagrams contained in eguations (A39) to (445), selected on

the basis of physical arguments.
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In this appendix, we wish to briefly raise some points with regard
to the question of the general validity of the arguments of Beliaev [3]

based on the neglect of terms of relative order '/v « To this end

{
Ve
we focus attention on the quantity e y defined by Beliaev to
be
vo'
v o
e = C [ e ]
(B1)
v
where @ and C are given by equations (3.8) and (3.9) respectively.

!
As noted by Beliaev, O~ is independent of the volume, V and it is
! i
also known [30,31] that the phase of ¢ diverges like L& /Z

7-0

Introducing a quantity L, defined by
o) '
Vo _ vL
NL[eT] = e

we see that L is independent of the volume, but has a divergent phase.
The relevance of this is that in the work of Beliaev [3] we come
across terms of the form
+ K (IR K
2 b, ()" e (X)
% (B2)
K
in which we wish to transfer the operator ( O() to the left of the
vk

operator e « In order to carry out this procedure, Beliaev
states that the following commutation relation holds for any function
y(» ),

X Yew) = (Y t+%2¥)x

(33)

where Yy = (o<+ o()
The fact that this relation is only correct to order Vv is not
evident in the work of Beliaev and we shall now demonstrate that the

use of this relation is not justified in his proof.



Starting from the relation
X < » - 'A/) = » X

it readily follows that

()™ Y(»- %) =4y (x)"

Since |  is a function of Y , we have
K VLY~ %¥A) VL) K
()" e = e () (4)

A Taylor expansion of the term | (¥ -Kv) yields

K ok !
L(v-ks) = L % o9 T Lk soy
This serves to define Ll which is seen to consist of an infinite

[
number of terms of progressively increasing powers of /v » the

Z
)
leading term going as (/v) . Hence we can re-write equation (B4) as

" - K L (VAR

(X)) e & e = e’ ()"

(35)
Employing equation (B3) leads Beliaev to write
-k Qb (N AR K
K —
(x) e * e = e (x) (56)

The arguments of Beliaev rest on the validity of this equation. However,

the correct form of equation (B6) is equation (B5) which may be written

«
@()KL )+ vl o+ %’—-’:,)7+--.~ ] ET.‘;?:QVL = QVL(D()K
(37)
It is tempting to replace the term in the parentheses on the l.h.s.
of equation (B7) by unity, because the largest contribution to

!
is of order /v « However, as pointed out by Hugenholtz and Pines [4]



- 55 =

and indeed, by Beliaev himself, it is not permissible to neglect a
string of terms which are each of order %V when their sum is
multiplied by a term which is exponentially large in powers of (V4
Thus, equation (B6) cannot be rigorously justified. Yet another point

1
which should be noted is that L itself diverges like L€ 92

70
and this casts further doubt on the general validity of equation (B6).

One final point regarding the validity of ignoring terms of
)
relative order /b , concerns the fact that in the first step of
Beliaev's proof of a 'disentangling theorem' he, in effect, ignores a

series of terms corresponding to

/
Le G ox | rm)
'ﬂ\)O
/
where (- <u,w) is given in equation (3.6) of the text. The self=-
consistency condition expressed in equation (3.22) when coupled with the

{
result of equation (3.24) shows that ":é G c¥,M/8) diverges like

-0
[
:ﬁfo /1l . Hence, although the individual terms in this series
are all of order I/\/ their sum cannot be ignored.

It is because of reasons of this nature that we do not regard the
disentangling theorem of Beliaev [.3 ] to be a mathematically exact
result correct to order VV e« The importance of the theorem lies

in the fact that it is used to prove that
¢) S
V&, (e-e') = Feeyr Foee')

This result, coupled with the fact that we know on general grounds that
0)
'Oy (e-¢) is a function of (é’-el) , leads to the conclusion that

-;/-l/t (.é~6()
;&o (e -¢') = no .
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We emphasise that we do not regard this as a mathematically exact
'
equation, correct to order v » however, as described in the body

of the text, it is a self-consistent solution to the problem.
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APPENDIX C

The equation [11]

145> WUe oty | £

(Z1 5.[: > (Bul Uecotas | £3) (c1)

where

€
. = A
uf. (éjeo) - T[e—'xpf ‘; #le’ H.(E.i?]
60

allows us to write

Fal KueerEy  _ Gl abeen S T1ELD

CEU BN FD (ol lhcorer 1 B3 KBueil Ueo,-m | Z-y (C2)

and

(Fl 7 _ A
CEBNBMENFRS LBl ol BXKEo] oo, | 82D (c3)

It is important to remember that the numerators and denominators on
the l.h.s. of equation (C2) and (C3) separately exist, while those on
the r.h.s. do not. Similarly as defined in equation (Cl) the entity

| :?-»} need not be normalized. From equations (C2) and (C3) we

readily obtain

+ A ~_ —~
BITLROSTIBLY — ALF I XEwn 150D
S

(c4)
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1 %D
(< Fl B20)""

