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Abstract 

In Part I, two-dimensional laminar film condensation i8 inv0::lt.i..:;atod 

on the basis of boundary layer theory. The case of flolV paot a semi-

infinite flat plate, which is aligned parallel to a uniform :nainstreatn 

with velocity ~~ C,,) -::. ut , is discussed by'mnans of a pcrturbat ton. 

analysis for both small and large rates of cooling at the surfaoe. 

Predictions, for this similar solution of the boundary layer equation3, 

art:! compared with exact numerical solutions in the caso,of steam-water

condeno,f.l.t.ton. ''l'he perturbation analysis iD thon extended, to non-n:.i.rniln.:r 

flows and results for steam-water condensation are compared with numerical 

solutions obtained using the IIartree:-Womersley method. The canoo 

are used for 

comparison. The numerical solutiotls are also stlldied to discuss separati.on 

in these condensation problems. 

Part 11 is devoted to the solidification of a cylindrical bar, 

initially at fusion temperature, when the outer surface tempe:r.atlire is 

lowered below fusion. The governing equations are solv8d num,erically 

to obtain accurate results for the solidification process and. in addition , 

a power seri(~s in the non-dimensional time is developed. Terrr.s· of this 

series are found both analytically and numerically. Interest surrounds 

the radius of oonvergence of such a series because of the similarity 

between the movements of the solidification front and the growth of the 

boundary layer for flow through a cylinder. 
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When a cold sut'lace at ternpe:r.at J H·~~ , T
W

' below 8atll'r ;1 1; .i, I)11 

tempe:r.atar.e , TS ' i s expos ed to vapour, eithe.t' saturA.t ed or GUpO,C ;/ I; 1. , 

liquid condensate forms on the :'>Ut' f.aoe. If the liquid WI') 1;:;3 t he nUl 8. .e 

it spreads ou t al1.d establishl:m a stable film; thin pC'oc(:ws i ~ 'c,)fo h) 

t o a s film c orldeusation. The vapour cOl1tinues to condens e a t t a 

liqu id-vapour inte:cface, the heat being transferred through t he: h ilI i.t'l. 

fi lm. In contrast the liquid may not wet the sll.rface arHl the 0 11 '1 (3 11.8 ' te 

forms into droplets which coalesce as t hey ace driven along the ;J l lI.' l .· ,9 . 

This is called dropwise condensation. 

The mechanism of dropwise condensation is not fully unde:c:3 too ) 

but it is veri' apparent t hat t he heat transfer rate is up to t W7.t ty 

times h igher than for film conJen;:;ation. It hatl been gena:r.::l.lJ.y S L £lDO.;C 

that heat goes throngh the bare surfaces t ha.t exle; t b9 bveet1 the dt'r")}) , : > 

but i f thi:3 is wha t occurs , the meill1S by which the condens ing V11l)O r 

reaches the existing drops or fo:cms into new drops is no t ce:rt; .i. • 

maons [~J has suggest ed a possible mechanism. Moleculu3 '!:'oll :;(,,,0 ' 

from the bare surface would have energies less t1:an. that of t Ih-.. "" L.U."C _ ~c 

vapour . and may lead to a l ,ayer of subcooled vapour next t o ~he 8U 

Emmons ,also suggest"ed rapid condensation sets up violent eddy curre t , 

that move the sQbcooled layer into drops. 

Umur and Griffith [2. J concluded that. cOl1denGate f ilms grt;);lte 'C 

than one-molecular thickness do not form on the 'bare ' sm:·f.'ace, an l ';, !; 
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conJ.er1:':1t ~~on actually take~J place on the ·drops . This Wi:J,.S als (') t':i8 vi ,,\'! 

of Tre fethen L3J 'Nho r ecognised that su:t.·.face tension effects c (m l 

cause ci.ccl.l.IA.t:ion withIn the dro:ps . 

The Jil,~ chi:l.nism is furth(-):c complica ~ 8d by the fact t ha t; ·expoc· ,mt.:ll 

evidence ex:i.sts to show that the effect of t he:crnal pr0.fle:r.~il ~ s of t ' 

0:1 Ll rfa ce ma t erial 8.L'(~ slgnificA.ut. Mikic [4] proved tha t the , non-

uniformity in Gll.rface tempe:cature, unde:r the conditioml o f dropv/i::e: 

conden~)at:i.on, call.nes differen t heat f1uxes fQ't:' dtfferent UlHte·ci l.ll. -:; . 

Altholl~'h dropwise coo.deQ;:1ation occurs initially on contaminat l3cl 

surfaces after a ce:rtain period of time the drops usually all joi 

t ogether to form a film. Conse'luently most condensing equ'i.l?me rl ~ .i. .=

designt~d on the assurnpti~n that the less efficient mode , t hat is f .L Lm 

condensat.Ll)n , will exist. Part I of thi's thesis is devoti ed t o film 

condensation. 

o 

Moreove.:: i n.tereot will be confined to lami na/.' f i.lm couaen:::::d; .i. n . 

To show t~is is reasonable note that there are two gene.ral clH.:,ses of 

problems. On bhe one nand t'1.e:r.e are natu;eal convect i on flows in whi ch 

the vapour 'is usllally at rest far from the body and movelll"nt o f the 

condensa te is due to gravitational effects. On the other han.d t' --_'r.'-: ) rl, 

forced cOlwection floV1S in which the rna.instream vl:l.pou:e v elocity rcln.t i,lf . 

to the wa.ll is non-ze:r:o and the condensate motion is due to the sweep: ng 

effect of the.vapour. In the former class it is the condensate phase 



wh.Lch lllay b8come turblllent, and i. 1; is r el ,;! vanl; t o not e t;ha~ Ho f reE: 

f all ing ft Lm has been obse:r.ved by McAdRms lS1 to chnn8"(~ to tu:r.bul e . ,; 

flolY a t 4 r / lA' = 1800, whu:ce 4r / lA- i s t he film nay olds ll lll b,: I~ 

based on t he condent:latLonrate. Turbull~nce in forcedfl oYf h Ol<70 vur 

wOtJ.ld occur. in the vapour phase, which admits solut i on by boun.d('n~y 

l ay er. theo·ey. As i s well known suction stabilizes the l amina:c bo l' Y 

l ay e:r., .and i3 i.nce t he condensing vapour Ci:1.us es an eff ect :Lv8 3uc t l Ol at 

the liquid-vapour interface, under certain conditions -Lt c(mpletely 

eliminates t he' possibility of transition to turbulent f"LOVI. AccOJ:'" r. L, 

. to Schlichting L G] the CO l.1di t ion of complete stab:Lli ty of the 1 8.111 Lna . 

boundary l ayer flow, subj ect to the no-slip condi.t lon, i s expr. ~ssed 'by 

W!>¥ 

u:; 
whoce 

~ ~ 

1tJ~ i s thC7 vapour inflow velocity at the inte:cface and lJ..a i s t " e 

free stream V;.i110ur velocity. The vapour sllction in most condens.'lG .Lon 

processes i s much greater t han t his valLl.e . 

I n a pape.r: concerning the flow of thin films, WU:'l.OLlt condet1s a c.i.on , 

on ve:C~ ical plateG KaPitsa. l7] has shown that for Reynolds numbe:c..3 

g'l'8ater than 33, waves begin to form on the .. surface · dlle t o sur.face tension 

effects. To date no-one has accounted for t his complication applied t:) 

condensaL on problems and in the work presented he:r.e it will aea.i.n be 

ignored; , not becallse the effect is insignific~nt but by way of ne cescity . 
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The l as t decade has , I'li tnessed growing interes t in l aTni.naL' f L lm 

cond -rl!1:..l.G .i.'lr \ . In the main this han c()nc errll~ d the o()nde nc:.l.ti on of iJ lD:'.) 

1TU,1'0 Ur.-::3 a t sl.ltu.cat.i.on t el11pc:r.a Gi.ree under the aSG I.l.lIlpt.Lon t hill; ~hc t' (·; ~~; _ 0 

interfacial r esis tance, that is ther e is no t empe:cature jump at t lw 

int e:eface between .the condensate and vapour. However the effects of 

vapour supt-;:r.heating, inte:z;facial r esistance and the presenoe of non-

condensables in the vapour have all been studied. Spa:ccuw a rtd Minkowycz 

[cS] ,and together with Saddyl.9J haye stl.l.died combinat .i.i)ns of t hese 

effects. The overall conclusion is that ' the effect of s uperheaGing is 

not iml)Ortan·t in a pure vapour, but the presence of even a small amount 

of ai:T.' i.n steam,fo:r.: eXample,leads to a significant deorease in t ht) h e :l !; 

transfer rat e . Even if both these effects had proved to be signif ican.t 

it would still be permissible to stipula'te the VapOllL' be.Lng both PUTl;: 

an.d satu~cated, however neglecting interfacial resistance is a silnplifying 

assumption cons eq,uent on taking such a model. Kinetic theory ind-L() .. "l.~ ('lS 

that a temperature jump eXists'; if it did not, no condensa tion c Ol.l._ d 

occur. 

The magnitude of the jump varies directly wi t:l the rate of 

. conden~H~tion, m; consequently the interfacial resistance is most s tro gly 

man.ifested lin the case of a pure vapour. A widely accepted re'presenta~ : , 'J 

of the temperatur.e jump for a pure saturated va~our is 

• 
-'*'1 - ' 

where TS is the saturation temperattll'e, Ti the interi'aci ' 1 tempe:rat ll 'ce <... . , 
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h' "* 14- ps 
-rs ~/l. 

• 

Here ' hf~ 
of the vapour , 

is the latent heat of condensation, R is the gas Co(", tant 

is the pressure in the free stream and ~ i s 

the oondensation ooefficient characterizing the fraction of the vapour 

lJloleoules whioh aotut;Llly condense. For the case of steam vmter 

condenle3a.tion is ;,.almost unity,and it has been oonoluded L'1] 

that interfaoial resist~Lce has a negligible effect on condensation for 

this fluid. 

The aim of the preceding part of the introduction has been to 

outline the nature and applicability of'the simplificat ,i.ons involv-.: d 

if we oonsider laminar film condensation of pure saturated vapours . 

The remainder of the introduction will be devoted to describing the 

previous work in this field and outlining the motivation for the present 

work. 

The first theoretioal , study of laminar film condensation VIa:, made 

by Nusselt [10] who considered the problem of vapour condensin~ ont o 

'a vertical flat plate. Nusselt looked for the steady state solutio 

in which the oondensation, under the influence ' of gravity, moved dowl 

the wall while newly condensed vapour maintained the inte:cface . in a 
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fixed posit ion. The dornina!1.t f eatu:ces of condensation p:r.obl ema al'e no 

a l ways obvious s o this solution i s r emarkable , not simpl y be cau,: !; NU:3 ~clt 

was a pioneer, but beca use he also r e cognised the ess en l;.i. '-I.l phys i')s of t e 

flow. The mode l ignored moment'wn and heat oonveotion effects and 

supposed t here was no interfa oial shear. The motion of the' oondensa t e 

was governed by a balance between vis cous shear, gravity and p~essll r.e 

.forces~ Nusselt a lso applied the sam(~ reasoning fo~ vapour cond~ns:i.ng 

onto a ciroula't' oylinder in a gravitational field. 

Since t hen the analysis has been modified to include the effects 

Nusselt neglect ed, and also the varia't i.on of oondensate propert ies . The 

most recent oontribution is by Poots and Miles [11] who solved the compl e t e 

system numerically. 

It is the intention in this thesis' only to investigate f l ows in the 

absence of a body force so the preceding work is not directly relevant to 

anything that folloVls. It has been mentioned be oause of the histO'l:, ',c" l 

import ance and because the simplioity and a ccuracy of N'usselt I S mode l m:.lk(~ 

it the outstanding contribution to the field. 

One problem which will be studiAd concerns the cQndensation of 

vapour, having oonstant mainstream velocity, onto a semi-infi nite flat 

plate. This has already reoeived the '; attention of Cess [121 and Koh 

[13] both of whom formulated the problem using boundary l ayer theo,r.y D 0 

solved the full equations numerioally while Cess negl ec ted inert i~ fo r ces 

and conveoted energy. The two sets of results were in genHt'al agree:ne ll; , 

indicating that Cess I assumptions are generally valid , except for 
, 

large Prandtl number s, but certai,nly so forsl:peam-water 
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condensat ion. Further snpport fo1' Ces :] , ide;ls is provided by t he o:cd "c 

of ma gl1i tude arguments applied to this p'coblem by Shekriladze and 

ThE) re-investigation will s tart 'Ni th the bafJic mod,')l 

assumed by Koh and Cess, except that here variable conde l1. ~l;).t e prope:rt i es 

will be includ''ld. The effect of these is known to be significal1t 

( see L \ \ 1 ), but the real motiv':l.t .i.O (l for solving the problem again 

only a~)pears when it is cons idered together with t he fo l lowi:lg pru'olel s . 

The cas e of condensation onto the cylinder in the absence of body 

f orces has b een touched on by Shekriladze and. Gomelauri [l~ J but t hey 

avold t he most interesti~g aspect, that is the effect · condensation ha:, ' 

on s eparation. Presumably the effective suotion at the interfa ce will 

delay sepa.cation so if the condensation rate is high enough separation 

might not occur. According to the analysis of Prandtl Li J , the suction 

r ate , CQ. ' sufficient to prevent separation should satisfy the following 

inequality: 

I/::z. 
C~.ReO ") 4· 33. 

The Russian auth ors assume CQ. is large enough for this to hold ani'!. only 

make obvious conclusions about the delaying effect. The cWt:'rent work 

will study t:1.8 case of steam cO'ndensing onto the . cylinder and will 

provide the first quantitative description of sepa:rat .Lon i n condensati.on 

problems. 

As further illustration of this phenomenon, condens.ation onto the 

plate will be investigated in the presence of a linearly reta.:rded 

mainsti-eam and also the Falkne;r.-Skan type mainstream. 
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It will transpire that t he numerical l abour i nv(;l ved i n ouch 

problems is c onsitlera1)le and some al)proximate models are highly 

des i rable. These will be bas ed on perturbation expan.sions , and in 

addition to providing data on the flow, they will prove ex t remely 

valuable in pinpointing the dominan.t features of a part ·i..cnlar p:t:'oblem. 

To illustrate t hat the essential physics some t imes does need 

highlighting, it is only necessary to compa·!'A Cess t mode l for the 

plate with tha t proposed by Sparrow and Gregg [I"] for conJ.ens at .Lon 

onto a rotar.ing di sk. In the formel: the effects of vapour drag wl~.ce 

includ8d but the inertia terms ignored, whils t .in the l a tt er t he exact 

opposite was assumed. Hudson tllJ recently investigated the diRk 

problem numericA.lly and approximately. The exact solution did not aece e 

with the results of Sparrow and Gregg, and the approx:tmabe models, 

analogous to those developed here , clearly showed the interfacial shear 

is not insignificant. 

The motivation then for the present work is two-fold. Firstly no 

Cluanti tative description of separation in condensati i)n problems i s 

knolm to .exist, and. to this end accurate numerical solutions of "the 

governing equations will be found. Secondly much of the wo:t''.<:. wh: ch has 

been presented embodies assumptions, which are often only intuitive , an 

:Lt; is the intention to develop uniforml y valid a.ppr ox:i.mar. .i..ons whicr e;ive 

a.ccurate data and give assistance in describing the es ent.La l phy:o,j.c)s . 
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Chapter 2 

Governing Equations of Laminar Film Condensation 

Throughout this part of the thesis attention will be confined 

to two dimensional laminar film condensation in which the vapour i s 

at the saturated vapour temperature, TS' and the co~densation proce ~ 

maintained be keeping a boundary at a temperature TW; TW< rrS _ In 

' addition only problems in which 'the flow is steady are to be studied 1I 

so the manner in which the wall temperature is lowered fo T\1 i s of no 

consequence. If t he condensate properties can be taken as known functio ns 

of temperature then such problems are completely described by knowing 

the pressure, velocity and temperature distributions throughout ,the two 
I 

phases together witlt- the location of the liquid-vapour interface '. 

For two-dimensional flows the equations from which these will be 

determined are two components of the momentum transport equation t ogether 

with the continuity equation in each phase, the thermal energy equation 

applied t o the condensate layer: and an energy balanc e associted vri th 

the liberat ion of l a tent heat at the interface. 

Let ~ = (u,v) denote the condensate velocity with component~ in 

the (x,y) , directions, where x measures the distance along the sUTfacc 

and y measures the distance normal to it. Let T denote the temperature 

of the condensate such that TW ~ , T ~ TS,and denote the liquid-vapour 

interface by 

,j:=' S (~). (2.1 ) 

The condensate momentum equation is then 

(2.2) 

, I 
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where f is the density" p the' pressure, ,! the externa l body f orce , 

!.Jv t he dynamic viscosity, g a s econd coefficient of vis cos ity and D ~ i~ 

the convect ive derivative . 

he cont inuity equa tion is: 

The energy equation 
DT pep DC:' 

di" (r-i>:O' 
i s : 

~.(k ~.p) +Wi. + T~ %t t r f. , 

(2 . 3) 

where Cp is the specific heat at constant volume, k is the the rma l 

conductivity, W. represents the energy associated with a heat source , 
~ , 

fS is the coefficient of cubical expansion and ~ is the viscous diss i pation 

function. 

* For the vapour phase let x measure distance along the interface and 

* y no r ma 11 to it. Denoting all vapour q~ntitiesby a star, the veloci ty 

* * * * * . * is q = (u ,v), the components taken in the (x ,y ) directions, ~ s is 

* * the dens ity,/~s is the dynamic viscosity and p is the pressure. The 

momentum and continuity equations are then: 

( 2 . 6) 

I 

Here the fluid properties are considered constant since the vapour i s 

isothermal. 

This system is simplified if the body forces are neglected in t he 

moment um equa tions/and the terms representing viscous diss ipation and 

compressibility effects are excluded from the thermal energy equation . 

Also,although the interface is a heat source this occurs at t he edge of 

each phase and the liberation of latent heat is accounted' f or in the 
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boundary conditions,and so W.' is also omitted from (2.4). 
I ~ 

It i s now assumed that the thickness of the condensate layer is 

-x· 
small compared with the r adius of curvature of the body s o that x ::: X • 

Further, on the assumption that ~ll changes in physica l quantities nor 1 

to the surface, or interface, are large compared with changes in t he 

x-direction, it is poss ible to invoke the boundary layer approximation 

( see Miles [ IS )). Thus the equations reduce to: 

C ondensa te phase (.x.. 7/ 0 1 0 ~ "j ~ S (;x.)) , . 

f (.h. 3u. + \T ~ \ = f: U: (~) d.u;.(1I.)+ d (~)v.. '\ (2.7) 
3i."ifj) ~ ~~ ~)' 

~ (f\A.) + ~ Cflj);'o) (2 . l) 
aN ~ 

and f C P (\..\, ~ ~ U 0 T \ =- ~ (K. ~ \ ~ ( 2 • 9 ) 
. e>:x. . ~ J D\j ?J\j) 

together with the variable property relat~ons 

p-=- f~ -r) ) r-= ,fA(:r) Gp =- ep LT) ) k::. k,C'). ( 2 . 10) 

For the case of steam-water condensation the forms of the v ariable 

properties are available from experimental data (see Appendix I). 

Vapour phase ( jC. >/ 0) 

IS 
' ~u.. -37'- (2. 11 ) 

and (2.1 2) 

where the kinematic viscosity. 

The boundary conditions which are imposed on these equations are 

the following. 

On the body surface ( .x.. ~ 0, ~ -:.0) the non-slip condition gives 

and T ~ ,. w. 
(2. 13 ) 

(2 . 14 ) 



In the vapour mainstream we have: 
A I tJo 

M.,-V )- ' I).,M(X)o.~ ':1 ~ <X) • 

\. 1; t he liquid- vapour int er f ace ,( :x.,/o) ~ ;S('Ji.)1"o) t he continuity 

of veloc i t y tangent i a l t o t he int erfa ce yieJds : 

(2 . 15) 

I f sur face t ens ion effects ara neglected at the i nt er f a ce t hen t he 

continuity in interfacial strass components yield: 

p:. ?'f, (2. 16) 

jJ-S L ~ 1 j: bC?<) =: )At l ~"l :t~o. (2 . 17 ) 

where t he subscript, S·, denotes the value of the co ndensate evaluat ed a t 

the saturated vapour temperature TS. Similarly JAw will be t he va lue 

of' I"'" when T = TW etc. 

Note. that (2.1 6) has already been ~sed in deriving (2.7) and (2. 12 ). 

The continuit y in mass flow across the interface yields ~ 

--
Now since a tf u..'\ ~ .~ cov-) 

(}~ . ~~ l . 

then fr v- ] ~= sC.,,) = 

and Ft LLr~J 'jW-~ =- - (2 . 18) 

Finally it i s left to express ~he fact that the latent heat liberated a t 

the interface as the vapour condens es is conducted through t he body surface 

t ogether wi th convective cooling in the downstream direc t i on. 
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--=--_.-~n h:: r f lAc.e. : 
______ • I 'Y ::' ~ ():.) 

Y
r 
~ : 

~I I 7 /1 7 / / 7 717/ / 1 / / ] ) I -rr ; ~ I " 
-->-

x. 

Applying t he ener gy balance to the volume depicted above we have; 
s " S . " 

= h~ I fIA. dAj -+ f plA,(Cp,; > -:Cp T~ d<j , (2. 19) 
o 0 ( 

where hfg is the latent heat of condensation, and T is measured in absolute 

units. Alternatively the energy balance can be applied locally at the 

interface and then gives: 

(2 . 20) 

A first step common to some of the work when solving the sys t em 

(2.7)-(2.18) together with either (2.19) or (2.20) is to introduce " stream 

functions for the two phases. 

The vapour phase admits 

" func tion t ~ l1,!jlp) defined by 

~4--~ 
M..~:' ~* 

the conventional incompressible stream 

} 
(2.21 ) 

and the condensate is treated, for convenience, as a compressible flui d 

so ~ (x.'j) is given by 

fM.~ fs ~ , pI!)- = - fS ~ { a:x.· 
( 2 . 22 ) 

However if x and y are retained as independent variables f or the condenuate 

phase then it becomes necessary to differentiate the density, a diffic~lty 

which is overcome" by employing the Howarth-Dorodnitsyn transfor~at ion : 
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Then the interface is defined by 

where 

It i s also convenient to introduce a ' dimensionless t empera ture 

function e(x) :l') by: 

so that the boundary conditions on T yield ~ 

( 2. 23 ) 

(2 . 24 ) 

(2 . 25 ) 

(2. 26 ) 

(2. 27) 

Introducing (2.21)-(2.26) into (2.7)-(2.20) the following s et of 

equations r esults: 

Condensa te : (:x..lt 0) 0 ~ 'Y I ~~e".,'~) . 

( 2. 29) 

Va pour (:x.)/ 0) 0 ~ ~ No:; 00), 

( 
~\V-'.t- ~lt-¥ _ ~~ ~~ 2..) ::. . u.:, cA, u: + ~>.t- o\il (? ')0 ) 
~of ~):.~~ ~x. ~u. .~ S ~k.3 • 

Boundnry conditions :' At the body surface 

~ ':. 7>j':. 0) e -=. O. ) 
Z>~ !~\ 

(2 . 31) 
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S~) 

I n terfae i a 1 eondit ions: ()<'71 0) "j I '" t. (><:) ) ~ .. ;;. 0 i ~ C><) ~ J ~ 5 .). 

e=- , } 
(2. 32 ) 

' .x ~ 

f :, 't- :: fS 'Y ) (2. )3) 
~\¥ _ ?J~~ - - -~ , 
O~I O'j . (2.3 ) 

fos t~ 2.. :. fAt 
~I . (2 .35 ) 

Mainstreqm condt ion: 
~\L~ If.( ::.:r ---ilS-- lAM .)(.) 
Tj'* (2. 36) 

Fina lly t he loca l anu e loba l f?rms of the energy balance oro ; 

o 



Introduction 

It has bean established in the previous chapter th~t the equations 

and boundary cO:!1ditio~s gO'\Terning the transport of momentum and energy 

are (2.28)-(2.38). Having constructed these for the general mainstream 

iC' 
vapour flow U (x), the intention in this Chapter is to restrict ourselves 

m 

to UiC"(x) =!U *(XjC)ffi and seek similar solutions. Falkne'r and Skan [ Iq"} mo , 

first used this as the mainst,ream velocity for a sin le phase £1ovl an ' i t 

has proved to be a most fruit'ful source of,',information about the behaviour 

of both compressible and incompressible boundary layers. It would t ake 
, 

far more than this volume to extend all the wo,t'k which has been done i n one 

phase case to the two phase problems , aris'ing in condensation, but guided by 

the work of Ha:r.tree {jo] and Stewartson [2 1J a wealth o,f inf ormation should 

be at hand. 

With the velocity distribution in the vapour we are looking 

simultaneously at the problems of condensation in the neighbourhood of 

the forward stagnation point on the circular cylinder by t aking m = 1, 

and the forced flow over a flat plate by taking m = O. The former 

problem has recently been extensively studied by Hudson ~7] , while the 

latter has been investigated by CessU~l; and it is to this problem 

that much of the effort of this chapter will be devoted. Cess considered 

a constant property condensate and solved the problem by utilising 

appropriate soluti ons which were available fro!ll vlork on a single phase 

flow. This work will be shown to be largely consistent with the idea~ 



and l'esul ts of tb.i s thesis, but the limitations of 'Cess I method ana 
I 

sources of irulacuracy will be ' explained. 

In addition to this pal.'tic:u] al:' problem, m will be all owed to v ' r:y 

in order that some tents.tiv8 conclusions concerning separa tion in 

condensation flows might be given. 

Hart1:ee and Stewm:·tson both stud.i e d the resu] ts foT.· m < 0, awl 

though somewhat artificial b ecaus e of the singularity in t he mainstr am 

veloci ty a.t Y. :: 0, these have been of considerable interest . It is fund 
I 

that for 0 /' m ~ mo (mo ;;: -0.0904) then an infinity of soluti'ons 

eXist, and Dloreove:;::- fox' ID ::;: m a solution results which would have Z 8~'0 
· 0 

shear at the wall. Guided by the reasoning wh i ch dictates which of t he 

infinity of solutions is physically acceptable, we f:i.nd the corresponding 

solution for the condensation problem and the relevant va lue of m • 
o 

~imilarity solution 

For the condensate layer make the change of va.riabl es 

Then 

Thel.'efore --

a.nc.\, 



where d.:J.sfJ GS denote o.iffereri.ti.8.tion witb r espect to 1 

'rIlen al s o 

and 

Hence the condensate momentum e1Uation becomes 
I 

The thermal enGI:gy equation (2.29) becomes,on l)uttinc eCx)~,)::. GtL~), 

the following: 

(~ G,' (1~ \ + (1'1'1+1) £p ,I'S' ft?) G \ (7)-=-
Fsks " , Cps .. 

o · 
1 

where P5::' Cp:,f5>/K:. ,the Prandtl number. 

For the vapour phase introduce corresponding f unct i ons a.nd va:ct -:."b1 s 
, . 

by 

(3 . 6) 

where 
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'The vapour momentum equati0n becomes 

1/ r '''(? ) .. ( 1>\ ... ,) j~f) ft ~.) -\.. 2."t (1- LJ .... (~U)] 2. )~o ( 3.0 ) 

where dashes here d.enote differp.ntiation wi th r espect to 1 
The bOW1.dal .. 'Y conditions on the fW1.ctions }(1) ~ i ...t. ( 1""), ~ r-;) 

. are: 

,teo):. f'(9)::. 0 j G\(o~ -:;.0 > G(cj»::. \ ) 

I 
j~ (00) -=- , . (3 . 10 ) 

The interface between the condensate and vapou:r is given 'by '7 -:. ifJ 
and the equalities of normal mass flow, tangential velocity and cont i r .. ui t y 

of shear at the int erfa.ce yield: 

1/2- f (~) f ~ (0) (~" ~6 ~ = 
fJ' ..... jA'-

) 

I f I (if» - f~ (0) 
} 

( f~f'£ .. ) li .1" (4)) " - 1 ~ (0). -
fst~ 

The remaining condition that can be applied is the so caned energy 

balance which is given in local and global forms (2.37,) and. (2.3S). 

Naturally bothyield the same r esults when included in t he numeJ:i ,a l scheme , 

Clnd though th e global one is not neoessal'Y in the numerica l v/ark ' whi ch is 

enta.i1.e d in s oi ving the problems of this ohapter .i t proves to be more stable 

when investigating retarded flows. The required form of t he loca.l energy 

balance is .. ' 



~I . . 

One of the unknowns we are tryine to find is the dimen8 i onless 

thickness of the condensat e layer , namely . cl> • To ease t he numc.n" j.ca.l 

scheme a further transfol.'mation .is ma.de which fixes the r anGe of 

integration, normal to the wall, as . [0,1) J and ca.sts the unknown cp 

into th.e equations. 

We take 

then 
) 

and we have the following equations to solve for the condensate l aye:r: : 

(~ f"('())'~ ~t1) ~f(y)f'&) ~2V'v\.(~lfi _ ~ f(y)l)~ > (3.1 5) 

fs.f-S . f .' 

( 
~ ~ I C'{))t +- (~t1) fr. Ps ~ fcy) G/CY) ~O • 
f$~~ . '1>6 . . 

Here the dash denotes differentiati.on with respect to Y. 

The vapour equation remains unaltered: , 

The above system (3.15)-(3.17) must now be solved subj ect to t h e 

following bbundary conditions: 



.:2.2. 

j (0) := 
~ 

) . ~ lO)-:' oJ ~(I) -:. 1.. 

. I f ~ ((10) ~ i, 

at the interface: 

J~(O) (3. 20 ) 

/ 
JfII (0) ) 

'1 j U) ,: (3. 22) 

Two distjrlCt numerical schemes have been employed to s o1ve t hese 

equations. Initially an iterative method involving Runge- Kutta integration 

was employed, but work on the mo:re complicated problems in the f ollowing 

chapters dem.:mds the use of a mah'ix scheme. Onoe this has been (l<.'veJ.opcd 

t he present s .impler s et of equations is' r eadily introduced into the 

program. Appendix C is la:l.'gely devoted to the matrix s9heme ,. whi ch is 

also used to find solutions for the problems on solidifi cati.on in paJ:t I I, 

but a brief note on the Runge-Kutta method is found in appendix E. The 

great advantage of the matrix scheme is that it a.oes not r eCJ.ui r e such , 

good initial approxima.t ions as t hat involving the Runge-Kutia int egration . 

The problem of fj nding acceptable staJ~ting dat a is not diffj c:ult if ,::; 0, 

which was the fi:r:'s t problem studied, but for m .( 0 the problem i s very 
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real and solutions in · this range of m were fo\md usinff . the matrix i terat ive 

method. 

Later in this project (see Chapters 4- and 6) approxiu1ate solut:i.on. 

of a range of condensation problems are found. Thes e yi eld quantHe.tivE: 

informaUon whioh proves to be aocurate enough to dispense with the n ee d 

for such detailed calculaticns, but they could be used as start ing 

values for the preceding iterative methods. , 
I 

In order to describe the flow behaviour in each o£ the conden at ion 

problems the following information will be provided: velooi ty distr·j, 

butions in the two I)hases, the thermal field in the condensate l aY 'r , t he 
, 

displacement and momentum thicknesses for the vapour l lhase , skin f :t'iction 

coefficients at the wal1 and interface, wall heat transfer and final1y the 

rate of condensation. 

These quantities of praotical inte:t' (~st are now defin ed 'for, the co.oo 

,of a generai va.pour rnninsi;re~ with velocity 

Condensate thickness: 

Displacement thicknes3 : 

~l.= J~ ;a. (1- i;~~ d.j I 

Momentum thickness: tU, (3. 26 ) 
.I\A~(;G) 

S(~ 

~ 

I r j . -fS hjs"\~S(') d:x.. , (3.27) Condensation ra.te 
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.2.4 . 

Wall skin friction: ({W' ;: ( 3. 28 ) 

Interfacial shear: 
-.I. ___ l-!..:..+--=-"':'-, 

.. 
Nusselt nwnber: N~ _ 

The charaoteristics actually plotted are: 
. , I 

b{X.) • f)e. ... I/'L SIt? "" ':1.. ~l. n ~ ~ 
t<;.,... _. r;..e" &<" 

~ , :x. ) ~. ,.. 

Discussion of results for forced flow over tl.:!.~ez.mi-infi~ f l lth pl:=l.I;e 

(m = 0). 

This is the problem tackled by Cess who treat ed the condensate a:'" 

constant property fluid. Cess introduced similarity variables and havi.ng 

noted that the resulting equat.ions and 'boundary conditions f ot' the vapour 

phase weJ:e analogous to the case of vectored blowi~ or suction , a 

fictitioW3 origin was introduced in order to utilise the work of Emmons 

and Leigh (.2.2.] , who tabulated the Blasius fllnction wit suction ancl 

blowing. Ceos then nssumed linear velocity and the:l:'rnrll profilo 
') 

in th) 

oondon,J.'lte and prooeedodto find formulae for CJ w. eQ.~'l.. and 
-'-2. 

Nu...Re, ~ 
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involving the suction velocity and corr:sponding wall shear fro r.~ tho 

Emmons and 1eigh problem. 

The accuracy of Cess' work will be discussed l ater, bu t i t is 

important to n~te nowJthat the necessity for · deta iled numeric~l know-

ledge of the corresponding single phase -problem is a s-ever e r estrictio , 

on applying his technique to the two p~as e problem. 

Velocity di:3tribution 
() f~ J. ~f 

-'1/ 
M... .u.. 

The dimensionil.ess velocity :[: ':&. 

et> by and JJ: 
:. -"'I 

c c,'1 
are given in Tables (3)-(6) for the case of T -W - 0, 70, 90 and 99.99OC, 

and the information is also displayed graphically in figure 1~ 

I 0 
When TW = 0 C it is quite apparent that u is not proport iona l t o Y, 

and so Cess is not justified in assuming a linear profile. The snme 

observation can be made for the other values of rrW' though 'the effect i s 
~" not as marked. However though ~'I is by no means cons t ant , tabl e 3 hOH 

~ (ffo '\.!.. o~f 
tha t the shear stress, .tV" ~ = 'Ps,fA~ J 4>~ ~\,. i s a l mo3 t cons t an t . 

This fact indicates that it i~ the absence of variable f luid propert ieo , 

and not the exclusion of the non-linear terms from the momentum eq~~tions , 

which is the major source of error in Cess' modeL For t he particular 

case of TW = OOC the value of ~ falls from 1.78 x 10-
2 g/cm. sec. at the 

body surface to 2.812 x 10-3 g/cm.sec. at the interface, and it i s at 

this extreme value of TW that Cess.' results will be seen to be i n 'error 

most. 

The non-dimensional condensate thickness , pr evi ous ly 
- * { . 

defined for the general mainstream velocity Um~)becomes : 



I 

,.fL <P r f-:S d 'f. 
. 0 r J 

and this is included in table 7. As expected the f ilm inoreas s in 

thickness as TW falls. 

The vapour boundary layer oharacteristics for this problem beoome 

which are also tabulated for TW = 0(10)90 and 99.99°e in t able 7. 

,A glance at the velocity profiles in figure 1 indica.tes why profiJ s 

were not sket ched at regular intervals of TW. The variat i on in fl ow 

patte~~ does not vary a~ much with TW wh~n TW is nea.r oOe as it does when 

o ' 
TW""'" 100 e. The extreme case of T

o · . . 
W = 99.99 e has be~n inc] ude d as tr.i s 

verifies the assertion that the vapour flow t ends to the Bl asius·. solut · on 

as AT --po O. In contrast to the t hiokening condensate l ayer as t;,. T 

. I 
inoreases, the vapour boundar.y lay81,' thicknesses decrease . The displacement 

thickness when TW = 900e is less than ~o% of the Elasius value a.nd WI E: 

TW = oOe the factor is less than 10%. 
I 

The non-dimensjonal ,condensation rate becomes 

r 
.., .. ''20 

:f '~ (o) \ f<c')(, . - (; .35 ) - , -J2 j.I.~ . 

and this is to be found in table 7. The rate increases ma:r'kedly as TV{ 



fa.lls and this al1ied to the considerably t hinned vapouJ' l ayer s uecest 

- ' 
the vapour may be treat ed as a strong suction layer, an id ea which prove 

to be most fruitful later. 

Skin. friction coeffiCient s 

These take the form. 

r" J. (t») . 
cpl ' 

and IJ ''4 Cf "" e." = :to 

which ,are tabulated along with the other characteristj (IS. 

The variation of Cfw.«e~~ · with TW is displayed in figUl.'e 2. 

where compa.rison is made with Cess' results. The great est error between 

C. !? IIJ.. 
the numerical results and Cess I solution occurs in f W. "e)C, 

(at TV{ = OOC). This is not 'surprising since it is the vis cos i t y t h t i 

the most sensitive of all the properties to change in t emper at ure (see 

Appendix AH 

It is also relevant to , note that at each value of TV{ the wall sh 0.1' 

is greater than the interfacial shear for this problem. !. 

Temperatuxe distribution and heat transfer results 

The non-dimensional th~rmal profile G is given in t ables 3-6 al 

. ° is observed to be linear for T w= 99.99 and 90 C. o nd 0 C 
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there is a slight concavity and this i~ due to the vari ation in t hex1Dal 

conductivity with temperature. The eXIJression involving the Ku solt 

, number is 

(3. 38) 

I 

the values of which are found :in table 7. Also ~u.. e((.,;-::' is 

compared in figure 3 with the results obtained by Cess ~ It i a~ain t 

o ' TW = 0 C wher~ the largest discrepan:cy occurs and for the heat trandf J: 

is approximately 1C1/o. 

. I 

Discussion of resuJ.ts for the Falkner-Skan mainstream velocity 

It has already been noted that for 0 '} m ., 

that the solution" of 'the e'luations arising in the one phase floW is not 

unique. Hartree L 20] selected that solution in which his funot i on 

(equ.ivalent t ,o i" 'Crr) in this ohapter) tended to unity from belovl 

faster than B.ny other solution, and supported his choice by continuity 

argwnents. Suoh arguments are not enti:l:'ely satisfactory bconn", e i t i 
I 

possible to produce solutio,ns diffe'rent from Hartree's but satiafyinc 

his continuity arB'umen~s. Stewartson (:.1 ] offered an alternative and 

more oonvincing oondition and this will' be used to seleot the phy~·oolly 

acceptable solution when dealihg with condensation. 

Suppose that we replace the boundary oondition ( 3.2~)by 



and call the solutions sa.tisfying (3.15)-(3.19), (3. 21-3. 24 ) and ( 3. 24) 

, f~, GO'., ~ C( and J:' We a l so r equire lfW-'\<. , so 

that the vapour velocity is less in the boundary' layel' than in t 0 

ma j,nfltream. Now l et 0( ~ 0<) , corresponding to pI'aoori bina th e voloe ' ty 

component paI:all el to ~ further and furth er from the p+ t . Th olution 

obtain~d by a continuous proce~s as Ol-' ~ is t h one w ccept . 

In the range 0 , m I, m Stewartson found two frun'li s of 
o 

acceptable solutions, one' in which the wa.l1 shear is pOf),i ti v OJ'lCl t Cl 

other in which the wal1 shea.r is negative and typifies a rev r d flow 

region. At m = me tpen ,the wall shear i s zero indieatine a epa.:r.o.b 0 

point type velocity profile. 

It has not been possible to find the seoond branoh ' )J utions with 

flow l:eversal, but in view or the hitherto unknown natuz'o of s · paration 

in condensing flows we will content omsel ves w' th finding only the fh ' t 

branch ,s olutiollS, and the value of m at which either j'!(o). r f"(I) 

is zo:ro. Any att~mpt to use this model to desoribe th beho.vioul.' of tha 

vapour and condensate layers in the presence of an adv~l's ' r .... su:re 
, 

'gradient must be regarded as t entative in ¥i w of the simplifying nature 

of the model. 

When steam flows over a cylinder it is first aocelerated from th~ 

stagnation pbint ruld later retarded. In the model the velocity profiles 

at stag1lat :i on. are given by m ~ 1 and af~erwards its form is doterlOinod by 

giving decreas ing values to m~ When m ID ' ~ the maximunl vel OCity is ob a ' nod 

in the mainstream and as m deoreas es Qelow zero the mainstream is r tard ,d 
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up to ' t he separation point at whi ch in j;he condensat ion problems ei t he:!, 

the walJ or interfacial shear will vanish. 

When dis oussing the problem of oondensation on to the plo.te w'ih 

constant mainstream velocity, a range of wall t emperatUl.'es was used to 

illustrate the dependence of the flow characteristi cs ' on TW. In t his 

section the single extreme value TW = oOe is used. 

and 

For this case the dimensionless velocities 

::. ()f'lf 
lYl~ 

can be deduced from Table £3 and they are 

also d.i ::; played graphically ,in figure 4 The change in the velocity 

pI'ofiles is evident in the grapbs but a more satisfactory argument can be 

based on the data given in Table, 9. 

Not surprisingly both the wall and interfacial non-dimens ional 

shear stresses d~crease as m decreases. .However the observation made in 
I 

the last section, that the wall shear is the greater, is not a universal 

feature for as m ,~ mo' (mo = -9.7633), 
(") 1/.l.. c.-fw. "e~ t ends to 

Cf I,' ne._I'::.. zero fas ter than , ". " , 
e r () i"2., 

Ideally a smaller ,value of m yielding a lower value of jW l'e.X 

should be given, but when ID is near mo convergence is very slow, and in order 

to successively' reduce the third significant figure in the wall shear by 

unity it is necessary to reduce m by a quarter of the previous i ncrement 

in m. 
\ ' 

This sequence barely changes m and figure 5,with 

plotted ggainst :'m ,shows this' behaviour. of the wall shear rapidly 
,-

decreasing over a small range of m. 

_ 4;; ; se b 41 . .... 4 ; ; (!(1 



If a conclusion concerning sepru::'ation is to be offer ed it must be 

then that separation first occurs at the wall, not at the interface , and , 

because physically acceptable solutions have been found for smaller values 
I . 

of ID than in the one phase flow, separation i<; delayed by the presence of 

the condensate layer. 

. , 

. , 



Cha pter 4 

Approxi mat e ana lytica l s olutions f or the cQ,ndensat i on ont o t he 

I ntroduc t ion 

The ob j ect of the present chapter is to develop a pproxi mat e 

s olutions for the problem of condensation onto the semi-infini t e fla t 

pIa t e gi,ven a constant vapour mainstream velocity. Pa r a llel r es ea rch 

br Hudson [17 ] has shown that t ,he a rguments in this cha pter ca n b e 

applied to the case of condens ation ont o a rotating disk. Thi s , 

together with the generalisations which follow (see Chapter 6 ), enables 

the method' to be offered for use on all problems which a dmit s imi l a r 

solutions. 

From physicai reasoning it seems that if the difference between , ' 

t he wall and vapour temperatures is small" then the condensat ion r a te 

wiil be , slight and in the limit as .iT--'o the condensate l ayer will 

disa ppear a nd the vnpour flo'w will become the Blashls flow. ('fhe , 

numeri~al solution for TW = 99.99
0
C. es tablished these facts ). ' The 

small t empera ture differences correspond to sma ll values of y;, -= ~:;, ~6.T 
5 ' f~ 

a nd it is found that a unifor~ly valid perturbation expansio i n terms 

1/3 
0f ~ meets a ll the requirements we make,and t he nature of the fl ow, 

compared with the numerical solution, is modelled very well f or ~T '" IQ C. 
Since in the case of st.e.m-water condensation the larges t va lue 

\ 

attained by ~ is approximately 0.2, it might be surprising to f i nd that 

the res ults are not in good agreement for the range of wa ll tempera tur e s 

O~ Tw c:::. 'OO°c" but this is the case and the reasons for t he limitat i ons 

will become apparent. 
" 



Outside the r ange of va lidity of this so ca lled thin film 

a ppr6xima tiol1 t here i s the cas e of appreciable condensation , \'lhich 

becaus e of the ratio of the va pour and condensa te densities demands 

a strong vapour inflow towards t he interface. in contras t to the 

first model,here we have the thick film model which involves a strong 

suction vapour boundary layer and a perturbation expansion in terms of 

( 
I ) ( PSf' \1Iz. . 

. ~2. ,?\-::' f>~ ~i·J } i~ found to fit the requirements. 

Thin firm approximntion 

The equa tions governing the forced flow over the fla t pla t e are (3 .1 5)-

(3.24) with m = O. Since we, are only seeking an approximation valid 
I 

for small temperature differences between the wall and the vapour,the 

condensate will be considered as having constant fluid properties • . The 

equatiol1s then simplify to: 

Condensate :f" I -to <1> ff" =-0 ( 4.1 ) 

<al. .- Ps cl> f Gt \ =-0 ( 4 . 2 ) 

Vapour f ¥ U' +- £U f Ij; \\ -::.0 (4.3) 

and the boundary con<Utions become : 

f (0) ';. ,1' '(0) -=-0 , (4.4 ) 

Ci (0) ':. '0, (4.5) 

(4 . 6 ) 
I . fV (tJO):::. \. 

Interface 

(4.7) 

(4.8) 

(4. 9) 

and (4.1 0) 



In t he limit as 6T., 0) i.e' ~-) 0, then" condensa tion will not occur 

and the vapour floi'l will tend to the Bl as ius flow over the s emi-infinite 

plate. Consequently a s "/"'" 0 then f (Y ,p ~ 0 "S (:le) - ) 0 ( v/h ich 

,implies <i>(X1-:!)O), / : = o( 1) and e = o( 1). 

Therefore let f 7 o( -x:") and <p = 'o(~) . 

Substitution into the governing equations yields : 

f rom (4.1) 0(1) + o (~M"~ ) ~o , 
(4.2) 0(1) ... o eX. M +1\, ) -;.. 0 

) 

(4.7) f~ (0) ::. o ('X ... ~) ~ 0 
) 

r. I o (x. t'.\-"',).., 0, (4. 8 ) j~ (0) :: 

II o ()LM .. 1."\] ~ (4 .. 9) ,J¥ (0) ':'0 

(4.10) 'X, = o (')L W\~) . 
21 -

, From these vie conclude m = /3 and n = /3. 

~~t.) 

boundar y 

It is now possible to seek expansions for f, ~) cp ,' and iX- as 

follows 

G\;. eo ... £ ~h 1- l. 
& ce.J..1-·· 

4>= fCP, -+ ~'Z. 4>1. ~ '£.1 41 + . 

J~= fv~ -t f; j,~ + ' 61 f l.~ + 

131H:.I :lu:l 

co n t i OI' :) 

( 4 . 11) 

( 4 . 12 ) 

(1 . 13 ) 

(1 . H ) 

1'3 where f,;. -x. ,so that the limiting f orm as 6.1.J1)D is the correct 008 . 

Subst it ution ~ f (4.11)-(4.14) into the governing equat ions (4.1)-( 4 .10) 

and the subsequent comparison of coefficients of the va rious powers of E.. 

yields a series , of equations for t he functions f2l~O etc. 
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Comparing the coeff icients of the lowest powers of e. from 
··X· 

(4.3); (4.7), (4. 8) and (4.6) the function fo ' is s een to satisfy 
I 

the equation 

subject to the conditions 

:f.o~ (0) -=. ,. to)t '(P) '::. 0) . J: I (DO) =.. 

This will be referred to as the ~eroth outer solution, to be denoted 

by 0 , and it is the desired Blasius flow. o . This mus t be solved 
"," 30 (0) ~ A 0 -:. o· 40Cj ca numerically but it is well known tha t' , 

Utilising the remaining equations from th~ basic set in a 

similar manner,the following are obtained. 

From ' (4.1 ) ~1.\l1 
1 -:. 0) 

" eo :. OJ 

(4.4) tl.lO) ':. f~ (0) ~O 
) 

(4.5) 

'" 1\ . \\ 

4> ,2. f 0 (0) ': "tl. Lt,)) 

(4.10) 
I a 0 (,):, q" of l. (,) . 

~II 
Since 10 (0) is already known,this is a determipate set of equationt; 

t he solution of which yields the first approximation to the condensate 

flow. This will be denoted by 11 and is: 
. 1/ 

4>, ": (2"A/Ao) 3 (4.1 5 ) , 

11 : fl. :. ( Ao 121\)~ . ,/2 
) (4 . 16) 

eC) = 'I. (4. 17) , 

The first v::lpour perturbation follows by considerihg the same equations' 
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from the basic set whi.ch 'tIere us ed t o find the zeroth apP't'oximat:Lon but 

now powers of c.. ' one degree higher. ~nre equated. 

For 9, there i then 

from (4.3) 

result the f ollowing: 

. It III r lII-f » " J ~" r * f J + 10 I +. J 0 l' 

which is to be solved subject to 

SIt/. (0) :'0, I 

-='0 
) 

I of)!.' . flf-I ' fl cp, , (0) , ot ~l. 0 (0):. n. (I) . , 
and -ft I ( (0) :'0 . 

(IJ. . ? 1 ) 

I . 
Since J: (0):: 0 then 4,. is not needed :'it th.is stage) and the 39cond 

of these boundary conditions becomos ;f,"(o) :f~/(I)/4>1 :.1(Ao/:21\)1./~ 

So that repeated solution of (4.21) is not necessary . as i\ vari0S
7

11. 

. bl . ' . t p t f,4 -_ 2 (Ao)L.\.~/3 Fj~ change of ,dependent var~a e ~s conven~en. u 12}U 

then the new function satisfies ' 

~ '" .£ .w. * 11 L" 1/ r-. 04 F, +"Jo F, "'" 11) r ::. 0 , 

the boundary condtions for which are 

. ~I 
t="1~ (0) ~ 0J~' (0) :: 

:;.J 
" F, (.0) =-0 . 

The solution of this' is r- ~ 'Co 

r.-'l . 
.J: ~ '/ 1/ ' 
:Jo -}: (0) 

This satisfies the boundary conditons (4.23) because: 

~ {~I / 1~1' FI (0') ~ o (0) 0 (0) =-0 , 
11 

-to" "(s» ~ \) \=-,¥.. (0) ';. Jo" (0) / 

I .fo~ 11 ~ / '/ F,it.. (~) - (~ . f ~ (0) ':. () ) -
and the equation (4.22) becO .... on substitution: 

nl 
F\fo 
. I 

(4.22 ) 
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l' '" '" JO (J)) ~o 
) There then results 

and thus 

tliub of iIlOC.C alia oube! lwceeitea eX1'8BSiene \;rfle1'8 1i'fte 'l81ge~l! fle" ie t,,11e 

8liii81' 1'8g;i.9Jl SAri iia8 88ltih1l18St8 '6"8 il!lA81'. Proceeding. then to ma.tch th e 
I 

inner t'lo'w t o thut just obb.ined for the v("pou'r, 

(4.9) and (4.10) yield for 12: , 

'J "' 
l'~ :: 0) 

" &, -::. <> , I 

, f~ (0)::' f)' (0) ~O, 
,\}, (0) ':: 6-. t.) : 0, 

f ~ ., ~ f lIS " 2 q>. ch, 0 (0) + 4>1 ,(0) 

and 9- \ I (I) :: 4>, f3 (, ') . + 

Introducing the known va lues of 

f
2

(1) there results: 

" 

.t!' 11 f ~ " ~\ ,1" (0), , (0) and 

(4 . 25 ) 

The next appro.ximntion to the vapour flo\'/'i3 o'bta ined by continuin 

the matching technique to derive the governing equation f or the funct ion 

.)1-

f 2 '''hich is: 

-f: m.+ f; f;\1 ... f,.¥ fn""U ... ft f,l' It -:;.0 (4.26) 

The boundary cO:lditions for this are: 

t If I l. (~) -;"0) 

-h. ~ (0) '-:. A f'l. (,) -:. '" ( Ao /~~ '~./3 
) 

. ~~ to (0) f If. I + ~\ f).~/(O) i~ /( I ). and + ~ I (0) :. 
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j '" I ~/ 
On substitution of the known values for (0) th r l' rh 

O. ,'t'l.,1' OI,'t'1. 

this last equat ion becomes 

I 
t~ (0)::' O. 

~II 

Setting A2. -::. ~ (0) it must be noted tha t A2 is dependent upon 1\.. 

For the case of steam-wat;r condensation 7\ = 190.2, ~2 = 14.76 and 
-lI

the function f2 
I 

is displayed in Figure 6. For completeness this 

* -)(-
figure also displays fo and f 1 . 

Ret'urning to the condensate phase the. next terms in t.he expans ions 

for f,~ and¥ involve f4,9-2'~ and these are found to satisfy: 

under the conditions 

~(o): ~/, (o) -=-0 , 

The solution of this set is 

(4 . 27) 

. I " 
It is now possible to write dOtTn appropriate formulae for _~~ ee,~'l.. 

" ~ f) _I{~ . :x.. Cfw. Re~ o.ncl N~. "e.", • 
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, 

since the thin film model is assumed to have constant flu i d prope't'tieo , 

( 4. 28) ' 

CS"'. ~12. ~~'" (~1~ (lI., "'-~12. - ff.d\O) 
-5. f~ uo'" l. V ~ 4> 

:: ~.l. t ~I\(O) + ~." ~\c.o) '+-··1.t l -'l ~1 ql/~l + .. ~ 
, ~ , ' 

(4. 29 ) 

= 

(4.30) 

The merits of the thin film ~pproximation are considered now by camp' Tincr 

the results for steam-water c'ondensation given, by the model with t hos e 
' I 

derived by the numerical procedure of Chapter 3. Table 10 ,oho\Vs theoo 

, 0 
results for TW = 99,99, 99.9. 99.5, 99 and 98 C. and we deduc e that t ho 

model o.s ' 'extremely accu't"ate ' in the first case but that the precis ion i 
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is not ma i n tained even when T~l ::: 99°e. 

'/,3 
becau s e t he va l ue of . x:. i s small in 

This ma y be n l itt le s urpr~~ . n r 

"3 
ea c h insta nce (X- ::: 0 . 0109 when 

'1) 
TH ::: 99 . 99 a nd ~ ::: 0.1025 when T\v ::: 99). Indeed when dea ling with 

s t enm- vlU ter con.d.ens a t ion the maximum va lue at t a i ned by X i s X- = 0 . 1 OT T 
. '/J (X ::: 0. 4757) when 'l'H ::: oOe, s o tha t conver gence of th~ expressions 

(4.28 ), (4.29) and (4.30) might be expect ed throughout t he r a nG'e O ~ Tw<'ID O°c.. . 

':Phc liraitatiel'1s 1'le l 18vsF 1sSS9Efla els8::p if \19 l.ele 8; 1; i;};;1.8 8 &i &l11111 li t iQJilIiJ 

·x· 
eel?fi i~i: el"l f o( O) O. 

-* 
.~ tQvt t~8 QSRQitisR f (Q) 

° 

If one a cce pt s that . the model dis plays a ll the char actcri:Jtic o' 

condensation f or this r a nge of TW it is poss ible to make sever a l f ur the r 

deductions from noting that t he shea r on the interfa ce is dependent on 

* " . -K" 
f (0), the tangent ial vapour velocity at the interfa c e on f (0) and t he 

normai velocity on f * (o). 

The model has been constructed so tha t in t he 1 i mi t as TH -<10 1 oooe . 

condensation will not occur a nd the vapour flow then be comes the Bl as ius 
1(-

flow. The zeroth order solution, ln given by f ._. ,is the Bl as ius s olut ion, 

. -x- 1/ 
so f Q (0) is known 

1(- 11 

from the one phase flow Jf o (0) = 0.469G ). 

Th e first condensate approximation, 1
1

, involves ~nly A ( which i s 

*" a fluid ,property) and f o . (0), so can be deter mi ned with j ust the s ol uti o 



of the one phase f low over the plate, a~l 0 bs erva tion which will be 

grea tly utilised later . Physica lly the condeu!3ate, to the f irst · 

approxima tion, is driven by the inter:t'acial shea r '. 

Moving back to the vapour phase>the first amendme nt is gi ven by 
* * . q ' . *, . 

f
1

, and since f1 (0) =:= f 1 (0) = 0 and f1 (0) J 0 the deduc t ion is made ' 

tha t only the tangential veloc·i t,v at the int.erface is modified t o mn tch 

tha t of the first condensate approximation • 

. This has no effect on the inner flow (4~25) and it' is in the 

second approximation to the vapour that the inflow and shea r stress 
, " 1(, * 

at the interface are ~ltered, both f2 (0) and f
2

(0) be~ng non-zero. 

A further observation is that no acco-ant has yet been taken of t h e 

inertia terms in the condensate phase. 

At this sta~e it is possible to cO:.l.fi'r-m that Cess' model f or th"i.:~ 

problem i s correct when AT is small. In fact his formulae f or Ct' Re t w x 

and Nu.Re -t in thin range are identical to the first tenms 
x 

of (4 . 29 ) a nd 

(4.30) respectively. 

H01-leVer h~ving only one term in each series (J ess concluded th~t t the 
l 

rate of chunge of Ct'W .Rex 2 vlith .A T , as llT~o i:;; zero, whereas the 

correct limiting fo'!'!:! is only apparent when thA second term i s a va ilable . 

\1hen the thin :film model is applied to other problems far more 

fundamental errors than the !·oregoing can be exposed. For example it 

has been shown by Hudson (.'11 that a thin tOilm model , applied 0 the 

problem of condensation onto a rotating disk,pinpointed the f~w in the 

.. ?as~c assumptions made by Sparrow and Gregg l,16) > ~~' ~ 
. 1\uA,r lo..5I~~(\5 o~ ~ ~~ ~ \~,~~ ~~r. 



The thick film approx:i.mat ion 

An essential feature of the thin film approxima tion is the slight 

condensation rate and the thin liquid layer. At t}lC other end of the 

range of possible wall temperatlLTes, i.e. when 

apprecia1)le I condensation is to be e:x.)ected, which, because of the small 

rat :Lo of vapour to liquid density, rcquh'es a 1<);(,&8 vapou.r inflow Il ~ the 

interface. Alth oLtgh physically the liquid layer is of' COI.lyse still 

thin, an expansion referred to as the thick film ap.[)roximation is now 

cOMtructed based on the conc'ept of a strong suotion vapour boundar.y laye,r . 