AV
1

Vg
I

<EL | = { ¥l
(LEa 1 FD)"

and

y
A= LB15) <¥:-.:{:-.>>‘@-.nuw,-w%-‘)
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However, it follows from equation (C3) and the related equation for

that
Seet _ BB* % po*
Sa
<ﬁ)§->
where, e.g. B* = complex conjugate of B ) =
( ) <Foal Fun)
1 X
D = ID) &
% » -1 206
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This means that we can rewrite equation (C4) in the form

CE I oensTig,.y - i(&«;)/l@“e“‘)(ﬁtxla)lff-.>

Sn 6
S —~ (c6)

In this equation we have replaced the expression lﬁ ~.> , for
example, by | 'f’:--) since in the body of the text it is implicitly
assumed that Iffu--> is normalized. The expression in equation (C6)
is employed in the body of the script apart from the phase factor

which does not influence the arguments.
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APPENDIX D

In order to demonstrate the possible lack of convergence of the

perturbation series appearing in chapter 2, we focus attention on

Figure 8 and equation (3.11).

involving
&
)
;G'O (e-€¢) =
/N
e(

LM
Note that m pairs of dotted lines represents a factor Q) 6;

+ N S
S~

+<n

equation (D1) and to order

the r.h.s. of this equation.

An examination of the possible contractions

Sn-'

—

S~

./\/

k3

N

G
f

39

/

+
GK' ¢¢')) readily shows that Figure 8 may be written

(w)
> in

y we may omit the first term on

Focussing attention on the possible contractions involving the dotted

lines shown explicitly in equation (D1) readily shows that this equation

may be written
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Repeating this iterative procedure to infinity yields
o € € N

Q) ié X
1y ety = nSax| | @5 + Q) + Xy ) F Zee,ed
N 1\ éj?
N e\ e\ /
where

Yo =@ = QO + 1 4 +om (03)

and

(D5)

" e ne, of Catms,

+Or0O-

(0
v
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The assumed convergence in chapter 2 led us to neglect the terms
X and é;. . However, we shall now demonstrate that this step may
not be justified. Consider the second term on the r.h.s. of equation
(DB)- This term contains two self energies(o) s but these self energies
are not mathematical entities in their own right, because we have not
Yet employed a suitable decoupling approximation. IFor convenience, we
shall assume the validity of equation (3.5) and apply it to equations
(D2) to (D5).

Since the self energies are now decoupled, we may sum the r.h.s. of
equation (D3) to yield

+
CrZ&)

NITS I ) - O, 9ck)

Hence, the term in the square parentheses of equation (D2) takes the form

- 3 2_
*
3(.0) G-\CO)

X
| = V<o) I

-

n%f‘+

b

which vanishes. This is the result obtained in chapter 2. Note that
(3

the term $
%

which appears in equation (D2) is, outside of any decoupling approximation,
¢

a function of € - & , while the assumed validity of equation (3.5)

renders this term independent of time. Turning our attention to the

terms o¢C and } and bearing in mind the self consistency
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condition equation (3.22) reveals ( Sor M ;!-0) ,

2 e
X ce> = nl’)°§_'."._‘.' e '
S~
and
My (e~€°)
5(,(_"'6’) = '/]o &

which demonstrates a lack of convergence within the approximation of

equation (3.5)

We have not demonstrated a general lack of convergence in the

above perturbation series since the above result relies upon the use
of equation (3.5), the validity of which is suspect. However, this
appendix together with chapter 2 provide a note of caution which must

be borne in mind when dealing with 'bare' perturbation series of the

Brandow type [1 ] .
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APPENDIX E

The Hugenholtz and Pines relation

We shall now demonstrate that the relation (3.24) follows straight
forwardly from the manner in which 7'4: f,, and 2. 2 are
constructed.

Within the approximation of equation (3.5), we may write

Sw = KEINTL ¥ J18.)>

where o is the sum of all connected vacuum loops and is a
functional of X and 0<+ . Let O  have the same
topology as c , the difference being m pairs of dotted lines

in s represent a factor G)M G'cLM) (given by equation (3.5)).
Let a-‘M be the sum of all contribution to O~ containing m pairs of

dotted lines. Then
= = 2 Tw
nA
.* s
The self energy G ce, A/ ) is obtained by first removing a single
arbitrarily chosen ingoing dotted line from &  and then removing
in all possible ways an outgoing dotted line. Hence,
X - Z m =
Pmeo, iy ) = Mo e
M
(E1)
2 W (o, /4/k) is obtained by removing an ingoing and outgoing

dotted line in all possible ways, so that

2 —
Z.. co, /4k) = g' % <
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Finally, ‘Zfl (o, Alk) is obtained by removing a pair of ingoing

dotted lines in all possible ways, to yield

(me) -
2o o, ppny = P
wA no

(E3)

Equations (E1), (E2) and (E3) combine to yield equation (3.24) of the

text and hence the Hugenholtz and Pines relation

Zu (o, Ht) = Swco, prmy = Al (E4)

Note that this derivation has been performed entirely within the

formalism of Beliaev, and is therefore unique
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