Wi th 7\ as a convenie'nt large pa.rarneterinvolving the rat 'Lo of 

vapour and liquid properties, new suction boundar.-j' laye:c variables for. 

the vapou:r flow are introduced: 

, 
It has been established in Chapter 3 that account must b e t aken of 

o the variation in fluid prope:cties when TW _ ° C, so the full forms of 

(3.15)-(3.23),with ID = 0, are used here. Introducing ( 4 .31) the;) bash: 

equations become: 

and ct~ .Ii-
-\-

F~ c).l. F'" o . 
(}''1~~ 

-
~y;t. ~ =-

The boundary conditions are: 



when 1-:'0 :F' :. f I :. 0 ") . ~ -=..0 ) 
I 

; 

'(-::.. '{~-:.O a -= \. when \ ) ) (4 . 36 ) 

.~ f (,) F (0) -- ) 

. II j . 
4> F (0) ':: :k~ t I ( I) (4 . 38 ) 

Wo" 
q>'l.. f CO):' \ tU 7\2.,. (I), (4 . 39) 

and , 'P f (I) '- X, Gt.l (I) - (~ • ~, O ) 

y~ 
I 

'/ 'l. and as ~OO ' F~('1~) ~ 7'\. 
, 

( 4 . 41 ) 

Compatible asymptotic expansions for, the condensate and vapour 

phases are 

J(y) -= Fo ('I) ,. 
\ 
]\:l. F,l ( 'I) -+ • • . (4.12 ) 

J 

~(y~ :: \-\oCy) + ~1.l1~('/)+. 
) 

(4.43 ) 

. 
~ 

"T .L fl.+ ( t. . 14 ) ': c;to+ "??- - . . 
) 

and F~ ()')t) ,; ' F,," (y'.i') -+- .1-z.. F2~ ('r'~) + . . . 
(4.45 ) 7\ 

substitution of (4.45) into (4.34) yields the following governing 

* equation for Fo 

and into (4.38). (4.39) and (4.41) yields the boundary conditions ~ 

I ~" ~ 1/ ) f o~ ( 0) = F 0 ( 0) = F" 0 \.~ :. 0 . 



44. 

,I\

Hence the solution for F is 
o 

-x-

s~ , 
where S is an arbitrary suction par amet er. 

I 
Comparison of the coefficients of 7\~ when (4.45) i s subs tituted i n 

(4.:54) gives 

11\ 

and introducing (4.45) this becomes 

+ 

Integrating (4.46) twice' then we have 

Comparison of the coefficients of J... ( 7\. in 4.41) 

* which demands A = 1,so that 

F:J.~, I (y~) ::: 

'::.0 , 

yial ds 

(4. 46 ) 

(4 . , 7 ) 

Attention Dtust now be turned to the condensa t"e phase for ' wh i ch t he zer oth 

order solutions follow from ' t4, .3~) and (4.33), Yhey are 

a nd 

::.0 , 
) 

Ps. ~ io ,Fo ",d =--0. 

CpS 

(4 . 48 ) 



These mu s t be solved subject to: 
. / 

fo (~) =- f'o (0) =-0) 14oLo) -:. 0) \.lOCI) .';oo \) 

S~ 
) 

::h x,I ' 
~O F2, (sJ) , == a> " ( 14- e,~) 

- J 

r If (I) = 
, 0 

h..:l. 4 IJ 
~o F). , (0) :: 

(4 . 50) 

,x- -)(-
Alterna tively the constants Band S canbs eliminated from ( 4 . 50) 

and w~ are left with the six bounda ry conditionB: 

Fo (0): Fo' (0) ::. ' 0) ~ 0 to) -;'0) \4 0 (\)::") 

j(, rio 'll):: jo 'FoCI,> ) 

and. Foil (I) - 10 ~o(') ( ~o - Fo' (I)). 

( 4 . 51 ) 

The equat ions (4.48 ) and (4.49) are solved numerically ~ubje c t to 

(4.51) and this solution is referred to as the first term of th e full thicl 

, f,f I 
film approximation. 'The rel~vant characteristics ~, Lo) and (1 (0) r 

compared in Table 11 with the exact numerical solutions obtained in 

Chapt er 3. Agreement with the exact values is excellent in t" r,:, ":"c 11 e 

o ~ T w <.. 60°C and even when TW = 90°C the error in 4> ' is only 

about 7 per ceh t. 

The thick film approx~~tion has been developed on the 3L3umption 

that i\ i.3 large but has in no ''lay utilised the fact that X. <. \ for 

100°C. The aim nO \1 is to find the 1 imi ting f01'::1 of th e 

system (4.48 ), (4.49) and (4.51) as ;(-70. 



The required expansions for the unknowns of the fir s t term of the 

fun thick film approximation are: 

N ,...., 
~o-= i Fo :: 'X..f +. \-\' 0 -= H + .. -f- • . 

) ) ) 
(4 . 52 ) 

Bv" = :;,4 
,.., 

-\ +&'X,t- .. = -t,..S + . . 

Substitut.i.ng these into (4.48)' and (4.49) then the functions f and Hare 

found to satisfy, 

(if.'. 7")' =-0 
f~fs J 

(@v... 'f:Y/)' ' r \c.s H ~ 0 ) (4 . 54 ) . 

The boundary conditions (4.51) yiel<1 

- ,..,/ f (0) = t (0) -= 0, H to) ::. 0 
) 

IV N f (I) -=- S) 
" 

(4.55) 

and ~ 1 (I) :: 

Numer"i.r:al solution of this system using the variable propertie 

described in Appendix A presents no problems, however complete an 'lytical 

solution is possibae if the fluid properties are approximated as follows : 

\ '( \ .L ~ N - + - - l1 fW fS fvJ . 

( 4 . 56 ) 

Assuming the density remains constant (4.54) gives 

'(4.57 ). 
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where E is a constant . Hence we have, 
N 

t. '/ : ~
t\ k 'V 

- CH\ 
ks , o . 

'" . and since H(1) = 1 the constant~iB given by 

- ,Ht ~
\ K. ,..., 

o k~ • 
(4. 58) 

To the same approximation (4.53) yields 

(4 . 59 ) 

I'V 

where D is a constan t , and upon changing from '( to H as . the independent 

variabl~}using (4.57~ it follows that: 

r . ~ 
c. K. 

Hence vie obta in 

--
IOW 

lJ t~~~ a»] d~ 
. The conditions. 'from (4.55) which remain to be satisfied are · 

(4 . 60 ) . 

(4 . 61) " 

rw ,...,"" I ,.., - N IJ ~ 1."" -V I ' f (I) =5" f (I) = B i , f (I) = f.. g, ~ f{,):.\4- (\) ) 

from whichare obtained 

",11 i 2. £ (,) '" , I 

f (I) :: ~ ! tll) -= 1\ (I) 

3" (I) : ,.., - <'V r. -I 
or ~ H' (,) ~""",- Q: f LI):' \\ U). (4. 62) 

Then substituting from (4.'59) and (4.57) we have 

;<t,J 

D= S[ C 
. , (4. 63 ) 
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and from (4.62) and (4.57) 

,.., 
~ 

~::J.. 

~ :l. -P - E. 
E 2 ) ( 4 . 64 ) 

,-

where 62- -= 2. r h l \" ~sK. d\4] o\~ p, k..S r \<..~ • 
00, 

The integrals (4.58) 'and (4.65) are analagous to thos e 'obta ined by 

, Voskresenskiy l :2;] when modifying Nussel t' s theory to , acco~nt 1.1.0 

varia tion in the physica l properties throughout the condensate . 

IlllbUrI'L tlovL.l+ ] lwod (~. 5G ) '1.0 OVlllwL\, <) t ho i n to/{'r'nlll ILpp'ro X':irnlL\.I 1y . 

Using analysis similar to tha t employed by Labunts ov then we have on 

substiti'ting (4.56) int'o (?J: .58) and (4.65): 

£.:. .( k.s -t- k:,hl) I .2k s , ' 

ep ~ {(s+ q ~+~~~ +p: .. 17.1-2 ~~ ~12 ~~:1) /60 }'2, (4 . 66 ) 

for 

For the case of steam-water condensa tion these quantities,eva lua t ed 

T = O( 10) 90°C , 'are' given in table 12. 
W ' , , ~ 

From (4.63) and (4.64) D and ~ are given in terms of E and , E.~ 

by: 

( ~ . ' f) 

Any desired in' 'orma tion can now be deduced f or the t hick f i l m 

R 
1,2.,' t'} _1/2-

model,and in particular ,expressions for ci» Cfw e~ and Nu. ...... e)(, 

are available. 



~w. fi' f"(o) 
JA ~ ,p-

NAA. ee ;'z :. ri.; G/ (0) ::; 

'X.,c. p , 

(4 • h8 ) 

In t able 13 comparison is made between these approximate formula e 

and the exact results for steam-water co~densation. The :l 3'I'eel11ent i s 

excellent t"or 0 ~ Tw .-' 0o°C, and 1 is within 10 per cent when , 

011 0 
TW = go e. When uT < 10 e accuracy is soon lo s t, and . i n part icular 

the limiting forCl as ~~O is invalid because (4.68) predic ts ~ -';» IT 
~hereas the correct limit, given by the thin film approximation, ' i s ~.:,o. 

The loss in accuracy as ~JtO may be surprising considering the 

forlllulae (4.68) are the result of finding a perturbation expans ion in 

terms of ~. The reason is illustrated " in figure 7,where the va~iation 

of 4> with ~T is displayed. When ~T" 40°C the form , of et> , say <? r'\ J 

given by the numerical solution agrees well with, ,pT say, the fo r m 

predicted by t h e first terrn of the full thick film approxima tion. 

However as llT -.. 0 the agreement is lost ( 4>",.-., 0 and ~T ~.f2) 

because the basic assumption that a strong vapour boundary layer exis ts 

is no longer true. , The limiting solution, 4>,.,.)':.. say,. as X- --) 0 i s 

seen in figure 7 to be in good airaement wi tn <:PT for 0 =s: T ItV "- 1 oooe , 

but since cP. itself is not a valid solution for 6T;'V oOe then et> , . T,» 

cannot be expected t o agree with c?n in this region. 

The solution given by Cess of thi s problem also utilises the conc ep t 

of a suction boundary layer and includes a limiting for~ 'e quivalent t o 
I 

(4.68). Indeed if variable condensate properties are excluded fro m the 
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t hick f ilm app:cox ima t ion t hen E = Gp = 1, and the simplified f ormul ae would 

be t h e same as those given by Cess . In t he author' s opinio~ however t he 

current method i s of graa t er value in four ways . Fir stl y no knowledc;c i s 

needed of the correspo:lding single phase problem, secondly th e . phy .... ica. l 

assumptions are mini mised, thirdly the mode l can be r eadily extended an 

finally it i s more accura t e, a s it takes account of varia ble conde.naa te 

properties . 

Conclus ions 

It has been es tablis hed tha t ana lytical formulae can be obta.ined f or 

all the physica lly interesting coefficients, and the s e are in excellent 

agreement with the results of direct numeric al integr a tion. 

Si Mi\CI.' 
This evidence jus tifies extending the ideas to non-,,;,i,Mgwl8:~ f lO'l;8 

and thus avoidi ng the problems of solving coupled non-linear partia l 

differential equations with an unknown interface. 
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Chapter 5 

IIllmE ~l·j C[1 J soJution of non-similar conden~ation problems 

Introduction 

The aim of the present chapter is to find solution~1 of eque:1. :i. ons 
.... I 

(2.28)-(2.38) when the form of {tM I"x) is such that similar solut i o s 

tl ~( IJ~( I:x. d.o not exist. Two examples are considered, firstly Mo ~),: V\.O \- : C;), 

which represents a linearly retarded flow over a semi-infinite pla.te ) 

and secondly which is the. potential flow 

past a circulaJ~ cylindel.'._ 

Both of these configlU.'ations have been extensively s tudieJd. fo r a 

one phase flow and many extensions to two phase problems occurring in 

condensation are no doubt possible, albeit with consiclerallle comI,lioD.tions . 

However since no information is to hand concernine these condor18at:i on 

problems attention will be focused on the basic description of the flovr, 

particularly in regions of adverse pressure gradi.ent vr}"lt-re the nature of 

separation in condensing fluids will be discussed. An importrult qUQstjon 

which will be answered is: IIDoes condensation dela~r separation and Vlhere 

does separation first o(§cur, at the wa.ll or at the interface?1I 

Transformation of equa.tions into forms s}li table for numerioal t echnig1..H.s 

The governing equations were introduced in Chapter 2 and sim lif:i.o u. 

by introducing the streani· functions ' t 1J 
and ~ and the non-dimcnsi ono.l 

temperature 



There result ed the foll owing equations : 

(5 . 2) 

Vapour " ( ~ ~ 0 ) O~ Aj* ~ ~) . 

~ ~.v- . ~'\. ~~ ~'J. ?> 1. \.~~ . ~ '* 
. ~ (j,. (j~ \I--~ :: U; e.I.U~ , 

~~'l. + S --~ ~~~ ~ o.-x. ~~?> • ~ 

BOLUldary conditions : 

t- ~ -0 ' - , ~ I -, '!11 -:'() ) X ;>,. 0 , . 

e -=-0 
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-- (J.e) 
} 

I 

and the integrated ·forrn of the energy balance 

/lbt.) . 

bT. Kw. ~~ (2le J _ doe. -= t ~ fS ~ -- 'fs iSJCp.Tl l . ~I. 
() fS 0\11~1~ ()Jli J~I 

In the condensate phase the stream funotion is taken in th~ form; 

where 

The fla.t plate problem is solved by taking m = 0 Mcl that for t he 

cylinder by taking m = 1. The seemingly unnecessary introd.uction of t he 

factor (m + 1) occurs because the analysis for the two problems we.s 

initially done independently and it is noVl desirable to unify the approa.ch . 

Introducing (5.11) and (5.12) into (5.1) and (5.2) then the , 

differential equatiofls for the oondensate layer become: 
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I 

D (f.I::. tF \' F ~ _ ~ W\ (~~\'l. 
.=f1 \f sf~ o~'1,. ) + ~:l. (1\-\.-,) ~ l 

-\- ~~ 5~ o~F _ ?Lf= rF 1 + ~s F-t (C~v~ U}~l~) O\(LW~ ~ 
. (M-t"\) L~ ~l. ~ o~d-.t. j (M+1) (' ~) )it (J:~t/j ~/ 5 . 1 3) 

and E. (~ tt') -t PS. G> F _~ + rS.~ ~~ ~d! ~ ~ ~ ~ .l~ .( 5. 14) 

OVL \.J~~S ~ Cfs ~ Cfs (Mi1)L)~ ~ ~ ~S i 

The b01mdal.'Y conditions , (5.4) yield; 

and the eq,uution of the interface will be denoted by 

The vapour layer is treated in a similar manner introducing 

as: 

where 

Henoe we obtain: 
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ruld the boundary condition (5.6) be comes: . 

Introducing (5.17) and (5.18) into the vapour momentum equat i on (5. 3) 

gives: 

we h a '!€? 

(5 . 22 ) 

and finally the energy balance transforms to give; 



An aVlklvard f eature of prog-ranuning thes e equ.&tions involves the 

non-constant condens£:.te t hickness t(~). This diffi culty i s overcome 

by making one more :change of independent variable; 

This fixes tll e r ange of integration across the condensate l ayer as [0,1 ] 

and casts the unknown function t(X) into the differential equaticns which 
. • . I 

be come the f ollowing • 

. Summary of Eguat:Lons 

Condensate phase 

l (~ k 0 e \ + C(1\). £:p. Ps F W -\-- ~. Ps . t:(x) 5 ~ ~ _ ~J lG 1. -=<> (5.28) 
()'/ f!> KS 7:J,/.J . . ' CfS I • Ci'f CPs l O')(?r-f ~y ~ ~ . 
Vapour phase, (putting )( -: ~, '/~ = 1~ ), 
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At the body su:rface ) Y -:. 0 ))< l/ ~ 0 ) 

F= e-=- o. (5. 30 ) 

the interfacial cQndi tions a.J:'e ,(Y = 1, y* = 0), 

eo;::. I, 

( ~:#;,~~/~ \ ~ : 
ot.p':oJ. 

~f 
- J.. ryl.. oylt- , (5. 32) 

I tiF oF~ 
- - = -;'/~ cCx) o~ 

) (5.33) 

and. (5 .3 ) 

The mainstream vapour condition is 

dx 



It will be shown that to commence the numeri(: e l int o ati on of 
-

these equations it is necessaI'Y to know the form of the ft:.nd:i ons F) r-~ 

and Jc;, when X ~ O. The limi t i ne form of the sys tem as X ~ 0 i s ; 

Condensate phase : o~ y ~ I) ,,~o) 

c.Co) ~. Ps. F. ~ 
. ' crs ?Si 

:Boundary conditions 1 y = 0, x.~ 0 , 

F 2)F ' Q. -_ 0 = I ~ -:::-0 v 
- I ) . 

-:::. 0 . 

Interf~ce conditions ; (i= \) '/ ~ =- 0) x....)- 0) 

e- =. i '\ 

(~ i'2- -L 01: 'b'\.F){ 

W;:yl. - - 'l. 
t,(P)"J. - 'ay >r, , ~~f\~ 

~ 
~. - ~ .. 

-'/ - . ~/~ bc.o) () , , 
\ ~ 

an cA.. (M )~ F - \=" -
i: f'i~ 

(5. 41 ) 



the mainstrerun velocity condition is, 

FinalJy the form of t he energy balance becomes , 

1 
, ~ ~ 1s ~ . .I 1 dy - (5 46) o ~.DT ~ A1 Cps ~T . 

In equations (6.37) and (6.39) }f is given by; 

It is not proposed to wxite out in detail the forms taken by (5.27) -

(5.46) for the two problems under discussion. These follow by subst itutin 

m = 1 with ~; (",:: ~ ~0<i) for the oylinder , and m = 0 with 
I 

u.JL ()\J": ~ (\-~~) for the plate. 

However with these substitutions we find fol.' the oylinder j{ '::. \ ? 

for the plate !{ -=-0 ; and the limiting forms of the equat:i.ons describe 

oondensation in the neighbourhood of a two dimensional stagnation pOint , 

and forced flow over a flat plate respectively. The governing equat ions 

for t hese problems have been formul~ted in Chapter 3. The limiting forms 

(5.37)-(5.47) are not identical to (3.15)-(3.23) but if one puts 
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F= 
) 

then (5.37)-(5.47) are transformed into t he equ.at:i.on s of Chapter 3 . 

The neces s ar:/ information to start the integrat j.on of th(~ equ[J.ti o 8 

formulated in this chapter is -therefore available. However to avoi d 

reading very accurate data at 'X = 0 into the program, .s ubroutines 0.1: e 

, . 

inCluded which solve the ordinary differential 'equa tions us ina t he main 

matrix inversion procedure. 

Method of solution 

Solution of the three coupled non-linear paJ:tial differ ential 

equations is effected 
>,t. - '2>F-

and ~ = a'f~ 

i'F' t by considering the functions ~~ Vi,!) ) :er 

There results a set of pal'abolic equations, an 

appropriate method for the solution of which was proposed by Har tree and. 

Womersley (2.5 J and basically invulves replacing derivB:tives in the 

X-direction by differences and all .other quantities by aver a g0s . In this 

manner the solution at the stage X ~ 'X I'i .;- h. can be found, onc e tha t at 

is known , by ' solving a coupled set of non-linear ordinary 

differential eq-q,ations. The previous section has establisrled how t he 

solution is obtained at station X = o. 

Full details of the EaI:tree-Womersley scheme, quasi-linearisa,tj on of 

the ordinary differential equa.t ions and the matrix iteI'ati on proccdUl'€ are 

given in Appendix C. 



Di s cussi on of results 

Due to' the considerable numeriC:l1 J labour involved solving tbp. 

paJ_,ti a l di fferent i a l equa tions, solutions hav e been computed on] y with 

o 
TW = 0, 70 and 99.99 C for each of the fJ ow c onfigtll'a ti om,; . The 

characte:cis tics of physica l int er est were intI'oduc ed in Chapter 3 for 

the general 'vanour mainstream v elocity u.: (:)It) . ThEl pa:r-t ic:ular 

forms r e l evant to the plate, ~ ex)': u: (1- ~ "£ ') are obtairlE!d 

on subS~ituting l'Ju;x.) = (1- ~ 2.) and 0\ -:, ,~ int o the 

following; those for tbe ce..se of the cylinder, ~* CX)::;' ~ ~l:XI,,') 

follow from putting MtA.) 0;:: (~) ~(~) and O(-=- i. 



Not e that t he global condensation rate :gas not be en included above . 

Inst ead a study wHl be 'made of t he vapour velocity normal to t he 

int erface which is the local condensa.tion r a.te. From (6.19) wc l)ave ; 
. 1 

Il/" eX ,0)::' - / 2..W V~ x'M-\)i 5 (~) F"" +'X llF" l. 
I l ~O\-I) C. W\ L.2. , () x J'I 0::0' , 

und the di mcnsionless ' s uc;tion' velocity i s given by; 

~i ty pronJ es 

The velocities 

... ('!i.) .l. ?J\= 
-\AI: ~. '-C cex) 'fil 

in the condensate and vapour phases are given by 
~ "\ OF~ . 

and .v.:; o;:~(Z }'oy* respective Jy for t he 

cylinder, and by 
);I...l ~ ~ II~ ~~ 

AJ...,:: At.O CCx.) ?Ji an d A.\I:: M.IJ ,"fii ~ for t h e 

plate. Some of the 
or ()=* 

results for . "'I and~)to a t typica l cr oss- s ect:i ms 

are given in tables 14-19, where t(X) is also tabulated so tha t t he 

ve loci ty profiJ cs may l)e deduced. In addi ti on some pJ':of:i J ca a r(1 dj ~J l)lo.y .0. 

in fi gUl'es 8, 9 and 10. 

In the discussion of the numerical similar solutions TW was 

assigned the value Tw '= 99.990
C in order to justify the a ss ertion trJl t U e 

va'pour fl.ow t ended to the Elasius flow as '61-::p 0 ~lhe same vul u e of 

the wall tempe:r:ature is used now to establish the f a ct tha t t he vapou:r 

flow tends to the co~-reSl)ondir:g non-similar single pha1::e fl eW! . In e one 

phase problem over th~ cylinder has been solved numerica l y y 'flerri 1 l2.<2> ] 
and that for the plate by Hartree L27 1 and later by Lei eh l 2. J. 
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The l atter , problem was also solved approximately by Howarth l '2.q ] , 

whose model is so close to the numerical soJutions that it will be used 

as the yardstick for the vapour boundary layer on the pla.te. 

Comparison between the vapour solution and the cor:r:esponding 

, single phase problem i s not immediate because of the d~fferent choice 

of vari Huleo, but io , illustr.·n.t ~d by compa.:r:ine the vapour wOlnerrl;unJ 

thj.ckness witll the momentum tlJicKnnss of the correopondj ,ng 'lj.ngl e phe. -

flow. These data 'are included in tables 22 and 25 , whic.b h ·t the 

o 
physic:alJy interesting coefficients as functions of X, when TW == 99.99 C, 

for the plate and cylinder ,problems respectively. Tabl e 22 S]10WS that 

the vapour momentum thickness is mm.'e;inally less tban Howarth' s value 

.from X = 0 unt.L 1 beyond thre e quarte'cs of th.e W~l.y to t~e tIGpac~t.toYl point 

Xs. ' As Xs is approached the thick"nesses both increase rapidly. lIowrrvG.c 

it is the vapour layer , which remains the thinner, an.d indic'.':I.i;es th"3 l)oint 

of separat.i.on in the. conden~Jatio·fl. problem is moved downs tream f rom t he 

:'3ingle phas e lo ci::l.'Gioll.. The Sam(Ol , observatioJ1.::; carl be rnlld.r.: from tabl e 23 

:l'l. relat ion to ' the cylinder ,problem. The maglli'tude of the shi f 'b in Xs 

is not given sillce it is very small and to achi·3ve Terrills a ccU'l.'acy a 

ve:cy considerable amount of computing would be necessary. 

The fact that condensation delays separation., ,and the :]rua118T Tw 

the greater t he delay , is more appa'cent from the tabulated lli1. t a for t he 

othe.r valueG of TW. Figures 11 and 12 show the variation of Xl/C wil: :1 

It aPPifars ,that the delay in separ.at.Lor). is more 1~m:-k8d :ir'l ' the case 

of the plate whe:ccXS/c,. is inc.t'eased from Howarth1s vall18 of 0.96, 

which is the limiting value as TW ' ->- 1000C, to 6.3 when TW _ OOe. 
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The cor:c8GpondL'lg values for the cylinde:c aTe:? ,x,$tf, = I· ~23 r adian.8 

radian.s . This is due to a f 1mci.'1.rnental d,i ffec0 1 ce 

between the two vapour \Ua_i.11~ t ceams . ,. The flow ~V,) c the pla te i s linen. l.y 

. retarde d from t he le;3.d in.g ec1ee whe:ceas that over t he cylinder is ar,cel er -

ated in the r egion and is only decel erated for 

il72.. ~ "1(.. <.. 7t If we introdllce , . then 

the rat .lo of X~/c.. o 0 
for TW = 0 C and T~V = 99.99 c be cor~0s 4.5, as 

against 6.5 for the rati o of X~/c. at t~e same temperatu-rt~S fo:r:.' t !'l8 

plate. Even now X5/C se~ms more sensitive to TW,and thi::; is b ecaus e 

the pressure gradien.t varies as ~(:2~Z) round the cylinder and 

there:fo:ce only attains its' most restricting v~lue whe.c. ></c = 31'1' /4 

The fact that the condensate layeJ: acts as a lubricant fOT the 

vapolll' and. effectively delays separation is thus quite apparr-H1t, !'lOWfN Cr 

the n!::l.t llre of t he flow in -I;he neighbourhood of nume cical br.ealcdowtl a rid 

an answer to the 'lues tion, "In which phase dOAn sepa-ration fi 1:':-; t OCCllr? " 

Cl~ not so obvious. For the single phase linearly retarded flow wi. th bhe 

trH.ditional. nO-31ip condition, Goldstein (.30 J in his classi c pal)" .r. hI tS 

I 
shown thrt sepn:cat .Lon i s duo .to I1C1 n.le;eb:ca io s iJ16'llla.rHy in. tho wall 

shear r (~') j';4 ,of the form; 

~(~\"",o<. 
Not h~vlng simila:c results available for tne behaviou-r 0 f l;11e "rall or 

inte'rfacia l shear- stresses in ' the condensation problems it is not possible 
I I 

to fully appreciate t ·::-J.e behavio~r of separation. However. it is noticed 
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thal; t ht) valu e :} of the wall and interfacial s h ell !:.' oOI-)(,ficie n.t,) dect' '::1;'88 ., 

raflidly as nUIfed Gal breakdown .is aD p:roa ched, s o a s ingul.':rr.ity of' the 

above t.n)t) is likel y to be present. 

We will t ake the criteric;m for separat:i.on t o be the va,nishing of 

either the non-dimensiona l wall sht1ar stress Cf IN. Re;/~ ,or the 

interfa cia l shear 

at I;erapted. 

Cf 0 ' '/~ 
1.: " .e. )<. , ' 

so that a gene:r.a l cOrlc lus Lon CI-1.!l 11 , 

Tables 20 ', 21, 22, 23, 24 and 25 show the physicl-ll 'ooefficir:mts 1:1.13 

XI and include a comparison of 
c 

C'~ f') ''1. R I(l. 
IN. ~e~ and CfI' e )l. 

at the typical stages. It is obse:r.ved t hat nea:r the l efldi ng l'Jdge of the 

Cf 0 1/2. 
' plate, or of the forl'lI3:.cd stagn.at_i. ... m point on the oylinde:r:-, tha-t w. ~e.~ 

Cf 
f") 1/ .. 

is neve ~c less 'than. 1.. I~e " .. , the ,'('eas on fo :c which has b er)rl tri 'I ... L1 

in Chapt er 3, but as nume:r.ical breakdown is approaohed 

be comes the smalle:c 8.n,d tends to zero :fas tar. This implies that 

separation first occurs in the conde'fl.~la.te at the body sU't'face. 

Figu.res 8, 9 an(l 10 COtl i rrn the precedi ng assertion. 

All the '<-l.Oove remarks have applied to 'both flow CO ll f igu'cations , 

however there a re some differences which a re worth noting. In the r~gion 

0<' ,ye:. <. 1Tf2 for the cylinder it can be seen that the physil)al 

Cf 
0 1/4 

prope:rties do not change Jilll.ch, and the switch from ~. I\.e" being 

th8 large:r sher1.,c. coefficient to .t he smaller does not take pla ce until the 

doceleratc~d zone . In cont:cal1t the chtinge ovo:c -Ln the pl:'l.te pro1)lemB oCCU1~S 

much more steadily. 



The s ame pattern ca~ be seen in th~ variation of the condensation 

t 
xI· [-U.vJ ::j''''' Ie.;l '/2-

ra e as c l ncreases . For t he plate U:" (lI.) • e)( decre s es 

steadily,whereas it is ma intained relatively consta.:Jt i n the accel era ted 

region of the cylinder proble:n. This observa t ion • .fill aocount for the 

reasoning in Chapter 6, tha t if the vapour phase is considered to be 

strong suction boundary layer, then this is a better mode l for, 

acceleration than for decelerated regions of flow. 

Shear Stress 
'1 

It has been mentioned that values of C-f'"". (l(l.)4.l. 

are included in tables 20-25. In addition figures 13 and 14 display the 
I f':) 1/.l. /r. D I/2.J 'xy· 

behaviour of Cfw.I'CZx / LCfw. "ex .)(-:0 plotted as functions of -"S 

for the cases TW = 0,70 and 99.990C for the plate and cylinder respectively. 

In each graph it may be noted there is c onsiderable similarity between 

the curves for each value of TvI' Consequently lmol-ting 

figure 11 or fig~re 12, and the appropr iate value of 
, ~ 

x ' from either 

[Ctw o e;:'"to from 
a ,similarity solution it is possible to deduce the wall shear f or any 

value of T,\oJ' i n either configuration. 

Heat Trans~~ 

The non-dimensional heat transfer rate is t abubted 

Cf 0 1';2-
along w'i th w· ~e x etc. in tables 20-25. The expected r esults 

-'h. 
is that ~tA.. Rex; is relatively constant in the a ccelera ted flow 

region of the cylinder, but ; in regions of adverse pressure gradien't there 



appro' cn·.Jd . 
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Approy.iJllL~tE' aTIfIJ ;y:ti caJ. solut i on for non-simil ar condens a.ti on problems 

Introduc t i on 

The previous Chapt er h3.s been devoted to the discus8 j.on of t 0 

examples of this particula.r type of problem foJ lowing numE!l.'ics.l i nt e::gr at i on 

of the governing equat:i.c,l1s . This was s e en to involve consiuerable labour 

and consequently approximate methods yieldint; the flow chara cteris t ics 

a.re most desirable. 

'1'1'10 aim i o to oxLcn<1 thCl thic:k and. tbin i'iIm UIJP:r.ox :i 1I II I.ii ,unn , wh:i oh 

wer e developed. in Chapter 4, to deal with the general VE'.pou:e mair si-ro··m 
,),l

velocity ,u,,,,, (ilo) The accuracy of the resulting mod els will be 

. tested by applying the models to the cases 

U;:~),:U: (\- ~ t) ) and comparing the resUlts 

solutions. 

U;(.x..) 0;. ~ S\r'\.(Z) arld 

with the known numerical 

This genera] t wo-dimensiona l flow is described by the set of 

equaJcions (2.7)-(2.18) and (2.20). Introduce the dimensionless teIDpe!'atux'e 

function e t defined by (2.26), and make the following change of variable ; 

whe:re i s thE: equaticn of. the vapoUl:-condcnsate int erface . 

Then the governing equa.t~. ons become: 

.. Cond ensai.e phas e (X ~ 0, 0 ~ y.:s 1). 
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-v., (~ __ ' y et s ' ~ \ + .!. '\r ~ ~ ~5 ~ (~ ~ 
OX S o.X ~y J , S <JyFCps try kS ~ ) 

(6 . 3) 

and ~ - _I Y (],'" ~ + -L - o. 
()')( 8 (}.x?ry 8 ~'( 

Vapou.E,: (x '/0 ) 

Nf ~)f. ' -+ 
()'" 

':- o. (6. 6) 

Boundary conditions ,( X ,>10, '/ -:.0 ')) 

A' -: I\r -=- 0 ' &-=- 0 ,v.,- ) ) 

At the interface : (X-hO) y=- \ ) A.j~"> 0 ') ') 6' -::. i, (6. 8) 

ContinuitY ' in mass flow: 

Continuity in tangential velocity: 

(6. 10 ) 

Continuity in interfacial stress components : 

Liberation of lat6nt heat at the interface: 
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Finally the free stream condition -is; 

(6.13) 

Thi n .film a.pproximaticn 

This model was introduced in Chapter 4 for the ca.se when Tyj IV 1000 C 

and the condensa.tion rate wa.s slight. It wa s specified by ei t}-Ier of t he 

ine'lual±ties or X. <:.<. i. 

. A pertu:rbation expansion in terms of e.. ~ Wfj. ~ f ound to 

provide the correct limiting form as 'j.,-'JP 0 for the similar flcv! ov er 

the plat e , and there resulted a first o:r:'deI' condensate solution which wa ... 

activated by, the shear stress e'luivalent to the wall shear of the si.nele 

phase flow sati sfying the no-slip condit ion at y '* = O. 

Guided by the analysis of Chapter 4 the vafour velocity is expandod 

in the form. 

and in the condense.te the following are taken: 

AA.,.. Gu.o+ 'i;,'2.. LL\ + £1 u":l,.+ . . . . -
'V" - f.2/J" 0 1- 'i!..;.. vI 1- E t\J l.. + . . . -
e - eo + E. 9- \ -\- Z1.. 9-)...+ . . 

-- • 
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The r ange of validity of t: e thin film model will be such that 

onl y small temperat~e changes occur in the cond.ensate , which will 

therefox'e be treat ed as a constant property fluid . On substit ution of 
. 

(6.14)- (6.18) :ilnto the simplified forms of (6.2)-(6.13 ) the zeroth order 

perturbation functions satifJfy the e'luations : 

Condensate: 
. ff'J.,)..,o 

-::-0 <te-o 0 
"S';~ b'(J. -) 

, 

(N.~ 
. 

)v~ + 0;::. 0, - - 'JI' ()'X. ~ 

Vapour : (6 .20) 

13oundaJ.'Y c ondi t ions : f or X -'l 0 ) Y = 0: 

'U-o ~ 1\)0 - 0 ~o ~ 0 - ) ) 

(6 .22) 

at the interface , X ~ 0, Y = 1 , y* = 0 , 

eo :. , (6 .23) 

A.A.o:.{, 0:::: I\J (;)" 0::::. o I 

(6. 24 ) 

(Jv.Q ~ '?M ~ 
JA ~ - ~o /'~ 0 - - ) 

?:J 'I - " ~ 

Vs ~o - ~o ~x LSo J AM> cAY] --lJ'f ) 

(6.26) 

and 80S ~~~ 00 1x 
~ Lt: (it.) . X;>/O ..u,O - ;-

) 

(6. 27 ) 
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Firstly note tha t (6.20), (6.21), . (6.24) and (6.27) are s i mpl y 

the equations wh ich govern t he 'single phas e .fJ ow subj ect to the no-s lip 

condition a t the int eI'face, Le.,to within the curl:ent J.)proximatioIl J 

at the body sm'face. If the solution to tbis problem j .s · known t hen t he 

vrall shear i s availabl e. 

Denot i ng this by ~ w * (it') that is 

(6.28) 

the function 'Cl..JtI- (~) can be talcen to be a known funotion wherever it 

occurs in the solution of the condensate phase • 

. The zeroth order condensate solution satisfiE:s (6.19), (6.22), ( 6.23) 

and (6.25) and hence; 

(6 .29 ) 

Now t here only remains the ener~J balance (6.26) to s at i s fy. Subst i t u t in 

(6.29) in (6.26) . we have a differential equation for det ermi ning ~Q CX') : 

(6.30) 

or 

Since is known for many two-dimensional flows then So(x 

can be evaluated analytically or by qUG,dratures. 



·73. 

~ 

For example if ~ (X): then the zeroth order vapour 

approximat ion r epresents the force~ single phase flow over a semi-

infinite plate, and for this the 'Blasius solution yields 

.~ 

"[LV LX) - (6 . 32) 

where A = 0.4696. 

Substitute (6.32) into (6.31), apply the conditio~ that at the 

leading edge the condensate has zero thiclmess, then on integrating WE: 

have: 

&= 
) 

Hence + '. . . 

, 
which is precisely t?e zeroth order solution f or ~~). Re'l/~ 

in Chapter 4. 

(6.33) 

derived 

Consider 'now the case of flow of saturated vapour past t he ciJ.-cula:c 

cylinder. The vapour mainstream is 

. where X is distance measured along t he surface from th.e f OJ.'waJ':d, stae,rnatj on 

point and C is the radius of the cylinder. 
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The single phase flow has been examined by Terrill l2.~ J~and 

c.: (X) is available in the form 

~ GIN ex, -

whe:r:8 the function ~'( Xi,,) is given numel:ica1J.y (it is . denoted by ~;; 

. in the table given on page 93 of Terrill's paper) in the r ange 

o ~ . xI c ~ 1.8206. At the stagnation point >'/C ='0) the condensate ' 

thickness is finite, and for small X, . ~ 'V X~ 

(6.34) i nto (6.31) we have 

, 
Thus on substituting 

Hence the limiting forms as 'X. ->,- 0 
S<.'I.) f') fl l.. 

of the cha.x·acterisU cs _. 1<,.CL.,c. 
. ,", ' 

. () I.. n -"L er 11\). jr\.e" \.. and N. u.. "e ~ axe: 

} 

(6 . 38 ) 
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In order t o illustrate the validit'y of the thin-film approximat ion 

applied to th is non- similar problem the approximate cond.ensate thicknesses 

are compa:r:ed with the numerical solutions for TW = 99
0
C and 99.99 °c , 

which was discussed in Chapter 5~ To facilitate cOI.Jll)arison the dime;us i cn
$e,,) f? 1(1 -y-i 

less group ;c. ..... ~" I'-' evaluated from (6.36) is plotted against X/co 

along with t he numerical solutions, in figure 15. It is sufficient t o 

note that when TW = 99. 99°C t he af,rreement is excellent but ther e ' i s a 

noticeable difference (about 5 per cent) When TW = 99
0

C.' 

The numericaJ r esults have shown, tha.t. the condensate l ayer behaves 

as a lubrica.'1.t for the vapoUr and effectively delays sepa.rat ion. Since 

P'(;,/,,) is only available in the range 0 ~ )(./<:. ~ 1.822,the t hin film 

model cannot predict the flow charaoterisi;:ic:s the entire way up to 

separat ion. However it is interesting to ,note that for TW = 99.990C the 

approximate r esults are accurate right up to X::,/c. 

Also the t hin film model is unable to give any insight into t he 

n~tu:r:e of sep8.l:ati on. J..n essential feature is t he constant condensate 

shear layer which predicts flow reversal in t he liquid andvapoUI' at t he 

same point. 

Thi ck f;lm approximation 

In Chapte:r 4 a thick film apprOXimation was developed for the r ang'e 

of TW for which the thin film model was invaJ.id. The essential feature of 

the model was t he ability .to treat the vapour phase as a strong suction 

vapour boundary layer. The numerica.l solutions of the previous chapter 

suggest the same concepts are likely to be fruitful when applied to 



non-s i milar problems, except perhaps as _separation is approached. I t 

has also become apparent that it is a gross simplification to treat t he 

condensate as a. cons t ant property fluid when bT /1s i"'V 0 (I) 

Accordingly the full form of eq,uations (6.2)-(6.13) are use,d as a basis 

for the model. The co-ordinate system is displayed in figure 16. 

Denote the unknown vapour velocity norm'al to the interface, y 'k = 0, 

by -vJtCx.) and in view of the preceding remarks suppose it i s l a:rge . 

Under such cir cumstances the vapour bounda.ry layer eq,uaHons (6.5) and 

(6.6), for arbitrary distributions of .w~ C,,) and ~ ex) ,can be 

. solved in inverse povlers of c..v:C,,) as given by W~tson [3{ J " 
To utilize Watson's expansion it is only necessary to relax his 

condition of zero tangential velocity at the surface. From l~' the 

desired solution is as follows: 

j 1).)~ ex) cl" + (6.39) 

Hence the velocity components are: 

whel'e the primes denot e . differentiation vrith respect to X. 
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Substituting ( 6 .4 1) and (6 . 42 ) into ( 6 . 5) the vapo1..U' rnomentum 

equation yields the following equation for det ermining f -x-(X,$*-): 

The chosen condition at y* ~ 0, together with (6.13) 

yield: 

t~ ('><,0') =0 , 
oftJ ~ 1 {~ 

and -~ US ~ c.Q. 

Z>$ 

Now if w? C,,) is l arge (6.43) is approximately 

()~·f~ ~ 
(j~t.l( - 0, ~~3 ~S~:l. -

, S 

which subj ect to (6.44) and (6.45) yields : 

) 

where A:;t. (x) is all arbitrary function of integ:ration . _ The vapour 

phase velocity field is now given by the asymptotic formula e : 

- --



+~: (X)~~ (l\) A~(x) (C5~;) 

_ ~\".~\» L.l~/(x) 1 A"" {'" e:( .;. A" ([1"_ I ') J J + -' - <'.-49 ) 

t f Y fl¥ 0' d 1 1\ ., Cv) Thus at the in -er ace = 1, /J ~ for ')()/.o a.n a:r'ge "'~ ,.. , 

a.nd 

~ 
- INS (X) , (6.'51) 

Having solved for the zeroth order vapoUJ~ s olution now we t urn to 
I ' 

the cond0ns ate phas e anQ solve (6.2)-(6.4) subj ect to (6.7), (6.S) , (6.1 2) 

and t he interfacial conditions ,(6.9)-:-(6.11). Thf)Se toget h er with (6.50) -

, (6.52) give respectively: 

anQ 

,When formulati ng the thick film model ' for the simila:r:', flows , t he equations 

, corresponding to this set were solved using the full condensate variabl e 
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pr operties. Then the limiting form of the equat ' ons a s ~ ;..,>- o was 

s ought and the va:t.:iable condensate prope:dies approxi ma t ed t o by : 

eo;: f S , Cp ~ Cps) b kw .j. Cl<.s - w) e, r-= f.v.j + ~s - /-.,.\ e . ( 6 ; 56 ) 

The intention now is to omit the full solution of (6.2)-(6. 4), ( 6 . ~r) 

(6.'S), (6.12), (6.53)-(6.55) a;;d to proceed to find the limiting fo rm a.s 

~....,..... <;:> together with the model fluid (6.56). 

The ne cessaIY , expansions are: 

and 6- = 

x.. u: (";(.) u. ( ~) y') + 0 (x..~) ) 

%..u,~ (".4) V (y..;{) + 0 l)(.1.)} 

?(., WS* C,,) + 0 ( X}') , 

b. (~) +- 0 Cx.)' , 
\ - ~ S' (:~) 4- 0 ( 'X-'1.) ) 

"" \-\ + 0 ("X.-}. 
~ 

(6.58) 

(6 . 59 ) 

(6. 60) 

(6. 61 ) 

(6. 62) 

For all condensates ~~ <<::. i so ·the vapour induced pressure 

gradient will be ignored. Substituting (6.57)-(6.62) into the gover ning 

, equations (6.2)-(6.4), (6.7), (6.S), (6.12), (6.53)-(6. 55 ) the perturbat i on 

functions ~atisfy: 

(6. 63 ) 

The boun~ary conditions are: 
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(6. 65) 

. ( 6 . 66) 

(6. 67 ) 

1 

and V:, l ~ \=::. My.) 1. ~(l')tl!()I)J\).~~ 1:6.68) 
The equations (6.63) are solved in a similar manner to that introduced 

for equation (4 .55). 

Integrating (6.63) we have 

(6. 69 ) 

where in general E(X) and D(X) are arbitrary functions of X. 

The former yields, on using ~ ()(.) 0 J -::::'0 :. 

c.,! = 
Also .. re have H(X,1) = 1 so that E(X) is determined by 

-- • ( 6.70 ) 

That is E is a constant depending only on the wall and saturation 

temperatures. 

Now (6.65), (6.67) and ·(6.68) together imply 



which together with (6.69) gives: 

or 

Thus 

Therefore 

i-:!)\<.. - , 
. 'f.. 

( 6 . 71 ) 

and h enoe (6.71) bec~mes : 

(6.72) 

• • . , (6.73 ) 
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On substituting (6.69) and (6.74) -into (6.68) then tll e followi ng 

differential equat ion for fj (x) is obtained: 

(6.,76 ) 

or 

The problem of finding the thick film approximat ion to non-similar 

flows is noVl that of solving (6.77), which is a very simple matter onc 

JI '" (v) '\,\.W\" is specified. 

In the simple case when ~ (~')? ,AA: constant then (6.~7) 

gives 

(6.78) 

and hence 

which is the ' result (4.68) obtained in Chapter 4. 

Returning now to the condensation problems onto the flat plat.e wi U r 

li-..! L~)-: AJ: ( \- ~ t") and onto the cylinde!.' where Vvo~ .. Oc'l-;.. ~ ~~), 
then (6.77) is solved to give the following characteristics. 



~3 . 
. I 

Pl ate eyEn' r 

(6 . 80 ) 

I The validity of these formula.e can be judged from, t abl es 26, 27 , 28 

and 29 which compare the approximat e dimensionless chara.cteris tics with 
I 

some of the . numerical solutions discussed in Chapter 5. Fig't.U:es 17, 18, 

19 and.20 display the comparison graphically. 

The accuracy at the lead~ng edge of the pla:te is of ' cOUJ:se that 

-
obtained using the thick film model in Chapter 4, where it was obseI~ed 

. that ae;reement was excellent for 0 ~ TW < 60°C and. within 10 per cent 

o for TW = 90 C. The same is true near th~ forwaxd stagnation point on the 

cylinder so it remains to describe the conditions under which the acoUJ.'acy 

is maintai~ed as x increases. 

,When TW = oOe the approxima,tions applied to eaoh configuration r emain 

as acourate, exoept in the vicinity of the point of separation. , For the 

, 0 
flat plate when TW = 70 C the model and numerioal results diverge from 

x = 0, however for the cylinder , given the same wall temperattuEl , ,the 
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agreement at x = 0 is · maintained · until ~ i:: ~ 
is the divergence apparent. 

" l' Only when - > :; 
c.. -

The SUc(:ess of the mod.el when TW = 70°C applied to thf: cylirlc eI' 

compared with tbe plate occurs because of t h e fundarnfmt a l ifference 

in the flow configurations, whicb were mentioned in Chapte:l..' 5. 1"0 :1;' the 

cylinder 0 <. .2! ' <..!r is . a region of f avourable pressure J":""I"adient, Co . ::1. o~ 

and it is ,in such a region that the basic assumption, Le. ~t(lC.»'O 

is most" valid. This is evident in figure 21 which displays the variat i on 

of w; ex) and also the maenitude of a tYJ.ica.1 n egl e cted t erm , 

:J. ~I 'f u. 'J.. . ·c ) . 
V~ ~ ()() / ,..v..>~ ex) ,in 6.43 compa red with unity. 

A preliminaI~ conclusion is .that the model is reliable at the 

o 
extreme wall temperatlll:e TW = 0 C, except near the point of separation, 

but generally the method is more applica~le to accelerated than decel erated 

flows. It will be shown later that the model is .unable to t hr oVI any, light 

onto the questions concerning the position a.'1.d nature of separation . 

To further highlight the accuracy of the thick film approximation 

applied to the accelerated region consider the ratio SC'.<.') / S (0) 

From C 6,_ 80 ) we hs.ve: 

= S(O) 
(6. 81 ) 

and hence 

Direct numerica l intebT.:lt ion yields the r esults S('!) / ~ (0'> 
. ' = 1. 48 

o = 1.418 for TW = 0 C. ' 



. ) ):lA..)IA ,- . . 
From (6. 69 we have /A:, ~( -;::.. t::: - , constant , and con f.l equ cntly 

(6. 82 ) 

Thi s impl i es , as the zeroth or der s oluti on , a constant condEln;;;at e sh a I:' 

XI . a cros s any statj.on C = const ., wherf'!as the numerica l sol ution s hows t he 
I 

Thick film met hod. appli ed t o· t he Falkner-Skan s ol utions 

In ~napter 3 the similar solutions wer e f ound for t h - mai ns t r eam 

vapo:ur "el ocity 

(6. 83 ) 

If this form of 'is insert ed into (6.77) then . 

(6. 84 ) 

Int egrat i ng t hi s 'and 11s j ng the condit ion /) (0) · - 0, we havo : 
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.2.f.. -
~ 

(6.85) 

The motivaticn f9r Chapter 3 when discussing the numer ical solutions 

of the Falkner-Skan type equations lay in observing the condens'ate shflar 

in the hope of· learning some~hing about the nature of separation. In t e 
- I 

thick film model there is a constant condensate shear so we oonfine 
1/"2,. 

ouxselves to seeking the point of separation and the aoouraoy of Cfw. R~'I\. 
I 

for ID < O. 

The dimensionless wall shear is defined by 

(6. 86) 

Introduoing G6.57) and (6.60) there results: 

x.~. (6. 87 ) 

. () 111-
Thus the thick film model pred~ots Cf w. "'e~:. 0 when ID = -1 

.> 
, X 

which is analogous to t he values of Ic = 8 for the plate with adverse 

pressuxe gradient and XI C = n for the cylinder. 
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I 

er (") '/ .... 
Figuxe 5 -shows the va:r:iat ion of - w. Ke ~ .... with m. The 

similari ty between the a.pproximate and the full numerical result s in 

the region 0 ~ m ~ -0.6 indicates the model is as reliable fo:r: 

m = .... 0.6 as for ffi O. Thus agreement is' noted over a wider range of m 

than in trle C '" ~ G of condensation in the presence of an ad.verse pr:e'SSl.'1re 

gradient. This may be d.ue to the fact that a sjngularity exists in the 

.r (' ("') 1/a,.. 
model formula (6.87), when l-1'w. ",a.." is considered as a functi on 

of m, of the t ype that Hartree [,20 J has shown t~ exist for the single 

phase floVl. Such a singularity is not- present in (6.80) whe:rea.s the 

numerice.l solutions for the cylinder and plate exhibit beha.vioU1.' similar 

to that of the single phase floVls where a singularity of the type (5. 49 ) 

is knovrn to be present. 

' ,' 

" " 



Conclusion for Pa:rt I 

The maj.n ,' fact s that have, been established by numeri cal int egration 

, of the full equations are t hat condensation delays , separation 'e.nd 

separation first OCCUTS a t the body surface and not at the int erface . 

These results could ,not be deduced from the approximat e met}lOds 

which predict cons tant condensate shear layers crtd. vanishing shear whcn 

the mainstream velocity i s brought to rest. However) the thick and thin 

models yield sufficiently accurate results, ,except near sepa:r:at i on, s o 

that the enormous effort of computine the full solution i s no 10ngeI' 

justified. 

The r eal power ef these models , lies in the simpliCity of the 

formulae they yield.. Knowledge of the mainstream velocity is 0.11 that is 

needed to deduce the condensate thickness ' ~(~) from (6.77) in the thick 
I 

film approximation. For the t hin film we must be given ,the wall shes l.' 
, . 

• 
' for the one phase ' problem in t1:e similar configuxatic,n 'and (6.30) t hen 

yields the coefficients. 



1. 
1 

A· E> l, 
1 c~ I D~ v 

0 0.98812999 I .0.99861 010 -5.2082931 - 6.4709855 

1 -0.02176145 ! 0.00:538211 -0.83662530 0.09577277 

I 
2 -0.01026523 -0.00297578 0.22822022 -0.06905999 

3 -0.01 337135 0.00451075 -0.07268900 0.027b9182 

4 -0.00100025 0.08168510 0.03607111 0.204395 

5 0.06409950 -0.02618113 -0.0~584258 -0.145540'(0 

6 0.03788946 -0.27551731 .-0.041 65410 -0.79356210 

7 -0.09626597 0.03468912 0.01821563 . 0. 30923446 
, 

8 -0.01863884 0.38483344 0.07:C35524 .1269448 

9 0.04632538 -0.01549540 -0.00643871 -0.1 7973239 

10 0.04270481 -0.1 801 4495 . -0.0371 7798 - 0.52353273 

Table 1 



1 

I 

water 

I 
\ 
I 

I units 

I O°t; ° 
S.t eam 

100 t; 
I ! 

Density . f g/c.c. 0.9998 0.578 0. 5977 x 10- 3 

0 
Specific hea t cal/g c 1 .0055 1.0078 J 

-Cp' 

Viscosity,t'". g/sec .cm. 1.782 :x: 10-2 
~.812 x 10-3 1. 245 x 10-4 

C ond.uc ti vity, k. / . 0 ca l sec. c m. c. 1.316 x 10-3 1 .631 :x: 10-3 

Prandtl No ' P 13.616 1.7370 

.Latent heat of call g . 538.83 condensation)1.f.j 

Table 2 . 

. , 



x 1 ~f 
~ S'/ 1 (~~Y' ~ 5 , q>l. 6'f:l. G. 1~ , ?>-f~ 

~~ 
0 0 0.Ob01 0 0 0. 051 7 

0.1 0.00176 0.0601 0.1123 0.05 0. 3575 

0.2 0.00416 0.0601 0.~198 0.1 ' 0. 5897 

0.3 0.00725 0.0601 0.32)6 0.15 0.7309 

0.4 0.01108 0~Ob01 0.4287 0.2 0. 8238 

0. 5 0.01570 0.0600 0.5~41 0.~5 0. 8849 

0.6 0.0~ 11 4 0.0600 ' 0.b~16 0.3 0.9250 

0.7 0.02744 0.0599 0.7180 0'.35 0.9513 

0.8 0.03462 0.0596 0.813~ 0.4 0.~684 

O.~ 0.04272 0.059:) O. 9074 , 0.45 ' 0.9796 

1.0 0.05175 0.0588 1 0.5 0.9868 

0.55 0. 9~15 

.~ 

0.6 0.9945 
" 

0.b5 0.9965 

0.7 0.9978 

0.8 0.9991 

0. 9 0.9996 

1.0 0. 9999 
I 

Table 3 • Veclocity and ,temperature distributions for 

0 , 
forced i'low over a 1'lat plate, Tw :; 0 \,;. 



0 

0.1 

0.2 
I, ' 

0. 3 

0. 4 
; ' . 

. I 0.5 
I 

0 ~ 6 
1 

0.7 

0. 8 

0.9 

1.0 

\ 'O! ;~ or.~ 
- I 1 :::l 
~ 1>y. ~.~ 

0 0 0 O ~-D2701 
0. 00225 0 . 1008 O. ·1 0. 3461 
O. OO~60 0 . 2014 0 . 2 . 0'. 5633 

0. 00705 0 . 3020 . 0 . 3 0~7106 

0. 00959 0 . 4025 . 0. 4 0. 8097 

0 . 0122~ . 0 .5030 0.5 0. 8'"(60 

0.01499 0 . 6032 0.6 0 ~9199 

0. 01784 0 .7031 '0.7 , 
0. 9.1 87 

0. 02079 0. 8026 0.8 0 . 9675 

0 . 02385 0.9014 0.9 0. 9796 . 

0 . 02,"(01 1 .0 0 . 9833 

1.2 0. 9953 

1.4 0. 9983 

1.6 0. 9994 

1.8 0. 9999 . j 
2.0 1 . 0000 . 

Table ( ~.) veloCity and t emperat ure distributiops 
o f or flow over a flat plat~ Tw = 70 C. 



X 

0 

0. 1 

0.2 

0.3 

0. 4 

0.5 

0.6 

0.7 

0.8 

0.9 ! 

1.0 

I ~f 
' ~. 14 Qf~. 

. ~ b), ~~ 

0 0 ,0 0. OJ1 67 

0. 00111 0'.1 004 0.2 0. 3971 

0 . 00223 0 . 2007 0 • .1 0.52 46 

0. 00336 0. 3009 0.6 0. 6821 

0.00451 o •. tl01 0 0.8 0. 7935 

0. 00567 0.5009 1.0 0. 8700 

0. 00684 0 . 6008 1.2 0.9208 
I 

0. 00803 0.7005 1 • .1 0. 9534 

0. 00923 0. 8002 1.6 0.9735 

0.010 45 0.9000 1.8 0. 9855· 

0.011 67 1 .0000 2.0 0.9923 

2.2 0.9961 

2. 4 0. 9981' 

2.6 0. 9991 

I 
2. 8 0. 9996 

, 3.0 0. 9998 

I 

Table ( 5 .) Ve locity and t empe;rature dis tributions 
o 

f or f or ced f low over the plat e Tw = 90 c. 



, 

I of ~~ ·1 G. ~tf X - ~*. ~ ?>'1 

0 0 . 0 0 0.000513 

0.1 5.133, -5 0.100 0.2 0.09577 
I 

0.2 1.027, -4 0.200 0.4 0.1906 

0.3 . 1.540, -4 0.300 0.6 0.2845 

0.4 2.053, -4 0.400 0.8 0 .3766 

0.5 2.567, -4 0.500 1.0 0.4658 

0.6 3.080 , -4 0.600 1.2 0.5506 

0.7 3.593 , -4 0.700 1.4 0.6298 

0.8 4 .107, -4 0.800 1.6 0·7018 

0·9 4.620, - 4 0·900 1.8 0.7658 
I 

1.0 5.133, -4 1.000 2.0 0. 8209 

2.4 0 · 9039 

2.8 0.9546 

3.2 0·9812 I 
, 

3.6 0·9932 , 

-. 4.0 0.9979 

4. 4 I 0.9994 

I I 4.8 0.9999 

5.2 I 1.0000 

Table G . Velocity and temperature distributions for forc ed 

flow over plate. TW = 99 ~99 0 c. 



Tw - Rc-x I 4.~ 1 t1- fw Q..x- fl: e.x Nu.. tJ( (0) . , 
)( X 'l< • 

( R'/" 

0. 00 
I 
3.223 0.159 0. 0832 0.0605 0.0588 0. 373 8 . 284 

10.00 3 . 054 0.165 0.0862 0.0579 0.0568 0. 381 7. 977 

20.00 1.896 0.174 0.0907- 0.0551 0.0540 0.389 7. 570 

30.00 2.749 0 .1 87 0.0969 0.0515 0.0505 0 • .100 7. 055 

40.00 1 . 612 0.205 0.1059 0.0471 0.0463 o. <113 6 • .126 

50.00 2r 484 0.231 0. 1187 0.0418 0.0412 0. 426 5 . 680 , 
60.00 2.363 0 . 271 0. 1378 0.0357 0.0353 0. 411 1 .1 . 813 

70.00 2.245 0.334 0.1686 ' 0.0288 0.0285 0. 459 3 . Sr S 

80.00 2.1 20 o . .1.50 0.221 4 0.0211 0.021 0 0.481 ,2 . 717 

90.00 1 .9 42 0.699 0.3286 0.0128 0.0127 0.521 1 . 495 

, 98.00 1 . 449 1 .260 0.5322 0.0058 0.0058 0.689 O . .101 

99.99 0.290 1 .705 0.6602 0.0035 0. 0035 3 . 452 0 . 010 

ChGl.'Ovct~ sti.c,~ ~r ~vv~SC\.t~~ 

~(~) :;.. u:) t.or\St:QM..\:.. 



. . 

-
I 
~ 

- I 

I -0.75 [- 0.763125 ID 0 -0.2 ' -0. 4 -0.6 -0.7 

Y \0. ~ 
0 0 0 0 0 0 0 0 

0.2 0.095 0.105 0.120 0.143 0.157 . ,0.159 ,0.1 46 
I 

0.4 0.253 0.281 0.321 0.385 0.428 0.437 0.409 

0.6 0.482 0.535 0.615 0.741 0.831 0. 860 0. 820 

0.8 0.778 0.877 1.,009 1.222 1.379 1·444 1.396 

1.0 I 1.177 I 1.309 1.506 1.821 2.056 2.167 2.122 
I 

t 2.28 2.56 2.97 3.69 4'.38 5.05 5.55 

1'" at~ ~ . J'1 
0 0.052 0.051 0.051 0.049 0.047 0.043 0.038 

0.1 0.589 0.544 0.489 0.409 0.345 0.290 0.249 
" 

0.2 0.823 0.781 0.725 0.63? 0.549 0.471 0.411 

0.3 0.925 0.895 0.853 0.771 0.689 0.605 0.537 

0~4 ,0.968 0.951 0.921 0.858 0.786 0.705 0.,636 

0.5 0.987 0. 977 0.959 0.912 0.853 0· 780 0. 713 

0.6 0.995 0.989 0.978 0.946 0.899 0. 836 0.774 

0.8 0. 999 0.998 0.994 0.980 0.953 0. 909 0 . 861 

1.0 1.000 
I 

1.000 0.998 0.993 0.978 0.950 0.915 
, 

1.2 1.000 0.997 0.990 0.973 0. 949 

1.4 0·999 0.996 0.986 0 .970 

1.6 1.000· 0.998 0.992 0. 982 , 

1.8 0~999 0.996 0. 990 

2.0 1.000 0.998 0.994 

2.2 0.999 D. 997 

2.4 0.999 , 0. 998 

2.6 1.000 0. 999 
-

2.8 0. 999 , 

3.0 
\ 

, 1.000 I , 
Table 8: 

~ I :t.. f>!)'" Dimensionless velocities for Fallmer Ska n ma:Lnstream; ttw\ ': \~ \Z • 



Sl':} R 'Iz. · SI R ~ ,~ ~.Re~\i -
f~(o) Cfw' Ra.~ 'l, . Il -M. -. t)4 -' G." (fl' ~e>, f'\\.l. ~e)\, :x. :x.. . x. 

1 2.27 0.109 0.057 8.32 0.0878 0.0852 0. 531 

0 3.c2 
I 

0.159 0.083 8.28 0.0601 0.'0588 0. 373 

-0.1 '5.41 0.171 0.087 8.69 0.0566 0.0549 0. 35:; 
• 

-0.2 3.62 0.182 0.094 9.21 0.0530 0.0515 0. 332 

-0.3 3.88 0.197 0.102 9.82 0.0491 0.0477 0. 310 

~0.4 4.20 0.216 0.112 10.58 0.0448 0.0436 0. 286 
, 

-0.5 4.62 0.242 0.126 11 .5:? 0.0400 0.0390 0. 260 

-0.6 5.22 0.282 0.147 12.77 0.0343 0.0'5 '57 0. 230 

-0.7 6.20 0.359 0.187 14.'55 0.0265 0.0268 0.1 94 

-0.75 7.14 0.~57 0.238 14.94 0.019.9 0.021 4 0.1 68 

-0.76 ' 7.54 0.510 0.264 14.74 0.0171 0.0194 0.1 59 

-0.7625 7.74 0.540 0.280 14·51 0.0157 0.0185 0.1 55 

,;..0.763125 7.85 0.556 0.288 14.36 0.0150 0.01 80 0.1 53 

-0.76j29"1 7.':32 0.569 0.294 14.22 0.0144 0.176 0.1 52 

Table 9 

Flow ()} l1tr:·l l.o t e)~i. n t:Loa f or I'\l.l. knc c-:,Skll r1 ,mo.:l.nD Lrol.l.m . 



EXALJT Approximate formu1ae 
(4·2,8) - .( 4' .30'). 

Iw ~) ~xl!z. CJw. Rt.~~ NIA.J~e;'i ~) ~(.-l'1 er (2t,Y;:. 
_1,:-

~ 
),' w. X Nu.. Qe)C 

~9.99 0.28~ 0.00354 3.45 0.291 0.00349 3.44 

99.9 0.630 0.00375 1.63 0.627 0.00349 1.59 

99.5 1 .01 " 0.0043 0.99 1.07 0.00349 0.93 

99 1.~~ 0.0048 0.820 1.35 0.00349 0.740 

98 1.45 0.0058 0.689 1.704 0.00349 0.587 

Table 10: Comparison of thin film model · 

~ ~ 
and nwnerical solution, ~ ('>()::' \la 



Exact solution 'I'hick film 
I Solution 0 1', (4.48 )-t 4 .Sr ) 

-
rp ~' (0) , i" (0) IP 

, :f I, 
'l'W ~ (0) (0). 

0 2.276 1.152 0.0333 2.c.87 1.15c. 0.0,3 

20 c..048 1.082 0.0440 9.057 1.082 0.0439 

40 1.847 1.041 0.0472 1.858 1.041 0.0470 

60 1.671 1.016 0.0414 1.688 1.016 0.0411 

80 1.500 1.006 0.0260 1.542 1.006 0.0255 

90 1.373 1.004 0.0151 1.476 1.004 0.0140 

, Table 11 ,Comparison of full thick film approxima. tion 

, with numerical similar solutions. 



lOO. 

, 

1w X. E 'Er' 
0 0.10Tt 0.90) 0.609 

10 0.0969 0.912 0.644 

20 0.861 , 0.939 0.682 
I 

30 0.0754 0.952 0.721 

40 0.0646 0.964 0.762 

50 0.0538 0.974 0.802 

60 0.0431 0.982 0.843 

70 0.0323 0.989 0.883 

80 0.0215 0.993 0.922 ,... 
'-

90 0.0108 0.998 0.962 

, 98 0.0021 1.000 0.996 

'l'able 12. Constant,s E and ep 01' thick 

film approximation 



lot. 

Exact results 'i'hick' limit as 'X -70 
Tw 

t/J CF .. f<e i/.2- Nu. Re'/). rp ' Ct.Re~ NIA Re'h 

O· 2.276 0.0605 0.373 2.099 0.0655 ' 0~377 

20 2.048 0.0551 0.389 1.945 ' 0.0588 0.389 

40 1.847 0.0471 0.413 1.790 0.0492 0.410 

- 60 1 ;671 0.0357 0.441 1.648 0.0363 0.437 

80 1.500 0.0211 0.481 ,1.523 0.0199 0.467 

90 1.373 0.0128 0.521 1.467 0.0104 0.483 

r~ble.. 13: Comparison of numeric.g,l results 

wi th formulae (4.68) of thick film approximation. ' 

• I' 



102. 

0 i 2 3 4 5 G C.2 

Y 10. ~F/~v. 
0 0 Q 0 0 0 0 0 0 

0.2 0.095 0.092 0.088 0.084 0.080 0.074 0.060 0.049 
0.4 0.253 0.244 ·0.235 0.225 0.215 0.203 0.177 Q.1 61 
0.6 · 0.482 0.466 0.449 00'432 0.415 0.396 0. 372 0.3 61 
0.8 0.788 0.763 0.737 0.709 0.683 0.657 0.644 0.653 
1.q 1.177 1.139 1 .100 1.057 1.016 0.972 0.937 0.956 
t 2.28 2.53 2.86 3.36 4.05 5.35 8.69 10.37 
y¥ ~F-/ ~"I¥ 

0 0.052 0.045 0.038 0.031 0.025 ' \ 0.018 0.011 0.009 
I 

0.05 0.375 0.304 . 0.237 0.172 0.118 0.069 0.026 0.020 
0.1 0.589 0.483 0.380 0.279 ' 0.194 0.112 0.041 0.030 
0 .. 15 0.730 0.606 0.484 0.360 0.254 0.150 0.056 0.040 
0.2 0.823 0.690 ' 0.559 0.422 ' 0.303 0.182 0.069 0.049 
.0.25 0.885 0.749 0.613 0.470 0.342 0.209 0.082 0.058 
0.3 0.925 0.789 0..680 ' 0.506 0.373 0.233 0.094 0 . 068 
0.4 0.968 0.835 0.700 0.554 0.419 " 0.272 0.117 0.086 , 

0.5 0.987 0.867 0.724 0.582 0.448 0.300 0.137 0.103 
0.6 0.995 0.867 . 0.737 0.560 0.467 0.321 0.1 Sf) 0.119 
0.8 0.999 0.873 0.748 ' 0.612 0.487 0.348 0.1 86 0.1 48 

1.0 1.000 0.875 0.749 0.617 0.495 0.362 0.209 0.173 

1.2 0.750 0.618 0.498 0.369 0.228 0.195 
I 

1.4 0.619 0.500 0.374 0. 243 0.215 

1.6 0.375 0.248 0.221 

2.0 0.250 0.225 

Table 14. Dimensio'nless veiliocity distri'butions; U:(~):. .u:-(t ... ~~) 
) 

, I 



, \O~. 

)(Ic. 0 1 .0 2.0 2.5 3.0 3.5 4.0 4. 2 

'/ 10"', 3F/'b'l. 
0 0 0 0 0 0 0 0 0 

' 0.2 0.730 0.702 0.666 0.61.7 6.621. 0.592 0. 515 0. 275 

0.4 1.522 0.1.62 1.396 1.359 1.317 1 .265 1 .1 62 0. 889 

0.6 2.378 2.287 2.190 2.138 2.081 2.019 1 .939 1 . 8.11 

0.8 3.299 ' 3.177 . 3.048 1,.982 ~ .91 .1 1.850 1 .828 3 . 070 

1.0 4.284 4.130 3.969 3.887 3.808 3.741 3.776 .1 . 375 

t 1.588 1.796 2.109 2.341 2.674 3.231 " ' 4. 637 7.09 

y~ 
: ~Fh b'la; 

I 
0.023 I 0.018 0.017 0.01.1. 0.012 0.008 0.006 O. 0.027 

0.1 , 0.346 0.270 0.197 0.16.1 0.126 0.090 0.050 0.03l 
I 

0.2 0.563 O • .1t!.7 0.333 0.276 0.219 0.159 0.091 0.057 

0.3 0.710 0.574 
, 

0.437 0.367 0.296 0.220 0.131 0.086 

0.& 0.809 0.665 '. 0.517 0.440 0.360 0.273 0.169 0.115 
I 

0.5 0.875 0.730 0.577 0.497 0.413 0.320 0.206 0.1.1.1 

0.6 0.919 0.775 0.623 0.542 0.456 0.360 0.2&1 0.174 

0.8 0.967 0.829 : 0.683 0.604 0.520 0.425 0.303 0. 232 

1.0 0.987 . 0.854 J 0.715 0.6.11 0.562 0 • .172 0.355 0.284 

1 .2 0.995 0.866 0.733 ' 0.663 0.588 0.50ll 0.396 0. 330 

1.4 0.998 0.871 0.7.12 0.674 . 0.60& 0.526 0.427 0. 368 

1.6 0.999 0.873 0.746 0.681 0.613 0.540 0.451 0. 398 , 

1 .8 1.000 0.874 0.748 0.684 0.619 0.549 0.467 ' 0.421 

2.0 0.875 0.749 0.685 0.621 0.855 0.479 0.438 

2.A. 0.750 0.687 0.624 . 0.560 0.492 0. 459 

2.8 0.687 0.625 0.562 0.498 0.&70 

3.2 " 
0.562 ' 0.500 0. 473 

I 

3.6 - - 0.4,74 

4.0 0. 475 . \ 

Table 15: Dimension6lGss velocity diAtributions. 

u.:rt) ~( J.x, W\(~ ;..u.o 1- S z.) ., Tw:; 70°c... 



o FLAT PLATE Tw = 99.99 c 
i 

'Y", 0 0. 2 

Y 
0 0 .0 

0.2 0.210, 0.205 

014 0.420 0.411 

0.6 0.631 0.616 

0.8 0.841 . 0.822 , 
1.0 1 .051 1 .028 

t 0.205 0.220 

Y.+ 

0 0.0005 0.0005 

0.2 0.095 0.082 

0.4 0.191 0.165 . . 

0.6 0.285 0.249 

0.8 0.377 0.334 

1.0 0. 466 0.417 

1.2 0.551 0 • .198 

1.6 0.702 0.647 

2.0, 0.821 0.770 

2.4 0.904 '0 ; 860 

2.8 0.955 0.917' 

3.2 0.981 0.950 

3.6 0.993 ,0.965 

4.0 0. '198 0.972 

4 • .1 0.999 0.974 
i 

4.8 1.000 0.975 

5.2 

5.6 

6.0 

.. 
• " Of 

\04 . . 

O. £1 0. 6 ., 

IO~ b7'?J)'. 

0 0 

0.200 0.193 

0.400 0.387 

0.600 0.582 
0.801 . 0.778 

1.002 0.974 

0.2.12 0.277 

~F~,/.¥ 

0.0004 0.0004 

0.068 0.052 

0.138 0.109 

0.212 0.171 

0.287 0.236 

0 • .)64 0.305 . 

0.4,.11 0.375 

0.586 0.515 

0.712 0.643 

0.809 0.749 

0.876 0.826 

0.915 0.875 

0.936 0.903 

0.945 0.916 

0.948 0.922 

0.950 0.924 

0.925 

, 

0. 8 O. g 0. 96 

0 0 0 

0.185 0.177 0.1 60 

0.372 0.358 0. "5 37 

0.560 0.545 0. 530 

0.751 0.737 0. 7.1 1 

0.9.13 0.933 0. 969 

0.353 0.£168 0.729 
, 

i 

0.0003 0.0002 0.0001 

0.033 0.021 0.013 

0.074 0.051 0.03 4 
, 

0.120 0.087 0.063 

0.173 0.131 0.099 

0.231 0.181 0. 1.13 

0.293 0.236 : 0.1 93 

0 • .124 0. ?58 0. 2.:1 8 

0.553 0. 486 0. 307 

0.667 0. 605 0. 554 

0.758 0.706 0. 663 

. 0.822 0.782 0~7 48 

0.862 0.833 0. 808 

0.884 0.862 0 . 846 

.0.894 0.877 0. 86G 

0.898 0.883 0. 875 

0.899 0.886 0. 879 

0.900 0.887 . 0. 881 

0.887 0.881 



x 0 
'C. 

Y 

0 0 
0.2 0.0963 
0.4 0~2549 
0~6 0.4841 
0.8 0~7908 
1.0 1.1827 

t 2.261 

Y: 
0 0.0522 
O.OS 0.3827 
0.1 0.5989 
0.1~ 0.7400 
0.2 0.8319 
0.3 0.9302 
0.4 0.9713 
0.5 0.9883 
0.6 0.9953 
0.8 0.9993 
1.0 0.9999 
1 .2 1.0000 
1.4 
1.6 
2.0 
2.4 
2.8 
3.2 
3.6 
4.0 
5. 0 

105. 

0.3927 0.7854 1.1781 1.5708 1.9635 

~F 
10. bY. 

' ' 0 " 0 0 0 " 0 
0~0956 , 0~0937 0.0904 0.0859 0~0800 

0~2533 0~2483 0~2400 0~2284 0~2137 
0~4819 0.4715 0~4562 0.4351 0~4086 
0~7856 0~711'j 0.7457 0.7120 0~6703 
1.1150 1.1521 1.1150 1.0633 0.9991 

2.311 2.455 2.732 3.225 4.146 

~FII 

, iY~ 

0~O508 0.0469 0.0408 0.0330 0~0241 
0.3677 ,O~ 3250 0~2615 0.1872 0.1118 
0.5767 0.5133 0.41'73 0.3024 0.1851 
0.7144 0~6404 0~5270 0.3883 0.2424 
0~8048 0~7262 '0.6042 0~4523 0;2885 
0~9027 0~8226 ,0.6965 0.5355 0.'3548 
0.9444- 0.8659 0.7418 0~5815 0~3972 
0~9620 0.8852 0~7639 0~6067 0;4-24-3 
0.9693 0.8937 0.Tf4-5 0~6205 0~4~ 15 
0.9736 0.8991 O~ 7821 0.6321 0~4-593 
0;9743 0.9001 0.7838 0.~354 0 ~4663 
0~9745 0.9003 , O~7841 0~6363 0~4690 
0.9745 0.9003 0.7842 O~6366 O~4700 

, 0.6366 0~4704 
0.4705 

: , 

I 
, 

, 
Table 17: ' Condensation onto oylinder: 

, ' 
,I 

2.3562 2.6507 2.71 9 

' 0 0 0 
0~0717 0.0572 0.0431 
0~1944 0.1 677 0.1468 
0~3770 0.3478 0. 3352 
0.6235 0.5982 0. 6103 
0.9238 0.8664 0.8644 

6.20.4 11, .05 14.40 

0.0149 0.0078 0.0060 
0.0512 0.0169 0.0094 
0.0835 0.0255 0.0129 
0.1149 0.0334 0.0166 
0~1357 0.0411 0.0203 
0.1756 0.0559 0.0278 
0;2060 0.0693 0.0356 
0. 2292 0.0817 o . O~ 3 ~ 
0. 24-69 ' 0.0929 0.0511 
0.2704 0.1124- 0.0660 
0.2838 0.1281 0.0799 
0.2913 0.1407 0.0924-
0~2955 0~1504 0.1035 
0~2977 0.1579 0.1130 
0.2996 0.1677 0. 1277 
0.3000 0.1729 0.1371 
0.3001 0;1763 0.1451 

O~ 1777 0.1466 
0.1486 
0.1496 
0.1506 

o ! 
Tw = 0 C. 



'. 

>"Ic. 

Y 
0 

0.2 

0.4 

0.6 

0..8 

1 

t 

"/* 
0 

0.1 

0.2 

0.3 
0.4 

0.5 

0.6 

0.8 

1.0 

1.2 

1.4 
1 .6 

1.8 

2 

2.2 

2.4 
2.6 

2.8 

:3 

3.4 

4 

0 0.3927 0.7854 1 • 1781 1 • 5708 1. 9635 2.199 
102 x ~ PI;)'Y 

0 0 0 0 0 0 0 
0.767 0.761 0.745 0.717 0.677 0.621 0. 559 
1.593 1.581 1.548 1.491 

I 

1 .411 1.303 1.203 
2.479 2.462 2.410 2.324 2.204 . 

i 
2.049 1~932 

3.429 3.405 3.334 3.217 3.057 ! 2.856 2.735 
, . 

4.444 4.412 '4.322 4.172 3.967 , 3.712 3.584 
1.525 1.557 1.663 1'. 873 2.273 3.173 4.60 

~F'*I'bt' 

0.029 0.028 0.026 0.022 0.017 : 0.012 0.008 
0.378 0.362 0.317 0.249 0.169 0.088 0.044 
0. 606 0.582 0.514 ' 0.410 0.285 0.153 0.077 

I 

0.752 0.725 0.646 0.525 ; 0.373 0.208 0.109 
I 

0.846 0.817 0.735 0.606 i 0.441 0.255 0.138 
0.905 0.876 ,0.793 0.661' 0.491 0.294 0.165 
0.942 0.913 0.831 0.700 0~530 0.326 0.1 89 
0.919 0.952 0.873 0.746 I 0.580 0.376 0.228 
0.993 0.966 0,.889 0.768 0.607 0.410 0.263 
0.997 0.972 0.896 0.777 0.922 0.432 0.290 

0.999 0.974 0.899 , 0.781 0.629 0.447 0.31 2 
1.000 0.9745 0.900 0.7133 0.633 0.456 0.328 

0.:j184 0.635 0.462 0.340 
I 

0.7842 0.636 0.466 0.348 
I 

. 0.6~ 64 0.468 0.355 
0.6366 0.469 0.360 

, 
I 0.470 0.362 

I , 
0. 4705 0~364 I 

, , 
0.366 ' 

0.367 . -
, 0.368 

Table 18:, Condensation onto cylinder: o 
TW :: 70 C. 

2. 327 

0 

0. 284 

0. 891 

1. 806 

2.945 

4.004 

9.24 

0.004 

0.017 

0.030 ' 

0.043 

0.057 

0.071 

0.087 

0.119 

0.149 

0.177 

0. 203 

0.225 

0. 244 
0.260 

0. 273 
0.283 

0.292 

0.298 

0.304 

0.310 

0.313 



. 107. 

"le" 0 0.393 0.785 1 .1 78 ~ 1 .571 1.728 1.806 1 . 823 

Y 104 bF . iy. 

0 0 · 0 0 0 0 0 , 0 0 
I 

0.2 0.291 0.288 0.280 0.268 0.2.18 0.236 0. 221 . 0. 04.1. 

O. ,.,. 0.581 0.576 0.561 0.535 0.496 0.4.73 0. 1\51 0 . 245 

0.6 0.870 0.863 . 0.840 0.801 0.7411. 0.71 2 0. 689 o. 09 

0.8 1 .159 1 .149 1 .119 1.067 0.992 0.952 0.936 1 .1 33 

1 1.447 1 .434 . 1.396 1.333 1.239 1 .193 1 .191 1 . 816 

0.148 0.152 0.166 0.196 0.277 0.389 0.665 1 .761 

'1J#- 'bF~ 

bY'" .... 
9.4x1 0'" 8 .11014- :"'\4. .\4- ~ ~ ."" 0 9.7x10 • . x 6.8x10 .4.5x10 3.1 x1 0 1 • 8x1 0 1 • Ox1 0 

0.2 0.229 0.216 0.180 0.126 0.062 0.032 0:.01 3 0. 008 
I 

0.4 0.417 0.395 . 0.333 0.239 0.122 0.067 0.031 0.020 
'. 

0.6 0.569 0.542 . 0.462 0.340 0.182 0.105 0.050 0. 037 

0.8 0.689 0.658 0.569 0.427 0.240 0.146 0.081 0. 059 

1.0 0.780 0.748 , 0.654 0.503 0.295 0.187 0.110 0. 083 

1.2 0.849 0.816 0.773 0.566 0.347 0.229 0.1 4 ~ 0.11 4 

1.6 0.933 0.903 0.840 0.660 . 0.437 0.309 0.213 0.179 

2.0 0.974 0.94.5 0.875 0.719 0.507 0.381 0 .. 283 0. 247 

2.4 ' 0.991 
\ 

0.964 0.890 0.753 0.558 0.4·41 0.3 48 0. 314 
, 

2.8 0.998 0.971 0.897 ' 0.770 0.592 0.487 0.403 0. 373 

3.2 . 0.999 0.973 0.899 ' ., 0.779 0.613 0.520 . 0.447 0. 421 

3.6 1.000 9·974 0.900 I 0.782 0.625 0.5 42 : 0. 480 0. 459 
' . 

4.0 1.000 0.974 0.900 I 0.784 0.631 0.555 0.503 0. 486 , 

4.4 I I 0.784 0.634 0.563 0.51 8 0. 505 

4.8 0.636 0.567 0.527 0. 516 

.5.2 . - ... - 0.570 0.5333 0. 523 , 

6.0 0.572 0.537. 0. 530 

7.0 0.538 0. 531 

Table 19: Condensatiop onto cylinder: Tw = 99.990 C. . 



IOS· 

- - ._,--
boc~ ~e~~ SI ~ ~ '/2, S ~ 'I. 

" ~ "~ _It. LliJo ~~ )!, 2. R 2- Cfw'~C!)I, ~ -. <Z~ -' e.)( Gfl,' e~ N.(A. Qel fikt .. I\!.x C- 1f. JC K ---
0.083 0.0606 ---t------- --0 3.22 0.159 0.0588 0. 372 5. 84 I 

0.4 3.27 0.162 0.085 0.0596 0.0579 0.3 67 5.74 
0.8 3.31 0.165 0.086 0.0586 

, 
0.0568 0. 362 5.,61 

' 1 ~'2 ' 3.38 . 0.168 0.088 0.0575 0.0558 ·0 . 356 5. 54 
1 .6 3.43 0.172 0.090 '0.0562 0.0546 0. 350 5. 44 
2.0 3.50 0.176 0.092 0.0549 0.0533 0. 343 5.33 
2.4 3.58 0.181 ' 0.095 0.0534 0.0518 0.336 5.23 
2.8 3.67 0.187 0.098 0.0517 0.0502 0.327 5.1 2 
3.2 3.77 0.194 0.101 0.0498 0.0484 0.318 5. 00 
3.6 3.90 .0.203 0.106 0.0478 0.0463 0.308. 4. 84 
4~0 4.05 0.214 0.111 0.0454 0.0439 0.297 4.66 I 
4.4 4.24 0.228 0.118 0.0424 0.0410 0.283 4.46 
4.8 4.48 0.246 0 •. 126 0.0?89 0.0375 0.267 4. 22 
5.0 4.64 0.258 0. ,131 0.0368 0.0354 0.258 . 4 .08 
5.2 4.82 0.272 0.137 0.0344 0.0331 0.248 3.94 . , 
5.4 5.04 0.289 ' 0.143 0.0317 0.0305 . 0.237 3.76 
5.6 5.30 0.310 0.150 0.0284 0.0274 0. 224 3. 58 
5.8 5.67 0.337 0.157 0.0245 0.0237 0.210 3.36 
6.0 6.14 0.372 0.164 0.0196 0.0193 0.191 3.1 2 
6.1 6.49 0.390 0.166 0.0149 0.0178 0.177 2. 96 
6.2 6.93 0.419 0.168 0.0108 0.0153 0.1 60 2.78 
6.3 7.67 0.440 0.166 0.0047 0.0124 0.137 -

I 

Table 20 : Condensation characteristics, Flat plate . 



xle. 

0 

0.2 

0. 4 

0.6 

0.8 

1.0 

1.2 

1.4 

1.6 

1 . 8 

2.0 

2.2 

2.4 

2.6 

, 2.8 

3. 0 

3.2 

,3.4 

,3 . 6 

3. 8 

3.9 

4.0 

4.1 

.1.2 

o 
T\V = 70 C 

~(lC)R '/~ ~I *I/~ 
- e.x - Rtx ')(., 

'" 
2.2 4- 0.33.1. 

2.26 0.339 

2.28 ; 0.3 45 

2.31 , 0.351 

2.34 0.356 

2. 37 0.362 

2. 41 0.369 

2.!J5 0.377 

2.49 0.386 

2.5.1. 0.396 

2.58 O. !l07 

2.64 o • .1.19 

2.71 0.433 

2.79 0 • .150 

2.88 o • .169 

2.99 0.493 
I 

3.13 0 • .521 

3.31 0.556 

3.56 0.602 
, 

3.9 4- 0.664 

,1 . ?3 0.705, 

.1.63 0.756 

5.27 0.839 

' 6.64- 1.007 

10'{. 

~ ¥- ~ U': R ~ 1'3, 
1. ~ l. _. e.x - >I t x 

:c, llM 

0.169 2.70 

0.171 2.68 

0.1 73 2.65 

0.175 2.62 

0.178 2.59 

0.1 81 2.55 

0.1 84 2.52 

0.1 88 1 .!J8 

0.192 2 • .1..<1 

0.197 " 2.40 

0.202 2.35 

0.208 2.30 

0.214 2.24 

0.221 2.18 

0.229 2.11 

0.239 2.03 

0.250 1.94 

0.264 1.8.1 

0.280 1. 71 

0.300 1.55 

0.312 1. .15 

0.325 1. 3.1 

0.3.10 1 '.21 

0.357 

To..bl€, .2\. 

1-2 
Cfw R~x 

'/.l, 

Cfl1(Q.~ 
_I 

NI). Re; 
0.0288 0 . 0285 0 • .<159 

0.0283 0.0281 0 • .<1 5,1 

0.0279 0 . 0277 0 . 4.<1 9 

0.0274 0.0272 0 . 411,1 

0.0269 0. 0268. 0 . 1139 

0.0263 0:0263 0. ,133 

0.0257 0.0258 0 . !J 27 

0.0251 0.0252 0. 421 

0.02.14- 0.02.1. 6 o. !J 1 " 
0.0236 0. 0239 o. !J06 \ 

0.0228 0.0232 0. 398 

0.0219 0. 022,1 0.389 

0.0210 0.021 6 0 . 380 

0.0199 0.0206 0. 369 1 
0.0187 0. 0196 0. 357 

0.0173 0. 018 !J 0. 34!J 

0.0158 , 0. 0171 0. 329 

0;0140 0.01 56 0 .j 10 I 
0.0120 0.0138 0 . 288 

0.009 .1. 0. 011 6 0 . 260 

0.0079 0. 0103 0 . 2~2 

0.0062 0.0089 0 . 219 

0.00.11 0 . 0072 0 . 189 

0.0007 0.005.1. 0.1 27 



" -C 

0.0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

, 0.7 

0.8 

0.9 

0.96 

\\ o. 

, ''2. S '" ~2. ' ".1- .. " 'l, '1 -', if!~ R,,, S" Re)'%. S2. ~t)< z. GJw' ~c.)C efl' «e" 1. r-tl.l, ee')l, ~ _' , £a..)4 
)C. -' - ' 

'IJ ~ '" (t\oWQ('th) 

0.290 1.705 1.72 0.660 0.00354 0.00352 3.452 

0.298 1.751 
, 

1.77 0.670 0.00333 0.00334 3. 356 

0.308 1.803 1.82 0.681 0.00310 0.00311 3.250 

0.319 1.861 1.88 ' 0.692 .0.00286 0.00288 3.131 , ' 

0.334 1.927 1.95 0.703 0.00260 0.00262 2.996 

0.352 2.004 2.03 0.716 0.00231 0.00234 2.840 
, , 

0.377 2.095 2.12 0·730 0.00200 0.00204 2.654 

0.413 2.206 2.23 ' 0.743 0.00164 0.00169 2.424 
, 

0.473 2.351 ,2.38 . 0.758 0.00122 0.00129 2.114 

0.624 2.571 2.62 0.775 0.00067 0.00077 1.604 

0.969 2.908 3.01 0.792 0.00017 0.00028 1.003 

Table 22: Characteristics for flat plate with adverse p+,ess llxe 

o 
gradient. , TW = 99.99 c. 

, ' . 

, , 



'I .. 

~ 
S It. S R "'1-;., b R v'/;I, \l)\(1;,o'R"\ " I/. -1 ..!:.~\ Rex _I. ex -'2. ~)( _ • ~ Cfw~~: efI . ee~l. Nll.R,~ . "X X. x. u..!'()I'\ 

0 2.27 0.109 0.057 8.32 .0.0878 0.0852 0.531 
0.1571 2.27 0.110 0.057 8.31 ' 0.0877 0.0877 0. 530 
0.3142 2.27 0.110 0.057 8.28 0.0874 0.0840 0. 529 
0.4712 2.29 0.111 0.058 8.24 . 0.0869 0.0843 0. 526 
0.6283 2.30 0.112 0.058 8.18 . 0.0862 0.0835 0. 521 
0.7854 2.33 . 0.113 0.059 9.09 0.0052 0.0826 0.51 6 
0.9425 2.36 0.115 0.060 7.99 0.0840 0.0814 0.510 
1.100 2.40 0.117 0.061 7.89 0.0824 0.0800 0. 501 
1.257 2.44 0.119 0.062 7.71 0.0806 0.0782 0.492 
1 .141 2.50 0.122 0.064 7.53 0.0785 0.0761 0. 480 
1.571 2.57 . 0.126 0.066 7.33 0.0759 0.0735 0.467 
1.728 2.66 0.132 '0.069 7.09 0.0728 0.0'706 0. 451 
1.885 2.71 0.139 0.072 6.84 0.0691 0.0670 0.433 
2.042 2.92 0.148 0.076 6.46 0.0646 0.0626 0.411 
2.199 3.12 0.160 0.082 6.06 0.0589 0.0571 0. }84 

2.353 3.40 0.181 0.092 5.69 0.0522 0.0512 0~35~ 
2.513 3.84 0.221 0.117 4.92 0.0419 0.0412 0. 310 
2.670' 4.85 0.331 0.154 4.02 0.0225 0.0231 . 0. 240 

2.710 5.40 . 0.394 0.170 3.72 . 0.0150 0.01 60. 0. 208 

2.719 5.60 0.419 0.174 - 0.0118 0.0130 0~1 98 

Table 23; Cylinder Characte::istics TW = OOC. 
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X/c s~~ (l~? ~ ~'Iz ~2 ~ "Y2. C I, 1/ '/ rT.bO)t~ _I, Rex. _, X fw'~t.x :z. tfl,Re-x :z. N\A,R~i' 
"" '" ' 

:x. ttv1~ 

0 1.525 0.211 0.106 0.0466 0.0451 0.675 3·98 

0.1571 1.526 0.212 ' 0.107 0.0405 0.0450 0.674 3.98 

0.3142 1.533 0.213 o. ?07 0.0463 0.0448 0.672 ' , 3·96 

0.4712 i·543 0.214 0.108 0.0459 0.0444 0.667 3.93 

0.6283 1·558 0.217 O~ 109 0.0453 0.0439 0.661 ' 3.90 

0.7854 1.578 0.220 0.110 0.0445 0.0431 0.652 3.85 , 

0.9425 1.605 0.225 0.113 0.0435 0.0422 0.641 3.78 

1.100 1.639 0.231 0.116 0.0422 0.0411 0.628 3.70 

1.257 1.682 0.239 ' 0.120 0.0406 0.0397 0.612 3.61 

1.414 1.739 0.249 0.125 0.0387 0.0379 ' 0.592 3.49 

1.571 1.813 0.263 0.132 0.0363 0.0357 0.567 3.35 

1.728 1.917 I 0.283 0.141 0.0332 0.0330 0.537 3.17 

1.885 2.069 0.313 0.154 0.0292 0.0294 0.497 2.93 

2.042 2.321 0.360 0.173 , 0.0236 0.0245 0.443 2,.61 

2.199 2.875 0.454 0.206 0.0150 0.0171 0.356 2.14 

2.278 3.588 0.548 0.230 0.0086 0.0115 0.282 1·82-

2.327 5.168 0.662 0.255 0.0012 0.0068 0.170 -

. ,- -

" 



)Cl" $(>1) e ''>1 s ~ 'Iz. b2. e:v.''z. b,a.11z.. 'i '/, ee-'i l _, t. _I, )( x ' Ri~ qw,~x efl" r<e,t ~u., x - ' 
ra.d'C),hS. .x, x. '" (Tert"i Il) 

. , 
0 0.148 0.644 0.~91 0.648 0.0132 0.0130 6. 734 

, 
0.1571 0.14:9 0.646 0.292 9. 650 0.0132 0 . 0130 6 .720 . . 

0.3142 0.150 0.652 0.~94 0.656 0.0130 0.0128 6 .• 677 
I 

0.4712 0.151 0.661 0.~ge 0.665 0.0128 0.0126 6 . 604 

0.6283 0.154 0.675 0.)03 0.680 0.0124 0.0123 6.498 

0.7864 0.157 0.695 '0.311 0.700 0.0120 0.0118 6.j5) 

0.9425 0.162 O.7~i:!. O.3~0 . 0.727 0 .. 01:13 0.0112 6.164 I. 

1.100 0.169 0.759 ' 0.347 0.764 0.Oi05 0.0104 5.91.7 : 

1.~57 , 0.179 0.811 0.351 0.816 0.00951 0.OO~42 
. , 

5.593 . 

1.414 0.194 0.886 0.374 0.891 ' 0.00817 0.00811 5.153 , 

0.406 , 1 .011 0.00633 0.00633 
I 1.571 0.~22 ~) .005 4,.514 

1.728 0.295 1.230 0.453 ,1.25 0.00)57 0.00367 3. 385 

1.806· 0.499 1.495 0 •. 485 '1.53 0.00124 . 0.00147 ~.003 

1.823 1.284 1.627 0.50i:!. - 0.0004 0.0012 O. Ttl 

Table 25: o . 
Cylinder Characteristics, TW = 99.99 c. 



, "t .. 

~(,,) ~ I,:z. Cf " '12, 
C( _If. -' e)( Nu.. <2" J... )( . w. e" 

,,~ 
Co Exact Approx Exact Approx Exact Approx 

0 3.22 2.97 0.0606 0.0655 0.373 0.377 

0.8 3.31 3.05 0.0586 0.0638 0.363 0.367 

1.6 3.43 3.15 0.0562 0.0618 0.350 0. 356 
I I 

2.4 3.58 3.27 0.0534 0.0595 0.336 0.342 

3.2 3.78 3.43 0.0498 0.0567 0.318 0.327 

4.0 4.05 . 3;64 0.0454 0~0535 0.297 0.30~ 

4.8 4.48 3.93 0.0389 0.0495 0.267 0.285 

5 •. 6 5.30 4.37 0.0284 0.0445 0.224 0.256 

6.0 6.15 4.69 0.0196 0.0414 0.191 0.238 

Table 26 : Comparison of thick film formulae (6.80) 

with full numerical solution, ~ ,'le)':. .u~(l-gf) , 
Tw: O·c.. 



8{,o R I/l. ef w' R,l2.x'/l.. N Rt.. -'I:J,. _. e", 
IA.. . ~ 

x. , :x,. 
", 

Exact Exact Approx " Approx .l!:xact Approx 

0 2.24 2.24 0.0288 0.0285 0.459 0. 452 

0.4. 2.28 2.27 0.0279 0.0282 0.449 0. 446 

;'0.8 2,.34 2.30 0.0269 0.278 0.439 0.439 

1.2 2.41 2.34 0.0257 0.0273 0. 427 0.433 

1.6 2.49 ~.38 0.0244 0.0269 0.414 0.426 

2.0 2.58 2.42 0.0228 0.0264 0.398 0.418 

, 2.4 2.71 2.47 0.0~10 0.0259 0.380 0.410 

2.8 2.88 2.52 0.0187 0.0253 0.357 0.400 

3.2 3.13 2.59 0.0158 0.0247 0.329 0. 391 

3.6 3.56 2.66 0.0120 0.6240 0.~88 0. 380 

4.0 4.63 2.74 0.0062 0.02,3 0.219 0. 369 

4.2 6.64 2.79 0.0007 0.0229 0.127 0.362 

Table 27 'c omparison of full numerical results 

and thick film formulae t6.80) applied the flat 

. plate, U.;(~)=-lA!'(!-i~) and Tw = 70°C. 



\IG. 

l!.~) -;:. ~ 1/2-e" Cfw. ~a.~'~ N\.t. ee,/-'2. . 
~.1t" Exact Approx Exac:t; Approx Exact Appr ox 

, 

,' . 0 _. 2.27 2.10 0.0878 0.0927 0.531 0.533 

0 • . 125 2.29 2.11 0.0870 0.0921 ·0.527 0.530 

0.~5 2.33 ' 2.16 0.0852 0.0902 0.516 0.519 
I 

0.375 2.42 ~.24 0.0814 0.0870 0.496 0.501 

0.5 2.57 2.)7 . 0.0759 0.0821 0.467 0.473 

0.625 . 2.84- 2.59 0.0671 0.0750 0.423 0.432 

0.75 3.40 3.00 0.05~2 0.0647 0.353 0.373 

0.8 3.84 3.29 0.0419 0.0592 0.310 0.341 

0.84 , 4.66 3.64 0.0166 0.0533 0.198 0.307 

, 

Tll~le 28 • . Thick film 1'ormulae , BBO) compured with 

full numerical solutions for cylinder, ;l'W = 00 c . 

. I 



;)Co --,/l 
c.. 

0 

0.125 

0.25 

0.375 

0.5 

0.625 

0 .. 76. 

117. 

~J(.) ~~'2.. Cjw. R~,,'/2. R -'/l. -' NlA.. e. x . 
'" 

l!:xact Approx Exact Approx l!:xact Approx 

1.53 1 .. 58 0.0466 0.0403 0.675 0.639 

1..54 1..59 0 .. 0461 0.0401 0.670 0.634 

1.58 1.63 0.0445 0.0393 0.652 0.622 

1.66 1.69 0.0415 0.0379 ·0.620 0.600· 

1.81 1.79 0.0363 0.0;58 0.567 0.566 

. 2 .. 17 1 .. 96 0 .. 0267 0.0327 0.474 0.517 

3.49 2.19 0.0093 0.0292 0.291 0.463 

I 

Table 29: Thick film formulae tb.80) compared with 

full numerical solution for . cylinder Tw;;; 70°c. 
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PART II 

INWARD SOLIDIFICATION OF A . CIRCULAR CYLINDER. 



140. 

Intr oduction 

When liCluid initially at the fus ion tempe:r.ature is suddenly 

exposed to an environment whos e ' temperature is below fusion, then a 

process of solidification begins at the boundary through which the 

heat is being drawn, and the solid-liquid interface movas into t he 

liquid from this boundary as t i me progresses. In the work presented 

in this section it will be assumed that during, the process of solid-

ification the liCluid remains at fusion temperatu.:re, the properties of 

the solid are independent of temperaoture and that there is a sharply 

defined fusion temperature. 

These a~sumptions immediately deny us the possibility of predicting 

many important results of solidification. For example when met al sol i di f i es 

in ingots, or more complicated castings, it is contraction ' in ,the 

solidified phase which causes unsoundness in many cases and which 

necessitates the employment of such devices as exothermic sleeves to 
, " 

ensure a supply of molten metal to the centres of the mor e massive 

sections of the casting. This phenomenon is common to most solid,Hying 

, liquids but there is an important exception in the case of water becauve 

as ice forms its density being less than water would cause compress ion 

in the liCluid phase. 

In order to justify pursuing solutions of solidification problems 

under these simpl;ifying assumptions, it is only necessary to state tha t 

there is a general lack of accurate numerical results on such problems . 

Most of the earlier work was oompleted on desk maohines with crude finite 

difference approximations. 



14\. 

In 'addition to this shortage of r~ults there are several aspects 

of solidification problems whicll have not been satisfactorily dis cussed 

and which add greater stimulation to looking once again at this class of 

problem. Of particular interest is the behaviour as the time of complete 

solidication is approached and, for example, an answer' to the ,question: 

"At what rate does the solid-liquid interface approach the centre of the 
I 

cylinder?" 

The main difficulty in obtaining analytical solutions of solid-
I 

ification problems stems from the fact that as the liquid undergoes a 

change of phase from liquid to solid, thermal energy in the form of 

latent heat of fusion is liberated at the moving interface and this 

leads to a non-linear boundary condition at the unknown i'nterface~ One 
I 

of the , few exact analytical solutions (se~ Carslaw and Jaeger [3'2. J) is 

that found by Neumann and' Stefan relating to the solidification Of the 

semi-infinite region when the surface wall temperature is suddenly , 

decreased below fusion. The inherent non-linearitJr can be removed by 

adjusting the wall temperature so that a constant solidification rate 

results,and it is this ' teclUlique whioh is used by Stefan (see Ingersoll 
, 

et. ale L~~ )) for the semi-infinite reg-lon and by Krei th , and Rommie L~Lj.. ] 
for the inward solidifioation of the oylinder and sphere. 

, , , 

Several authors have offered numerical methods applied to problems 
, , 

which retain the non-linearity, in partioular Allen and Severn [~~ J and 

L 3<0] have been very ingenious in applying relaxation methods , to -treat 

the unidimensional problems of the semi-infinite region and t he cylinder. , 

Though the method applied to ,the former is quite acourate the conclus~on 



of the present work is' that the same method when applied to the 

cylinder yields inaccurate r esults. This is apparent on compari.s on 

\ 
with the work of Po~t s [~7 ] ,who has found a seri es solution , which I 

is exact for small values of the time. This series s olution is 

developed in a similar manner to that described by Goldstei~ and . 
I 

Rosenhead [0& ] . in the discussi~n of boundary layer growth when a 

cylinder is impulsively starte~ from r est. 

There is now considerable incentive for reconsidering this class 

of problem and in particular to the problem of inward s olidification 

of the cylinder. The exact solution is computed using the Hartree

Womersley teclmique applied to parabolio partial differential equations 

and in addition more terms of the series solution are sought in view of 

the possible insight they may give into the convergence of Goldstein and 

Rbsenhead type series. Two additional terins.· to those given by Poots will 

be found)but the analytical solution will be left at that point a~d 

fu:rther terms found using an algorithm. 

Governing equations and boundary conditions 

Under the assumptions made earlier the temperature dis tribution in 

the solidified phase is given by the t'hermal diffusion equation 

.' n2r bT 
1<. V :. fC"-(JC;, 

where k is the thermal conductivity, t' is the density of the solid 

(and will also be the density of the liquid), C is the specific heat., 

~l is the form of the Laplacian in · cylindrical polar coordinates)and 



the temperature will be assumed a function of r only. 

The location of the solid-liquid interface is defined by 

. -r:. (l.- E., 

where a, is the radius of the cylinder and E( t) denot es the depth of 

penetration of the front. 

Iid tially the entire cylindrical region is occupied by liquid at 

the fusion temperature TF and th~n at time t ~ 0 the outer surface i s 

switched to To <. , TF• 

Thus when t = 0 

E.:. 0 j 

and at subsequent times we ·have: 

) 
\':. et. 

In addition there is the boundary condition associa hed with the 

liberation of latent heat, L, at the interface: 

. \' 

Common to the numerical 'and series solutions aTe the followi ng 

transformations. 

. Introduce dim~nsionless moduli and new variables : 



" 
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~ e C1'C.) 
T - \0 

E.:= et.. - Tp -To) -) 

~~ 
o...-r 

"C l::.k. 
C\,f. 

':. - (7. 6) ) 0:-J 

L 
~~ C l TI= - Tc». 

Then the 'governing equation, and boundary conditions become : 

subject to 

It is to (7.7) and (7.8) that the two distinct methods mentioned 
1 

previously are now applied. ' 

Method 1: Series expansions for a and (., in powers of t . 

Following ,Poots ,the ~own functions ~ and e are exp~nded as 

follows. 
,Q 

er '(i(l+i) I L £,"-
) (7.9) ,::0 

PO fr (1) r.. ..f'lz. tMMt 9: L 
"'::0 

By doing this it will transpire that the .complication of the non-

linearity is removed, and on comp~ing the coefficients of like powe~s 



of r in the e~uation, having substitu~ed (7.8) and (7.9), then 

ordinary linear differential e~uations for rr(1) have to be solved. 

The first three terms in each s eries are availal)le in the work of 

Poots and it is the intention in this section to find the next two 
I 

terms analytically and also to describe a proceduxe fo'r computing any 

number of terms. 

1 Ca) Analytic solution of 1("'(1)· 
Substitution of (7.9) into (7.6) and ,(7.7) and the subse~uent 

o.omparison ,of the coefficients 'of powers of !. yields the following 

sets of e~uations and boundary conditions. 

First order solution • 

.1" \ 
-J 0 4 11 to ::. 0 ) 

I ' 10 (0) :0)10 ( ~) : \) jo (~) : , ~ f· , 
where S is a new independent variable defined by 

the dashes denote now differentiation w.r.t. ~ 

Second order solution: 

r 1\ 
11 -I-

Third order solution: 

~' + 25 ti - 4 f2. ~ (~)(eo- 3~1!) f.' -I- 4 ~ S, 
-r(~l.) le, t!.o -+- S( 1eJ- 2e\2._ 4~tZ.:1)):f~. 

\' \ 

j loc.o) ~ j:l.l~) ::'0, 1;l~): ~ (4~e2 +?-e.?). 

(7.12) 
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Fouxth order solution: 

f~' ~ 2 S j~- . Gf~ = l~) (eo - 3e,~) 1~ 

... (~. '{eoe. "': '1 ~ (eJ--ef - 2<>." e.;. M / 
-t (~:l )leo~ +1 (4~e,-Seoe;-5e,e,-) + 4eJ1'~] f: 

, 

+\ (~1.) [ ( et.j..2 eo e.,.} f, + '4 eo e., f'l. J) , 

Fifth order solution: 

+ ~:l (~~d· 2gteo~- ~1.-'2eoe-2])fi 

-t ~()~ ( eo ~2 +1l4tD e.1-S ea~ -Se, e..ll -+- 4eJ 1l ) f,' 
~ h-( ~t~+ !l2.e?'+'4fot2'" ~eo~-G el~ -3~~ 

+ &. ((e..e3 + e..~ 1ft t le~+2.e..elHd 3e.~. h\ 
44 (0) " f4 t~)~ 0 , f: tt) ~ 3! ('l.e.£4.+2e.,~!> +e{). 



Poots has s olved (7.10)-(7.12) and gives e~, e1 and e2 in his 

paper . For the s ruce of compl et eness these are incl uded below t ogether 
I . 

with the corresponding function fie)) , i = 0,1, and 2. 

The system (7.10) i s s olved to give 

) . 

and e is found to satisfy the transcendental equa't; i on 
o 

With (7.15) substituted in (7.11) the solution for the second terms 

in each s eries is 

f~ (~) A', ~ AI ~f ) f\' S 
_5t - or 4- e - 1 ~ 

2-
e,p~ eo 

G ... eo'a. ') 

A I :. ( \+ ~e.I) 
(7.17) 

I 

whett ) I 

J At) Al. :-
I ' ) , 
A 3; :. 2. A~e.., /t4,R 
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Proceeding to solve (7.12) then we have 

!l.(.f):: A~ j -to A;'S~ ' + 'uf ~ .lAt+A~~~ A~)lJ 

+ e--{." [,~~ 5 ;- A1 ~. 1- A~ f'l, 

2. 'Z....L-
A~ :. i As - 2 e~"f(i~) 

, , A4:., e, / eo e-1 Cie.o)) 

(' )1.. ( . ' 
A~ :. - ~ ~ e;:ie., ~e.o-4 ~l.)-r A~ /R ) 

1. ' 

Ai::. e\~ eS!~) , , A~::: -- ~' , A7 .. 
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The method used to solve ('7.10)-('Z.12) is exactly tha t which 

will be described in the following analysi s when the next two s ets of 

equations (7.13) and (7.14) are solved. - --
. " 

To obtain t~e fouxth term in . each seri es then the ~unct ions Jocg) ,-
j,(g) and t~(~) , as stated above, are substituted in (7.13) and the e 

res~l ts the following equation' for t~(~') : 

j~'~ 2f t~ -Gf~ -=- oh t 0(2 f -t o(~ ~l + ~J{ (o(~'" c<sS "" C<'o~'l.) (7. 19 ) 
~ . 

+ e-1 (0/..7 + S o<.~ 4 ~t 0(,\ 1- ~ ~o(\O -t ~~" .. ~S' o<\~) 

where 

o(~ ': - 0( \ , 

""1" ~ A ~ -I- 2 ~~ -I- ~ A ~ ( !2. eJ-/ t1 -I- elh~ ) 

c(~= , :i A'l. + 4A'2.7 - ~~I (~A1+A~'4-2A~f~_~l- 2!::2.) 
Ai 4 ·eo .fit ;) l eo ~ 



«-1= ~ A~- 4A~ +18 As - ~ 2:, A~ - 4 ~ Al +~~ A7 

+ ~ A ~ (~- ~'1./eo4_ :2 (!,2./t4» 
'fir , 

, , 0(10:: - 4 A7 - g A;. el/eo + 12 A~ ~/t.o 
G 

- IOA~ ~/eQ - g A~ (\- e,..1../eJ' - 2e1./.eo), 

The problem is now to solve equation ' (7.19) subject to 

!?, (0): 1~ (~O)~o 
I 

the three oonditions being required since 'e3 , whioh appear s in t he 

R.li.s. of (7.19),iS ~own. , 

Define the operator L ,.,(rl) by 

Consequently the differential equations which nee'd to be solved for each 

1~(~)are of the form 



I • 

which is linear in ~(~) and s o t he general s olution may b e oM ained 

by adding parti'cula r integral s to t he compl ementary f unction. 

In order to proceed we note: 

(7. 26 ) 

Firstly (7.25) indicates that to obtain the t er ms i nvolving the 

.error function on the right hand side of (7.19) then t he particular 

integral must' be of the same form. Assuming such a ·form, utili sing 

(7.25) and comparing coefficients then we find: 
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Thus it is now necessary to find a solution of 

I (,:\ L -12. { '* 0< Jt P . . oJ. ' ~ 4- 51 
o\,~ LDJ T3 = e... 0(7 -+- , i ~ t o<q I) + 0(\0 ~ , +o(lI~ + o<'1'l-g J 

T {o<, + 0(1.8 ... ~~ g1.1 
, ) (7.28 ) 

The formulae (7.24) and (7.26) enable the correct form of a part ioular 

integral of (7.28) to be assumed. On application of (7.24) and (7. 26) 

there results a solution to whioh is added the operand on the l eft hand 

of (7.27) to give aS 'a particular solution of (7.19): 

. . :f 3 P = . ( & ~.. p, ~ ~ 4- e, ~ 1" ) 

~(B~ +&~1+ Btg~)tnt~ 

~ (&, -t B~~.r S~ ~2 ~ ~~o~~~ &~IJ44- &~~S)e,-~1.; 
where 

.&1: -~ (e\I~o{1), &i: -~ 0(1.) B~: -i0'.3) 
. . 

1; 3: _1 (0(4 "" «',,) &53 = - ~ ~S' B~-:: -i o(G,) . 4 "f.? ) At') 1.:;0 

&7: -H ",w + ~ "'I + • "U), l)~= -io ("'; .. ~ 0(." .. ~ IX"!.), 

l)~ = -~L 1>\'1 + t D(I\\&~ = -~ (0('0 + ~ 01,..\ 
I 

f> ~\ : - ~ 0(" , &f2.: - ~ D(l'2... 



To (7.29) we must now add the complementary funct i on of (7.1 9), 

i.e. 13c.' 
This will be :found by considering the repeated integrals of t he 

error function. These have been 'studied and tabulat e~ by Hart r ee [3~ J 
the relevant r elations are to ~e found in Carslaw and J'aeger [31. ] " 

Appendix II. Write 
I 

CIO 

-r'\ 
1., U·tc. ~: J 1,n-

1 4· ~ ~5 
: J ~ 

with ~o * 1-: ~c1. 

On integrating by parts we have 

and 1,1 4 1: H vaf { -11 ~,' ~ f] . . 

: ·.~[('+2~l)ufc g -fi{ ~-11 

The general recurrence relation is 

which shows t hat . J(n:~~g satisfies the differ ent ial e'luation 



2.V\ f - 0 , 

and this is the homogeneous part of (7.23). 

Consequently a complementary solution of equation , (7.19) i s 

f3 (~): 1} -enfC ,f ) (7.38) 

:: [(~{ 4-~~l~~~~(~?e~l.J+[~~ +t~3]. (7.3 9 ) 

Each of the terms in squll:r.e bracke~s , of (7.'39) i~ 11 ~ olu'tion of 

(7.37) and so the complete complementary function is: 

..., It 
where i\ and l'\. are constants. The general solution of (7.19) is: 
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Since f~(o)::.o then it follows that 

Also we have f3 (~eo)::.O ,and hence 

where 
" _ (3eo _L e}) · 00- - ,.. - , 

2. 4 

gl: -ir,r (B~+ B~)( ~ e.-ist..)ll+ ~ eo'J + Li eo+~~] ~·t'i~ J 
t (&~ 4- E>~ ~ ;- ~ &; e2' ) -+ (&~ ~ t B; ~ ~ ~ ~~ el) ~f ( ~ eo) 

/, i -~ f4 l eo't. B} e1 ~3 . eo 4 > €4~) ·(teo)l. 
+ \.~i~· B~ "i + ~~"4 + 10 S + 1\ ~ 4 ~'z. li e. J (7. 44 ) 

'I J. AO - (i~)J. 
0'L=- m ,e I , 

()j\cA, 5~ = ~i - 2 A ~ e~ / .Jrr.~ • 

The boundary condition has been put in the' form (7. 43) sinoe e.3 

is still unknown. It is on solving this e~uation simultaneous l y wi t ll 

that resulting from the last condition in (7.21) tha t bot h 

are now found. 

On differentiating (7.34) there results: 

(7 . 45 ) 



or ~~ (04 -6~) +- os ,](: '5~ e.~l. _ t~. ' 
eo 

Equations (7.43) and '(7.41) can now be solved to give: 

e.,3:: ~o~~ - ~Ils - 5~ e \ ~2. / eo ) 

o;Lls+ ~~Oo-~o04-

, ~ 7\ = - to (~l ~ e?>, ~l.). 



Hence the form of . Jl(~) becomes: 

tj(~) ~ A~ ~ A~S -t A~ 1). ~ A~ g3 

-t (At + A; ~ + At 51,. A~ 1~) e1-\ 
+ (A~ ~ A~ ~ ~ .A~~1 ~~ fl+ A~t~4 .fA~,gs)iS~ 

. . } 

'where 
A ~:: B ~ ) A ~ -= si + 3 i\~ ) A i ~ ~1} A ~ : :;. A "\ 

A~ 0.3 ,,3 o.~ IV A3 113 ~ -
r}4 =- 04 ) ,., 5= OS of 3 7\., ~ -: 0 G ) 117::' ~ A ) 

A~ = ~7 + 2X/rrr) A~ i B~ ) A~o = S~ . -I- ~/Ji) 
(7. 50) 

A ~ 0.3 Al 0...3 A! ' ~ 
1\:: U l() ) I'l-:: U \\) .' I~;:' E> 12. • 

Thus we have completed the solution for e~ and f~(1) and a re nOvT ' in a 

position to seek the next terms in the expansions. , Substituting the 

known solutions e ~ and f ~ ~) ,. for i ~ 3, into the right hand 

side of the differential equations, (7.14) we obtain: 

, 

r' " 'f -:J - g - 'l. - 9 3 
j + -t 2..) f 4 - ~ 4 = '-\0 1" 0( I J ... d.l 1 -4- 0(.3 ") 

I 

+ {i4 + O(s 1 + ~(:,~'l. + ~7 ~3) t1-) (7. 51) 

I ' 

-t (~, -+ D<q1-+ ~\Q f +~1\11 + 0(\1.~4 -l-iX'tI ~s -t-;4\ ~(o +2\d1)eS~ 

, I 
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where OLo -= (Jl. A ~ ... \J4 A ~ + er Q.. A! -+.2 A ~ ... ) 

- 4Ai+ (Oi + Oil-) A~ -+ 2 ~ A ~, 
. 

c{\::. 

, I ( )'1 ~ 
4 (OS ~ CTio) A, -4- Cf3 +<J., A I 4- O(''l. A I 

. , 
, , 

'Ol.J. = GA~ ~ (Q.C73 +CJ;\) A~ + g A\ + (Oj~ +2G\)Ai) 

- (:3 0\ +- CJiJ,.) A ~ ) o(~ : 

- 3 Al. I Al. A"!> 0\4:.1 2 A 5 ~ CO-2 4..j. CT4 A'3 -+ <:ri\ 3 ~ Oil 4 ) 

- 4 A ~ "" ( cri + <JIl..) A; ol ,2 O'"J. t1~ + (<T5 t'Oio') A ~ c>\s = 
1- (cri, + <T3 \A~ ) (7·52 ) 

- 'G A~ + (2~ +CJil.) A~ + (2~3~cri,)A~ +<gA~ , c/..J:;=-

~1= (3 ~I~, r:J,l."" A ~ J 

-as = 
~ 4 ~ .. ~ ( 2. ' 2 2.) 1 

2 A" ~ Iffi' 4 t" 02' A(Q.J-~ A 3 + ~4 A?, ' 

2. A () q-;: ~ + O""~. ffi I + 12 A, ) 

- ,,~4 A3 Al , (1 J 2 3 \ r.- ( '1 1. 2. '\ 
o<~:. 4 "to + ~ 5 - 4 8 4 CTj Aq..t'[,T A4 J +\12.. lA? +frrl14-) 

-+ Q"" ~ (A~ 4 ~ A ~) + (0-\0 ~ (1""5) A ~ ~ rn. ( ~4 -t- iJi ) A ~ 
2.. a< A() ~ 2. ~ ~ + ~ e4 ,~ 1'" 1\ ~~ .... Q)l. n" , 

, , CXI O = 0 A~, +~ A~ - 4A~ -4-cr\ (QA~D"" ~ A~-2A~ ') 

of (j':l (31\i-"~ A~ - 2.1\~) + <r~ ( 1..1\ 1"~ A~ ') + <Ti, A1 
4-~ (trs +O"q )A~ ' +(~-2,,(f4)A~ +\Ti2A~D) 

ffi 

I 
t 

I 



- - oA3 A3 .., (3 3 2. 3 3 ) C\ \\ - 0 12 + 4 7 - 4- A 10 + CJj A 1\ + ~ A (0 - 2 A ~ . 

- 2 CT:L A '-7 + G"'"3 (3 A ~ ;- ~ A~ - ' 2 Pr ~ ) + ~ Pto 
, \T\" ' TI 1 

- 2 ~s A1 .;. \11\ A~ ..... Oil. Af, ) 

~12. :.\OA~?> - 4 A~\ "" crj (4AT2.0\02A~-2 A~o) 

(7'5 ) 
, Corlt . 

2. ' 'l.}f _, 3 
- 2. CT'2 A'6 - 2. <r3 A7 - ~ A~ 4- VQ., Pt 1"1. , 

~I?> ~ - 4 A~l. ' ~ \T", (5A~3 - 2A~,) -1.Cf3 A~ + 0-'1 A~~ , 
- A3 3 
0('4:' - 4 l~ - 2..CIi All. , ' 

Moreover in the above: 

,CJ'", =, - ~ e, l.etO ) ([2. = ;2 e, /.eo , Vj= ~4 (e; .. et -2eo ~'\ 
, ' 

q'" 4-::. :1.. e:z. / eo ) tr.s:. ~~ [ 4eo (2.1-5 eo t3 .. 5 e., e'l..J) (j(o -: :le:, lea) 

lT1 = ~:z. (2e~+4eoe2.- 6~e~ -3ei' ') ) crs= -12/eo " 

q",\:, .24 e. I / €.<:>, CT'lo -:. t.2. (eo e3." e. I el.), 

tri\:. ~2. (e~ +' 2eo e:l,. '), ~'2..:' l'2e., / eo. 

The general solution of (7.52) is found in the identical manner t o t h t 

described for the solution of (7.19) and is : 

. . 



' IGO· 

J4 =f' (' 3+\2.~2"'4f4)+ f L('!>+'1f~~4f)t1 ~ ,;f.(\q'~4f )e/J 
+ (Bb' ~~l+ &~ 11 + B~ ~~) + LB~"" p,~1" gt~t d-B; \~) ~ ~ 

, t ' 

(
124124 4;2 , It l '(i4 4 Q~:) 24 (,Oit ,,)-) 

+ U~+ l)q~+&I01 l"g\\ ~ .t0ll.~ .t-D\l ~.t 014~ ';'0\$) e, (7. 53 ) 

. where ~~:: - f0 L~l + fo(ol, D ~ =. -~ (~~ t j~3), 

4 ' I - 4 \ - 4- J. (- ' - \ 
,BQ.: -40\1.) &~-::'-2. 01.3) 'D't:: -Uo £X~ +2~J) 

4 \ (- , - '\ 4 1 'J 4 1 -BS = -1, o(s 0\- ?'O<7', 5" -= - 4 IA.~ , &1 -= - 2. c:'.7, 

Q. .,. l.l- ' 3'2.. 0{ 1: ~ I -a 2. - 10 : - "\ 
Ug = "10 O\i 1- ~rn ] T ~rrr 5 + 1 10 -t~ 0\\).. +'1 o(lt}) 

' 4 .L ( ;l. - 3:T 3 - :11 - '\ , & ~; - I'l. 'C(~ ".f,f cl\> +"& '\!I + g t'\1~ .. §2. o('s i, 

4- \ (- ~ - 2. - 1<)- "\ 
B 10 =- - i4- 0<10'" ~ ot.~ + ·3 0<.1'L ... " 0(

1
4 J, 

I 

) 
~ IV 

In the general solution (7.53 there are three unknownJ3, r 'r' and 

e
4

, ' W~liCh will be specified on- applying the conditions given in (7.14); 

namely I , ! 
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The first condition yields, 

and the s econd can be written as 

-
~ I) 'f + "8' 1 ~ ~:t e4 -::.. 0 . 

Here 80 :, (~~ ~d ... ~ ~4) q ~~) ~ ~ (Seo + i e.~'\ 

. 1,:. -~ (B~ + ~\ ')()+ 3eJ + ~eff) -tL&~+3.B~ to +~ S~ el'~ &~ ej) 
. . 

+ (~~ ~ i B~ eo • ~ B~ d . 4-~ &; eo)) uf(ie,) 

5 a.4- 'i 4 .e.o 1 (l ~ l. I B 4,; I ?}' ~ 4-+ l u ~ ~ 0 '\ l. + 4- 0 '0 eo ~ /1 eo t lID' I'l,.. 

4(.ec'$ 12.+ f~\b t(€.,,\il, _(1~l. (7. 58 ) 
+ ~r) i J ~ 014 \..i J + ~IS 2. J ) e, } 

~2:' - rT'iS AO e - C1.to~2. 
-~, , 

\'2., '\T 

(lM.G\, '&;::: B; + bii e4 (J~. AO,. 
I 

In order to utilise t he boundary condition ass oci a ted wit h the 
I 

liberation of lat ent heat in (7.55) we must write down tIle differ entiated 



I ' 

. ' 
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form of 14 C{) evaluated at 5:. i eo • r.Dhis can be taken as 

I 

.Where~):: r (Ileo +2.e.<n-+ (&'\ + &1 ea +3~t(~t) 

+ (S~4- Bteo~ ~ 5; ~)~(ieo) 
4 S ( B 4 4- ~ B4 \ + (&4 + 1. &4 _ £>4)' ~ l ~ ' {if 4- J 10 ffi 5 % 

~ l3~ ~ ~ ~ &t -2B~ )(~)J. 
, (7. 60 ) 

+ (4 () 4 
4o;" B 4 - 2.& 1- )r ~ \~ -4- ( S &4 _ J.B 4 \r ~ Vt-

12 \ir , 1, ' to \.2,) \~ 11 }\'l) 

we have a second equation l,inking the remaining ~owns r and .e.4 • 

Solving simultaneously (7.57) and ' (7.61): . 



and 

I . 

= ( ~ I ~ 5 .,. 2t ( .2. e. \ e.?, + e. 2,). ) - i 3 ~ b ) 

(d4- to - 0e.o~ io - i1. ~s) 
) 

The final step to complete the determination of fifth te:rms in t he 

series is to write down · J+ (g) . . 

. j"" (5):: (A 6 + Ai. ~ '+ . A t 1~ .- A \ g 3 
-to A ~ ~ + ) 

+ (Air + A4 j + AI+- 0' r Air g~ '+ A4 p",) «L (J 
5 . ~ 'J 1 ~ ~ ~ . . 9'~ J 1 

_S1.( 4- 4- g 4 01 A4 ~ A" 4 . ~ \ 4- '" 1\+ '?) 
-t .e AIO+AII'J tA''l.l + ,~{ ~ 141 +Al~\ +1\fQ ~ 4~~" S (7.64 ) 



where in this last expansion V i s defined by . r 

oV 

L (\+~'t- (:lff)\ .. ):: L \J r l.iCr ... i). 

r-;:.o 

. I 

In order to determine the form of V let 
r 

. 
1.. :'0 

·(7.72) 



1 Cb): Numericl-ll solution of ±..rlfi). 

The preceding analysis can be r eadily exb ended to obt ai n f urther 

terms in the expansions but the work involved becom8s i ncrens i ng:l y more 

iaborious. The present aim .is to derive the functions. fr(~ ) and the 

constants er numerically. . 

.As before introduce 1: ie.o 1 so that (7.6) becomes 

(7.66) 

On substJ.tuting (7.a) and (7.9) into each term of this . equation the 

series expressions for eaoh component of (7.66) become: 

-- ' f f r" (~){12 
' ('""'::.0 

~= (~1Ii {f J~(~{t[r-~-r+,)aFer-Pi . rl 
'l 1-

) 

.f"~ ~:.o r"'O 

-(~~L l ~ ~ ht))[~~r-~-J 
r- I, ' \ ~ \ . : p~ . 

. I 
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rh .. ' 
We now equate the coefficients of _ r: ,for r // 0 and obt in 

d~fferential equations governing f( (f). The boundary condit ions to 

impose on these, are realised by substituting (7.8) and (7. 9) into 

, 6:.0 

which result when ~ = ~ eo 1 is introduced into (7.7). Thus we 

have 

do (0) -=--0 ) ,to (~)-=- , 
J 

, 1"'t (0) - ~ (io) =0 f\ !l\,ht I) (7.78)) -
and 

00 rA r 

. ~ f:(~) ('/2- (~J2 L (.;-} i-~~er-j r~ - t . (7,.99) t -
'--:::'0 . 

i~ J"N 
'-

Equating the zeroeth order terms in (7.76) and (7.79) we obtain (7.10) 

as the equ~tions governing jo(~) and eo and thus we h~ve , as before, 



Ifo7· 

where e is the root of 
o I 

(7. 80) 

The root i s uni~ue s inoe 

monotonio increasing function.' 

As in the analytic solut'ion it is necessary to know f~(s) and 

e i.. for 0 ~ i ~ r-1 when ca'lculating Sr'lS) and ei . The ml:)tho 

. for finding the rth ter~ will" thus be described assuming the preoe di ng 

terms are known. 

Compari ng ooeffioients of 

the e~uation to be solved for 

(' ' i"'~ 

t:' lS) +(~~~{!~({)l~~(r4~i)~~r~-~\ 

'" r-q, r-\ I 

-(~}~{Oy 5~(st~~ eper-~-tl }~(t)~Vr f r-p-l<). 



· ' ( 

This leads to the differential recurren~e relation: 

. In addition to .J rlg) being unknown in this equation er in as ~et 
, 

unspecified. Fortuna tely e. r only occurs 9noe on the rigrt hand 8ido , 

in the last term, so is easily isolated and (7.82) is regrouped as 

follows: 

r-I 

- (~ .. ) :fo'C{) ?s/c-- pot I)epe.r-r_, 

and t,=-, -(~yC-1'2)UC~). 
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The boundary conditions for (7.83) come from (7.78) and (7.79). 

Thes e are 

-=-0 
, , 

and (7. 86) 

r-\ 

where . \.\r =, (/l) L (r-j +1) -ej er-j " 
J~f ' , 

and K, ": (r+l.) ~ . 

Introduce again the operator L r...(D) defined by (7.22), then 'we wi$h now 

to solve 

subject iD (7.85) and (7.86). ' 
I ' --tr*rtJ) f"~ 

Firstly seek solutions :r l1 and r (~) of the equations 

su'bject to 
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and also 

subject to 

, 
The met~od of -integration employed to solve t hese equat i ons is 

Gill's .modification of the Runge-Kutta scheme} and soluti ons are 

constructed as 'follows .. 

Solve 

I ~() . If- ,,' . ~r Fr . 8 ':. 0) Fr (0):'0 ) 1=('" (0) -= , , 

. and 

so that . if 

. then (7.89) is satisfied? JrV (0)-:::.0 . and ft C~)-=-:O provided 

A similar pair of function~ to . FrVGs" · 
introduced t d solve (7.91). 

NoW' let 



so this f1.mction fr (~) satisfies (7.88) and (7.85). r~_ d.et0J~mir.l e 

e., evaluate the diffel.'ent:i.ated fOIm of (7.95) at S::. i eo 7 i. (;'l . 

(7.96) 

alvl soJ.ve t1Jis sinlultaneom:;ly with (7.86). 

The function t'( Cg) is then obtained by' substi tut::.ne; t I lE: v t l.hlE: 

of er into .. (7.95), thus corrtpletine; the cycle .which dotexm:ines the :rth 

2. Dire ct rmmel'j r,(-jJ f{olutj on of tbE;: govel'nine: egun.tj 0l1Q 
y. 

The previ.ous series mcpansion for e.. Bl.ows fo:r.' SIna l] "C tbJ.t e...,'C :z. 

. Of . 
and o{mse<luently at. is singu.1sJ:' at ~ = O. Fox this r eason any atte:m:pt 

to start the r.ume:d o~l solution at 't' = 0 will ] ead to erro:r's I and j n ordex 

to avoid this probJ.em the pt-eviously obtained sexies solution will be 

used to start the integration procedure at some finite small time. 

Conse<luently we take the governing e<luatj.ons in thE: fOl.'Ill (7.66), ' i. e . 

I;U1d the boundary conditions (7.76), i.e.: 

and 

I • 



Equation (7.1 00 ) will be solved in a similar mmm er to t he pal·t i l ' 

differential I equations whicb arose in the s tudy of non-s:i.llliJ 'r 

corld ens [:J,t ic',rt fJ ows in Part I of tIli s tbesis. In this CDse t l18 floJut:i on 

is ava.ilable: for smaJl ti me, s ay at !: 'Co ' from the ~I E; :r·i~ .nsoJ.u'l;j ( Jn , 

and }:nowing this, ,the soJ.ution at time t:. tl is deduced by app):ox:i lll[i .. l,j 1 ' ~· 

to tlte equatl (In s.t the time , t::. i ( to 4-- "t:, ) 'Usj,rJg tbe Ha:r:i;:t:e e-Vfomers1 ey 

teohnique. Knowing t b e solution at a gene1:a.l t:i.n1G , 'L-=-LN ,thu1, Ht 

the time "(:r~H'I ' is si,milarly ·fo'tU'l.c1 solvi·:ne: (7.100) at .c::. ~((N,.CN","\) • 
Applying the Hartl:ee-Wome:r'sley scheme at El gene nu t:i rnC:l J.oo a.t~ on 

we have: 

which csh 'be w:r:it'ten as 

whel'e 



• I 

whilst (7.101) holds at t.: .t .. ,.\ so that 

. 
) 

, 
Appendix C statos tlwt q,uD.si-linoCJ.x·:i.r-la.t:i OIl of t:be ()ql1 LYt:~ (Il l (.1 )1() 

houncH.J·Y conoit:i ons Je[HJs to the most rap1.dly convcl'gent pl: (!(!ss f' (\), ' 

a.ealing with thfl equations .arj'sing in condensHt j on probl enls . The !:iSnl(;1 

wiil be tru8 her8 but the ' line'Hrios.tion of (7'.103) to inoJude a tEll'm 

is by no me~llS h . simple matter and ' so the f o] J owing pl:ocedUI'e 

has been developed. 

At the timet:'~III"" a.valuH of ZN .... ' is a.ssuIJlC::d a;1c1 (7.104) s o]ved , 

in' a. sindJar IIlHlmel.' to (("41) lsee ~ppendjx c) , subj E:J ot to (7.107). 

The er:rol' in the 110undal.'Y condi ti on is noi;ed Dnd then J: rH .. t . is pe!'tur:b .d 

by a smaJ 1 amount ana. a second soJ.ution obtained. Assuming t he.t i.be anol.' 

in (7.106) can be cxpand.8d as a. Taylor Sel'l. eS in G.~~\ then Ho new 

estin:o.te of ~N'1 is caJ cula.ted as in the N:ewton-RaOphson method. The 

ent:i.I·e I1ro(:ess is :t'epeate:d Until CN,,"\ has conv8I'ged to su.fficient 

accuracy at t 0;. 'C M~' . 
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In ol'deI' t o maintain a ccur a cy as "(' var::i. (::s th e m ::thod o,Fpli , e] 'n 

Appendix C to the con den.r:H:Lt jun 'pI'obl emB i s now tl.l'IJl i ed. That :i t.be 

c:onvel~ged aoourat~ solu.tion at tiw0 (::. r~ 'js u tH~ d ' to fjnd t hut cLt 

This i s now U SEld, to compute the tH~luti oll D.1: t ::. CN. .2.t.-c. 

which is then compa:r:ed with the solution 'at thi s t i me:: 'obt · iw-: (l by tald .e 

twice the thJ(:: step length from '(-: eN If the dis crepancy i s l ess 

than an a,110wed tolerDJloe (0.00001' x ~N ) then iihe solution a t 

obtainE:d by taking the two steps j,s ac6ept EJ d and Ue 

,procedure (:ont:i.!lUl~d with th8 same time st ep lenbrth. Otherw:l. ~ f:l the t :lme 

step lenerth is Ils.Jved and the pr-ooess r e-start ed at r~. rl'l. 

lliE-cussi on of r esult§. 

Consiclering the non-dimensiona.1 fOI'IIl of the gove:::rdng eq:w.:d;:i.on a.no 

boundary conditions (1.6)-(1. 8 ), then it j.s 8,pparent that the t1111 8 :his tor y 

of the sclidifj.cati ol1. of a oylindrioal bSI' of 8~ mate:ria l fo!,' 8~ 

tempera.ture 'difference L\T oan 1')8 deduced if aolutions al'e l<nown th:r:m gh-

out the range of ~= c~ AT' 0 c:. ~ ~ 00 • 

In order to see which part of this :t'ange is J ikely to be jrr:pol'tant 

physically, table (30) has been incJ ud(;)d gh-ing detai1s of mf:J.tElr:ial 

L/ . ,properties. For fr'eezing wa.ter Cp = 160 and sinoe the t erupeI'fJ.t.m:e 

difference is 1ikely to . be only a few degrees, a large vu1l;c-! of (!J is 

expected. The tabuls:ted data fOI' the metals cannot be a.cou:CEJ.te Sjrl(;(i tl ey 

. depend on the ,exaot speoificat:i ons, but they d.o give an id.(~a of the 

I!'lB.gnitude of the various pI'operties and it c:an be seen fOI' the 1netal s 



listed tbat L Icp ~ 400 • . Since t he cooling of a metal bEJ:t, is conb.'olled 

by l.'a dia i. :i (In from the sUl:f a ce d.urir g. the solicl :i.fi c[it:i.()n procoeD, it i s not 

:r'ealistic to stipulate a fix <-!d lovr wall tell'lperattJ.:r:~' which w(Alld. yield 

~ ~ 1, anc1 :1gain we have f!' ~ 1. 

ConsequentJ.y the solutions are sought for f .., 10 and ~ '" 20 in 

.tho zone ·of expected physioal intoI'8Hi;, c1n d f a]' t3 = 0.1 at 1,h8 Jow nd . 

To illustrate the na.ture fo:1:' ~ "'J I the specific va.lue of ~ . := 1.5613 

has been cho~;cri·. This value can bo h:aced back to J Onf)S [40] and al l 

subse'luent autlJOI'S on the prolllem have UlH.ld thiR case fo]: con1pbj.so 

Consider firstly then the case 

a.ccu:r:a.cy of p]:eviou8 soluti ons. 

The full numor:i.<:aJ solution, if ste.rted at -c = 0.025 from the 

seI'i f~f; solution involving five terms, yielCls results which a:r:e given j.n 

table ~I The time history of the interface is a.lso dis Illayed 

gTallhica11y in figure .l."l. ,wheI:e comparison is made with the numel'ic:a l 

solu ion obtained by Allen and Severn (;~) and. also with an approxiI!l[;.1. e 

. method fornlulated by Poots t~7]' based on a modifica t:i.e,n of the Y.arJllf1.n

pohlhausen technique due to Ta.ni [+1). The timE:s of complete s olid:i.fic-

atjon 1)y: these autl.lol's eJ~'l~ tr- ::: 0.47 ana. 'tf ::: .0.52 r f:l flp Elctivoly while 

the i'ulJ nUlllel'~ (:Hl solution pl:'ediots tf C2 0.548. 

The seI'iHssolutions w:ith l'flspeotively f ive and twonty-three t er ms 

yield results which are to be fotmd in tablEls al and 3~ . The shor t er 

I 

serifw a.grees with the full nUll'l(;11:ioH.l Elolution to within 5 pel' cent for 

90 per cent of the total solidificat :i on time )Vlhile the lop,gel:' agJ:ees to 



within 0.2 per cent throughout. the solidification period and predicts 

t"f = 0.55. 

All these models, with the exception of the series involving onl y 

five terms, predict that the interfaciAl velooity decreases from its 

infinite Valll() at t = 0 but accelerates as the time of com plete 

solidification is approached. The singularity at t = ' 0 hns been 

avoided in the numerical scheme by starting at a finite valuo of ~ 

but there is also an apparent singularity in (7.100) at ~ = 1 and 

J: ~ eo ' which must lead to errors .in any of the methods. AHen and 

Severn neglect both singularities, and though no doubt one cause for 

their loss in accuracy is the size of the mesh length used in the 

relaxqtion method, it is doubtful whether the scheme as presented could 

prodllr.A the correct solutions even if the mesh was refined. 

The solutions fOl' (?J = 10 and rs = 2,~, which are given in tables 

34 and ~5 and displayed graphically in ;f.'igur~s 2~ and .:l.4 , 

exhibit Rimilar fOl'ms to those for ~ -= 1.5613. The temperature 

profil,es across the solidified annulus are initially almost linear but 

as time progresses they become increasingly more concave so that ~ at c}1 
I = 1 is increasing. As before the interface acc~lerates towards the 

axis as t:-"" r: f' The solution for f3 
those for ~> 1, in that the velocity 

-= 0.1 only behaves in part like 

decreases from its infinite value 

at t = 0 and then increases. In ,contrast though as time progresses 

z>e 
the cDncavity is in the opposite direction and ~1 at 1 = 1 now 

decrease,s" which , is apparent from table ~G and f'igure.:2.5 . 
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The time;) of compl ete solidification ar.e given in t able 37 

for f = 0.1, 0.2, 1.5613, 4.10 an~'l. 20. 

The two-fold incentive for this problem has be en stated and 

having produned an.d discuss ed the num~' :r.i cl:'l.l solutions we are now in a 

better position to study the conve:cgence of the Ge~ies, solut :Lon . 

The Tadilw of convergence , r~ , of the se:riRG 

(7.108 ) 

i=O 

is g:i ven. by 

'rhe fir.st twentY7three terms of (7.108) have been computed f or 1; e 

case (3 = 1.5613, the coefficients er- being listed in table 3~ ,but 

from this it is not possible to conclude that t~ere 'is a specific radius 
, , 

of convergence 1sinoe the .'t'atio er le,.., is decref1S il1.g almost linea'r.ly 

LlS r inGren.~)e:3. However it; is poss:Lble to deduco frOln the foll wine 

th/;1.G the radius of oonve:cgence cannot be greatfH' thal1. t'f. 

To establish this consider the equal;.i.on (7.7) and specifically Hs 

form as the time of coinpletesolidif icl:l.tion is approached. In this region 

G.~ 1 and t ;18 solidified phase is given by 0 ~ ~ ~ 1. Thus it L, 

appar.ent that the Geri(~s cannot converge for t:: tf becall.t,e the Gxptln.s ion 

of (\ '- £1 )-1 only converges , for ef') <.1. • 

It has a.lready been ackr).owledged that this singu.lH:ci,ty caUSt.S the 

full numerical scheme to predict erroneous behaviour very close to , t::: Lf 



but if Lf = 0.548 is ,acoepted wherl ~ ;: 1.5613 the ~ r~ <. 0.548 . Tho 

f act tha t longer seriHs agrees so well with the ' exact' s olut ion mll~, li 

indicate the,t'G is a non-zero ,radius of convergence) and it seems pl~usiblG 

I 

to sugW~st that the seril;)s will converge foJ:. z:: <. tf b~i; not f or ~ ::.rf . 
Tl~o cor:l:oOl)ondi nG' do:ta to that given. for (3 '''"' 1.5613 ;L ~ Si V I':) 11, foi.' 

the case (!, = 20 in tabl; s .32. ,2.S , and. 3'1 

able to reach the same conclusion as from the data. for ' ~ = 1.5613 • 

.I 



Materia l State 
Therm:'!. 1 . Speci f ic cleni3 ty Latent HG. t 1 

coni.1::::tivi ty 
hea t.cg 

g/(Jm~ 
. / er> 

I c.o\ Sec.GM.°C. cal/g/ V cal/ e °c . 
-. 

Water - 0~000144 1.0 1.0 160 , · 80 
Ice - 0.0053 0.502 0.92 

. 

Steel molten 0.038 '0.2 7.2 
solid 0.076 0.165 7.5 70 424 

. . 

Aluminium molten 0.411 0.2.51 2.377 
s olid 0.411 0.206 . 2.70 90 4·50 

. . 
molten BrasS - - -
solid .. 0.25 0.09 8.5 36 400 

. 'T able.... 30. 



·. 
-

t O~ 1 0.2 0.3 0.4 0.5 0~54:S 

") N S N - S N S N S N S N - S 

0 0 0 o _ 0 0 ... 0 0 0 0 0 0 0 

0.2 0.190 0.190 0.176 0.177 0.163 0.165 0.151 0.155 0.137 0.145 0.132 0.147 

0.4 0.;3.89 0.390 0.366 0.368 0 ~ 344 0.349 0.321 0.322. 0.295 0.315 0.283 0.322 

0.6 0.593 0.594 0.568 0.572 0.542 0.522 0.512 0.534 0.473 0.51 .6 0.540 0.524 ~ 

0.8 0.789 0.779 0.799 0~785 0.758 0.773 0.729 0.763 0.682 0.754 0.639 0.751 , 
-

1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

. ~ 

f. 0.346 0.346 0.506 0.505 0.642 0.637 0.772 0.757 0.912 0.871 1.000 0.887 

d£ 
1.855 1.854 1.435 1 .417 1.303 1.247 1.315 1.164 1.580 0.121 . 2.395 0.954 -a.:t. -
--

Table .3, Temper ature distributions and i nterfacial pos~ticns 

for the case (3 == 1.561 3 . 

N- Numerical solution; S- Series solution i nvolving 5 terz!is . 



t. 

C-

aE. -d"C. 

c 

E-

de. a'(. 

I~I. 

0 1 2 I 

3 4 5 5.3 5. 45 
-

O 0.334 .0.492 0.627 0.761 0.914 0.969 1.000 

00 0.181 0.142 \ 0.'132 0.139 0.174 0.195 0.208 

Table 3~· . ' Interface position and velocity ~ = 20. 

Series solution using 20 terms. 

0 0.1 0.2 0.3 0.4 0.5 0.548 ' 0.55 
" 

. ' 

O , \ 0.346 0.506 0.642 0.772 0.915 0.997 1.001 

00 1.855 1.435 1.308 1.329 1.575 1.834 1.872 
\ , 

Table 3~ • Interface position and 'velocity, f3 = 1.5613 

Series solut ion involving 23 terms. 



t: 0. 4875 0.98.75 1.4875 1.9875 2.4875 I· 2.693 
~ . - . . ./ 

1 N S N S I N S N I s · N I s I N I s 

0 0 0 0 0 0 0 0 0 0 0 0 0 
I , 

I 

0.2 0.175 0.176 0.159 . 0.162 0.143 0.151 0.126 0.141 0.102 0.132 0.087 0.1 28 
-

0.4 0.361 0.363 0.334 0.341 0.307 0.324 0.274 0.307 0.226 0.292 0.192 0 . 286 

0.6· 0.560 0.563 0.529 0.540 0.496 0.520 0.453 0.503 0. 382 0.487 0.319 0. 480 ~ 

0.8 0.772 0.775 . 0.749 0.759 0.721 0.746 0.680 0.733 0.598 0.721 0.485 0.716 

1 1.000 1.000 1.000 1.000 1.000 · 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

C. 0.327 0.326 0.483 0.477 . 0.616 0.600 0.745 0.708 0. 896 0.807 1.000 0 .846 

~ 0.361 0.356 0.280 0.266 0.257 0.228 0.268 0.206 0. 369 0.192 0. 908 0. 187 
------ _ ._- ----

Table 3 4 . Temperature distributions a nd i nterfaci &J pos iti ons' 

fo r the ca se P; = 10 

N- Numeri ca l s olution ; S- Seri es s olut i ·on i nvolving 3 ter ms . 



--
t ·1 2 3 4 5 5.3 - . I ---
'1 H S N S N S N S N S N - S 

-- -
0 0 0 - 0 0 0 0 0 0 0 0 0 0 

0.2 0.172 0.173 0.155 0.159 0.139 0.148 .0.120 0 .138 0.090 0.128 0.074 0.126 

0.4 0.356 ., 0.359 0.328 0.337 0.299 0.318 0.262 0 .302 0.202 0.286 0.165 0.281 
, 

0.6 0.555 0.558 0.522 0.534 0.486 0.514 0.437 0.496 0.346 0.479 0.281 0. 474 i 
i QQ 

0.8 0.768 0·771 0.743 0.755 0.712 0.740 0.665 0.727 0.556 0.115 0.454 0·711 
~ 

1 1.000 10000 1.000 1.000 1.000 1.000 1.000 1. 000 1.000 1.000 1.000 1.000 
-

-

E. 0.334 0.333 0.492 0.485 0.627 0.609 0.761 0 · 718 0.923 0.819 0.998 0 . 848 

dt 0.181 0.178 0.142 0.134 0.132 0.115 0.140 0 .104 0.206 0.097 0.322 0.048 at. ----.-..... . 

Table $5 Temperature di stributions ~i i nterfaci al positions 

for ~~e _ ~~~~ . t' . =2?~ _ 

N- Numerical s olut i on ; S- Ser i es solu~ion invol ving 3 t erms . 



t 

'1 

0 

0.2 

0.4 

0.6 

0.8 

1 

e 
dE 
ott. 

--

0.02 0.04 0.06 0.08 0.1 0.11 4 
--

N S N S N S N S N S N S 
-

0 0 0 0 0 0 0 0 0 0 0 0 
- . 

0.281 0.281 0.272 0.272 . 0.265 0.265 0.260 0.260 0.257 0.253 0.258 0.249 

0.542 0.542 0.531 0.532 0.522 0.523 0.515 0.515 0.511 0.508 0.513 0.503 

0.7.55 0.755 0.745 0.747 0.737 0.740 0.730 0.733 0.725 0·727 _ 0.]25 _ 0!724 

0.906 0.906 0.900 0090;2 0.895 0.898 0.890 0.895 0.883 0.892 0.877 0.890 

1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1. 000 

0.367 0.368 0.530 0.529 0.663 0.656 0·784 0.767 0·904 0.867 1.000 0 .932 

9.58 9.54 7.16 6.99 6.24 5.89 5.92 5.23 6.22 4.80 7.55 0 . 457 
----- c_ -- --

Table 36 . Temperatucc distributions and interfacial posit i ons 

for t he case (3 = 0 . 1 

N- Numerical s oluti on; S- series s olution i nvolving 3 t erms . 

~ 
- -p. 



, 

ft I Tf 
0.1 0.114-

0.2 . 0.153 • I 

1.5613 0.548 

4 1.19 

10 2.69 
, 

20 5.30 



r e,r eYer+t. (er/ e'r'+l )2 

0 1.0337 6.838 , 46.76 
1 0.15118 1.603 2.569 
'2 0.09432 '1 .235 1. 525 I ' 

3 0.07640 1.086 1.179 
4 , 0.070369 1.005 1 .010 

5 0.07005 0.953 0.908 
6 0.07348 0.918 0. 843 

7 0.08001 0.892 ' 0.769 
' 8 0.08971 0.873 0.762 

9 0.10281 0.847 0.734-, 

10 0.11997 0.844 0.71 2 

11 0.1.:1,208 0.834 , 0.696 

12 0.17034 0.825 0.681 

13 0.20637 0.813 0. 669 

14 b.252?7 0.812 0.659 • 
15 0.31086 0.806 0.650 , , 

" 

16 0.38554 0.801 0.642 , 

17 ' 0.48114 0.797 0.635 , 
18 0.60366 0.793 0.629 

19 0.76105 0.790 0.627 

20 0.96360 0.787 0.61 '9 

21 I 1.22486 0.784 0.615 

22 1.56250 - -

Table ~~. (Joeffici!'Int:s er in series expanoion for 

e .~ d. 19). ~ = 1. 5613 



..;t 

b 

1 
2 

3 

4 
5 
6 

7 
I 

8 

9 
10 
11 
12 

13 

14 

15 
16 

\ 
17 
18 

19 
20 . 

, 
er /e,r-~I (er ler", ') 'l. e, 

3.136 x 10-1 19.44 378 
-2 1.613 X'10 . 4·837 23 . 4 

3.333 x 10-3 
.3·755 14.10 

8.881 x 10-4 3.320 , 11.02 , 

2.675 x 10-4 3.083 9.506 
8.676 x 10-5 2.934 8.609 
2.957, x 10-5 2.832 8.022 
.1.044 x 10-5 2.757 7.599 

-6 2.701 7.296 3.787 x 10 
-6 2. 655 7.048 1.402 x 10 

5.281 x 10-7 2. 620 6. 862 
2.016 x 10-7 2.589 6.702 

, -8 " 7.787 x 10 ' 2.564 6.574 
3.037 x 10 -8 

2.544 6.470 
1.194 x 10 -8 

2.524 6.370 
4.731 x 10-9 2.508 6.292 

" 

1.886 x 10-9 2.494 6. 219 
7.563 x 10-10 2.482 6.161 , 
3.047 x 10-10 

2.471 6.107 
1 .233 Jfi 10-10 2.461 6.057 
0.501 x 10-11 - -, 

Table 39' • Coefficients , er in series 

expansion for C. (7.19)) ~ = ,20 
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Apuendix A: Property va lues 

In the condensate phase physical properties are takfm to be t hose 

of saturated water at the appropriate temper.a tures . The data for wa .e. 

are availabl e in tables compiled by Mayhew and Rogers [+2] , and these 

as have been shown by Poots and Rogers [4~ ] , ' can be ,r epresented by 

algebraic expressions involving the temperature. 

• 10 

L A~( t Tw ~ [Ts-TwJe 
1.-

50°C. , } /50°' ) 
) 

• 
10 

6 
\ .. ::0 

~,i. (llw .. C Ts-Tw19 - SO~c.1 I'$'O·<-)~ , 

~-

Here ~ is the non-dimensional temperature introduced in Chapter 2 and 

A B C., D. are coefficiEmts 1isted in table 1. 
i' i' l l 

The values of the physical properties of the vapour phase a rt: a l s<) 

taken from l42 J and a't"e ~isted in table 2 toge ther' with the correspondin "· 

values of the properties at O,oC and 100°C for the condensate . 



.!l?P~Ddix~: I nt cgTa t:i on of ordina.!L..§i.ffe~ential :Wl ,:.I,L! (JTI[, ( I1l.l~ L\'c -Kut Lc. ) 

He~'e the numerical method for $olving the ordinary differentia l 

e<1.uatio:rs (3.15)-(3.23) i s discussed. 

The e<1.ua1.j 011S governing the , trCJnsport of momentunJ and en fn,'[,'"Y in th 

condensate phase yield a third ' order 8<1.uation fO!: f 8,nd a second o:r.·cler 

G<1.uatie.n for G, both of which ~ontain ~he unknown OOnfJ 'I;Dl1i; <.p. At Y c: 0 

we have G(O) = 0 and, f(O) = f (0) = 0; which is insuffi(;j cnt informt:Jt:i en 

to st~rt step by step integration from that I1oint. Howeyer i f values for 

f (0), G (0) and<p are assumed then the proceduxe can begi,n. Usib.e GiJl' s 

modification of the Runge-Kutta techni<1.ue tbe two 8<1.uat ic,ns arE: calve d 

for O~ Y ~1 and. t.he value of GC 1) is stored. Usine the interfa cial 

conditions (3.20)-(3. 22 ) values of f*(O), f*'(O) a.nd: f,*1I (0) a.r e oaloulate d 

and. the vapour e<1.ua tion (3'\7) integrated from 1 '" 0 to 0~ = ' '911 

U ' 
(at which point f* is zero to , within, ady.desired accuracy). The va l u e 

of f~ I (r').lQ.) is then st ored. At this sta.ge no r ef erenoe has been 

made to the ener:eY balance (3.23), and. the ,object is now to di s cover t he 

values of f I' (0), G '(0) and d;' which then yeHd the f'LUlCtions, f , G and p ' 

such tha t G( 1) 1 , and, moreover,' sati sfy t he en(~:r.rry 

balanoe. 

It has been found that the following scheme is not convergent f 

arbitrary values of f 11 (0), G '(0) and 4>, and indeed <1.uit e a ccurat e da.ta. 

must be provided. This is readily available from the formulae given in 

Chapter 5. Denoting the values of G (0), f ' (0) and <p r espectively by , 

. oc. , ~ and et> the prooedure is as follows. 



With ~ fixed, solutions of th e . e'l.~c .. tions [Jre found t aking 

G I (0) 
It 

(i) ::: c< f (0) ::: ~ 

(ii) G (0) 0< +S'" f I, (0) 
~ 

(Hi) G (0) ::: 0( f (0) ~ + S~ 

where SOi and b~ are small compared with IX and. (!; . Then s i noe 

G( 1) and f-'/ ("0) are functions 'in 0(. " and ra whioh can be expanc:J ed in 
/1 . / 

Taylor seri.-:s, new estimates of f (0) and ,G (0) can be found suoh t 1 t 
I I 

G( 1) and f-)(- (~) are nearer to unity. With cJ> still fixed t hi s routi ne 
I 

is repeated until G( 1 )-1 and f* (~)-1 are both as small as ma~1' be 

required. A measure of the error in the energy balanoe i s stored. 

With 4> perturbed to . ,whe:r'e Sq, i s small 

comllared with Cf> ,the procedUJ:'e is repeated,sl1d ao s'Umi ng the error i n 

the energy balance to be a function of cp' ,and expandable in a Taylor 

se:r'ies, a new estimate of <t> is obtained.. It is also poss ibl to r~, gard 

0( and ~ a~ functions of 4>, so that knowing the values of ~ and (3 
-when $ = 4> and ~::: J> + cS4> then the values of 0( and f eor r spClnd~ n8' 

to ' the n~w ' cp can be approximated. 

The entire process is then repeated until the condi t icms on G( 1) , 

/ 
f-)(- (~ ) and tbe energy balance are sathlfi fld. 

~ , ; 



Apuendix C: Integra tion procedure for partia l differentia l ' equation 

In this apP,endix details are given of t he numerical scheme applied 

to solve t he equations arising in the problems of condensaticn onto the 

pIa te with a retarded vapour flow, and onto the cylinder. 

These are parabolic non-linear partial differential equations . ihe 

solutions a r e o·ota ined using an iterative scheme stepping along the bo y 

th surface. , Denoting the distance along the surface of the n s t age by X
N 

the probleo is tha t of finding the solution at ~+1 once that. a t X
N
. i s 

known. To this end the equations are considered at ~+t, and a t th,is s tD. t ion, 

deriv~tives in the X direction are replaced by central differences , and , 11 

other quantities by averages. This yields ordinary 'differentia l equations 

for the functions at ~I and because the solu~ion at ~ appears in the 

coefficients, the solution is found using matrix iterative techniques . 

This is the method proposed by Hartree and vlorr:.ersleYl2.~ J, which ha 

been found to provide a stable convergent process. 

To ,start the step by step procedure the solut ion i s demanded t X = 0, 

and, as was noted in Chapter 4, although this knowledg,e i s available from 

Runge-Kutta techniques, this solution will be obtained USiTle the matri:;.: 

inversion routine. 

The methods for the cylinder and the plate differ only because 0 

* the variation of m andUm (x) in the two proba:.ems,and it will suff ice t o CiV' · 

details for 'the case o~' the cylinder since all the terms in the diffe r en i 1 

equations are retained. 



Cons ider fir stly the momentum equat,ion f or t he condensate phase . . 

(C . 1 ) 

Taking each term individually they are :r,eplaced u s ing t he Har t r ee -

Womersley technique as follows: 

" . 

~ ('eN + b~+1) (~N'" FN-T1)CPN+\\ .,. F~'\ ') 
, . " .J 

11 

J 

I H 

v 

-\[\ 



In the~.e expressions the subscripts N and N+1 denote th t the functi on 

th I:h , ' 
a re evaluated across ,the N or (N+1) S t t J.ons,and dashes now donot e 

1 

differentiation w.r.t. Y. In addition let 

25 ,..+1 t~~ 
AN1-1 - XI'IJ 

Then recombining the above terms ~here results an ordino.ry differentiu1. '.on 

where 431 /= (\-'5) eN ,fN ) 

4 ~).::: (I ~~) bl'4 FN", 

. 1\ ) 12. 
4- ~3= (\-'1) FNt=N - (\-2.~ FN) 

I I 
4- S",= -1.( \ .... i) eN t=N) 

4 ss = (\~")CN) 
.1 

-4 ' S <0::: (-~) FN) 

-\. S1:' -(\~2 'l) t:N) 

I 

52- fN+ I + S 1, b-l1-1 4- 34 FN-M 

4 sg = (l+-'t) hi" , 

4 ~,::. (\ +b) ) 

4 ~to: -2( 1- ~) rN' , 

I~ ~\\: Ft .iL (x~~), 

3\1 = SI! /FN) 
.. 4 ~ 14":: - \ , 

Cc. j ) 

4 \ PN""~ f~\~' ..... (\-O)CN FN PN'I- t N ( FN' ..... l+-r{f> J . 



Equat ion (C .2) is a non~linear ordinary 'differ()ntial equntiol"\ f o:!.' 

F
N

+
1

, and in order to solve this using a matrix invers ion proc edure i t 

must be linearized in some way. Several possibilities are open to us , aT) 

though many are simpler and easier to proLTam we shtill linearizc everything 

utilisiT~g the quasilinearization , technique described by Bellma,n and K l ab 
. 

This is essentially an extension of the Newton-Raphson develo pment 

of a sequence of approximation to a root 01' the scalar equa.tion f (X) = O. 

Consider a general function of m variables 

F (X 1 )X2.., .. · )X~'). 
In an iterative me thod to solve equations involving 

(c . 5) 

F (XI .. XM ') 
) ) 

. . . 
(C. 6) 

linear 

As an example choose F (X,) ~l., x~~ -= X,. x~. X ~ ,then replacing 

lX'f,". -:> >.'Mp) 

of X, . X 1.: X3 

--

by {XI). _. x",,)- the above yields as a linea.rizat ion 



An analogous way of reaching this linearization i s t o a s sume t h e late~ t 

iterate {~\ ))\1.;~,) '1 is not f a r removed from the true Solut, i on ' r~\)'.\ .. ~\\, 
so that if 

I - I - / 
X \ = "I ~ x\ ) Al..; X'l. ~ 'X'l. ) J<~:;. "3 4- , X~ (C. 8) 

the primed qua ntities a re small. 

Consequently by taking 

~, Xl.. X3::' C '/<\ +x/ )l ,X:l. + X"J,.' ) ()<3 + x{) 7 

expanding the right hand side and neglec :,ing s econd orde r t e r ms i n L e 

primed quantities w7 have: 

- 1-- I - I--
X, XJ,. "., ,= XI)(\2, /<3 + X, )\). ')(~ +-")(.1.. XI ')(3 +I\~ ~lX,. 

Substituting for X~ froffi (C~8) . then (C.~) results. 

This method of n,nearizing has been used in 1957, by Poots L 45 ] 

indeed many problems in stability analysis introduce diaturpanceo through 

e'quations similar to (C .8), after which products of the distw:banc e 

are presumed neglegible. The rather heuristic approach of others was put 

on a proper formal basis by; Bellman [441. 
As one illustrat ion 'ot: the pm'ler of this scheme consider t he f?llowing 

differential equation~ ~his wasus~d . by Davies and J ames l4C'o] t o 

illustrate the vray in which the convergence .of the basic Ca uchy it e r ation' 

could ·be improved. 

) 
X ::'0 

) 

The exact s 'olution is ~. :. t"C4V\. ~ soj ::.1 Wh~n l:::. r. UsinG the 

Cnuchy iteration the equation is replaced by : 

. 
:> ji> :"0) X -=-0 ? 

(c . 9) 
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and the following early terms in the sequence t~p1 result : 

"jo:: 0) "j I -:. x.. ) ~ l.. = x... i X?' . (C.1 0) 

Alterna t ively Davies and James ,suggest replacj.ng (C.9) by 

~? ::. ~ p '1 ~I -t- I ) i ~ P -::. 0 ) JL ~ 0 ., 

' which yields: • ; \ t I I. / 

~o ':. 0) <j I = L) -:J~ = e.><.p lilt'-) J X ~)<\> (-i \,1, ... ) ck.. (C. 11 ) 

If we now apply the Bellman linearization to (C.g) then we h vo 

For this set of equat i ns we obtain as leadin~. terma of the seQuence 

~ 

j:l. = 5:'" + i "",pCx"') J e.>< \> E-0) dM.. (C.1 2) 

' For )\-=- *' I-Te know the exact solution is y = 1, so the accuracy of the 

third function, Y3' 'in each sequence will be compared by put ting ",: 'Y4- ' 

From (C.10) Basic Cauchy : ~?, err /4- ~ :: 0 . 947 

(C.11) Modified Cauchy iteration 
~~ 

C. n 14') :: 0. 968 

(C.12) Bellman method ~l( 1r /A.) :: 0. 995 

As further and more relE:vant iD ustration of the povrcr of ,the me l:ho d, 

t he solution to the Blasius problem will be found iteratively using the 

modified Cauchy method and the Bellman scheme. The equation to be solved . 
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The iter at ive processes f ollowing the modified Cauchy and Bellman 

linearizat i ons a re res pectively, 

(A) ~ nl\\ -+ fn-, .fl'\\\~ 0) ~ (o):. ~ '(O):O, ' 1~~ - ) . 

Ca,) J~\\\ ~.Jn t~~, ~ ~-\ ~\l -,fn-\ ~~\~ j J~(o)~~C (o) :;o) 5~{(~)";;. \ . 
Solutions are effected by introducing ~ t\ ~ 1r~./ a.~ Q t\-\ -;. SI\ -/ 

, , 
repla cing the derivatives by finite differences and ·~ I10 i nteeral n u :.Jin 

11 
'the Tra pezoida l rule. As a measure of the accuracy, the char a cteris t.i c , f ( 0) 

i s given in t able (to) at each itera tion. 

I A B n 
I 

0 I 0.133333 0.133333 

1 0.339236 0.863298 ! 

2 0~424364 0.582174 . I 

3 0.455999 0.485417 

4 ' 0.465567 0.470036 T a.b\e. W 

'. 5 0.468425 0.46961523 
I 

6 ' 0.469267 0~46961620 

I 7 0.469514 0.46961619 

; .' 

This solution was f~undusing steps of 0.1, 'taking 6 units i n 

the? direction and vTith :10(')) ~ ,~?. Such a step l ength with the 

. .t 1/ ) 
' particu1a r simp+e finite difference representation has no t y i e lded J (0 

to more than four decimal places, but the solution does show t h e exc ellent 

convergence of the Be1lman itera~ion. Initially the poor i nit i a l e timate ., . . . 

for f i s mod.ified better in (A), but once the s olut ions get c10",o to the 
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converged solution the Bellman scheme is- far more rapidly convere:en ~ . 

,The disadvantage of (B) lies in the necessity to have the lONer ha lf of 

the matrix complete , making the inversion time of course s lower. 

Further evidence of the usefulness of quasi-linea.riza tion i s gi ven 

by Ames [47] ,who states tha:- the full benefit is only accrued i f the 

boundary condit ions a1s o are linearj.zed in t he same way. 

Have digressed enough we nm"- readdress ourselves to the prob) em 

of f i tting (C.2) into a matrix scheme,and linearize according to the 

Bellman methOd. 

Dropping the sufficies (N+1) from the terms in (C.2) and linea ' ~ing , 

the the approximating farm , is: 

( ,e.,/I.).., F/)' 'FII + I (1/ 1\ - 11) pst-S 1- ~.' S:l.F 4- g,!. t:. + S4F +~S ~F" -l--FF-FP 

( 
11 - \\ - - 1/) (' (1.) + 30 t. t= 4 1;. F - \:.F -4- ~7 2.\= F' - F') 

+ 51/ (t:.F, .. IF - \: F) .. :Ss (ti'F"t H" f + ~FF"- '2.tF P") 

-I- 3'0 (I: i=' ... 1:: pI - \:: F') 4- (h.\.( ~I:){ 3(\:+I:.")L~~I:.,, \'1._ 1 ~ ... b; ')'1 
+ S~ ... 5'4 (l:.(F')'- +:l.~ p' F'- .2.£ffT" ') = 0 , 

(C.1 4) 

where t. and F denote the most recent estimates of t and F in the iterative 

process. 

Introducing the ne'" dependent variable Q. defined by 

' (C.1 5V 



!lo3. 

a nd t aking Q = ~ ) then equa tion (C.13) becomes: 
. . ' ' y 

(ff}' cz), + x,\ Q I + x: 2. Q ")C3} G. rJ.1 +X4C+ f-S;O JC.1 ~» ) 
. . sy . y 

where . :x...\ -:: SI + ~S Q. ay -l- Se? ~ 4- ~'1 t f , Q dv 
b , ' 0 ( ) 

. .,L..2.. =- ,5"" + 23 7 ~ -+ .3 10 ~ + .:l ~ 140 l:. ~ ) 
(C. 16) 

, )(..3:: ~2. +, ~s ~I + ~g t. + S'1 ~ 6l. I ) 

I _ I rY - - eY -
X:4:: g 3;- g~ at ' +- ~S 0 1 & ay ~ 3'1 61, oJ G). o.y 

+5'0 ~ + ~'4~:z..;..3 (~ · -+-· c~':.( 51:2.+ r SI')) 

X:s "'- 5'3 - ~s & '[ Q 0.'/ - ~'" t. &,' - ~ 7 ~ 1. • 

- S'6 1 o~y ~ ~y - :2 S" ~ <i SY &. r:J.,/ - SIO E i 

- .2 S 14 t eSt.). ",' { ( t N + ~ )"A. (t '" - :l b"') ( S IJ. ~ to s 1\ ") ~ • 

By making the t r ansfo rmation (C.5) it has been possible t o redUCE! 

the t h i r d order equa t ion in F to a second order equa t~on in Q. Of t e 

original. bounda r:,' c onditions we have no"r us ed F(x,O) = 0 in deri ving 

the substitued form t= -: 05" ~o'l from (C.ISU. 

,. 

In order to solve equa tion (C .15) , the r a nge of Y i s divided into ID 

equal int erval s of length h, so tha t h = 1/m, a nd t he differenti.1 eqllCltion 

approxima ted t o at the m- ,1 interior points using finite diff~renc es . 

. th . t th ( ~+1) Denote the J pOln across e ~ 

values of Q,f,f" evaluated at this point by Qj,fj a nd I"j 
the deriva tives are replaced according to : 

Then 
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et{ = dh (Qjk'- Qj~\)-

(f.)tJ GL ,I)' -= .11. 5 (~)j~i '0'+1- r(rt)i"~ t (('t)j-f\ Q. + (~ ~~i ' l ' 
,ft!,!> j h l rst':J j ~ fSf~ J j r ... t~ 0j - 1 ~ , (C. 17 ) 

J'1 r..... . . 
and 0 U( o.y is r eplaced' using the traperzoidal rule , i. e . 

) Y Q 0.,,/ = h. (Q.,' -\0 Gb .. +- - ",... ~ & j-\ + i & j ') . o . . ' 
The derivatives and integrals of QN and Q are r epl a'ced us i ng the 

same forInulae . 

As a r esult of t hese substit~tions the approximat e form o~ (C. 6) at 

(x.._ ,y,) is: 
--.N+1 J 

,(pe-1j•i . ~ ~.L X\JQ.+f~-1~5(ee)j+l+~)5-Q~+~X.~Q' 
LfSf~ h,l.. ~~ JT\ L ~ L fSfS Ifrrl j " 4 ) J J 

l <(?e:)j-11
.l.. l - ?S ,+ ~ x.~J &j-\ 

4- . 'f s.f~ h.,~ .2..h , ~ 

-i- ~ y,~ lQj~:l.+ Qj-"5 4- • '. ~ & J +. X-4t -:: - Y.S ~ (0. 18) 

='0 
~ 

The Hartree-Womer:sley scheme is applied to this .in exactly the way 

as to the c(;mdensate eq,uation (C.1), and corresponding to (0.2) we have 
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~III . " ~ 
11 

.)f. )I 

~S:lJ F*P 
t;;. 

t=N1-' ~ S I F~+-, 4- S2 \=N~\ .. N ... , "'+1 

-+ ~;~ (FN~I' y .. $?>~ 
~ I 

~ 
-\- ~"'+1 4- .s I~ -::::0 

. ) 

where dashes now denote differentiation with respect :to y-x-, anq. 
I 

I • 

) ' 

Cropping the suffixes (N+1) from Cc .2.1) and linearizi ng then: 

where 

and 

=-0 
) 

Still following the method employed o~ the condensate momentum 
I 

equation)a ne"l dependent variable is introduced by 

Integrating this we have 
y?J. 

F~ ( ~N;'\) ,/ ;;;..): ~ et o.'f)j, ~ 
o 

(C . 20) , 

(C.22 ) 

(C. 23) 

(C.24) 

(C. 25 ) 



wher.'e her e t=)I.. ()(N~ J 0') -.f:.. 0, and so remains in t he 
, 

differ ent ial equations as an unknown quantity. 

With (C.24) and (C.25) substituted into (C.22) we have 

This is equivalent to (C.15) for the condensate phase ' ruld i s also 
I 

to be represented by finite differenoes. Unlike the condensate phas e 

there is no definite range across the vapour boUndary laye:!' and there 

arises the problem of deciding ,how far to extend to solution in t he y* 

direction. . Fortunately the similar:i.ty solutions can indicate ths r ange 

at the leading edge of the plate, or the stagnation point of t he cylinder , 

and there is some indicaticn of the rate at whioh the vapour momentum 

thickness might grow from the work of Leigh and. Terrill. If t he same 

finite differenoe formulae are used for Q.* as for Q., then the vaIJour 

step length would have to be as small as h (or smaller since a typi oal 

error ta~lh h2Q.(3) would be larger for the vapour phase) and a cons id.ero.hl e 

number of steps taken across t he vapoUr layer. Instead more accurat e 

finite differences are introduced into the va~our phase t hus cutting 

down the number of points, making the ~trix sma) ler and incr eas i ng t be 

speed of inversion. If n steps eaoh of length hs are taken in the y-x

direction, th~ j th point across t~e (N+1 )st station denoted by (~+1' Y-x-
j

) , 

and the value of Q.* at this point by Q.*j' then the derivatives ar e r epl aced 

using for fir st order derivatives: 



Note that the use of such accuratedif:t:erence formulae Can be dangero\:s 

if too much detail concerning the vapour layer is used . However 

accurate soluitions are available at X = 0 from the Runge-Kutta 

integration procedure, and thes~ were used to choose the finite 

different i a l representation and step length h • s 
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vlhen s olving the condensate !llom~ntum . Elq1;lati?n : the l ates t estimate 

'of the t erurJerature: i~ used in the evaluation oiJ!AI ,p, C nd le s o . \ . p . ' 

consequently for 'the purposes of solving (C.1) and Cc . 19 ) the' . temp€I'n.ture 

is a con~tant . The momentuJJl equations lire . coupled t~ l.r o ugh t1:t? 

boundary conditions and will be solved.simultaneous ly. :aving taken 

. m intervals 'across the conde·Gl.sate layer t here are m pivota l vul\les o f 

Q to f ind, Le~ Q
j 

for j :;::: 1 (1 )m, and n va lues of Q')(- te be determined, 

* * Le. Q j for j = O( 1 )n-1. . In addition t and F (~+1 ' , 0) are als o unknown 

makirJ.g a t o tal of (m + n + 2) unknowns at the (N + 1 ) s t stat ion. The 

represent at ions of the momentum equations at interior pOints of the 

interval~ [0,1-] and l 0, n~ hsl give a , total of (m + n - 2) 

* simultaneous equations in Q ,and Q To these are added linearized 

versions of (5.32) ', (5.33), (5.34) and (5.36). 

Take firstly, (5.32):, 

* which on the i ntroduction of Q and Q becomes: 

This equation holds at X ~ ~+1 and is linea rized us ing the 

Bellman method: 

(C . 30) 

7\ [<31.' 1, ~ I " Z \:.~ [~:'/]y~= -l-t [~ll-o _~L L~~...",) 
_7\f&'1_ , +' ~'l. C~/) ~ "'('l~[cQ."'J ,J.\c. o: _ 1f.._~/ ] .(e. )1) 

I.. '/ - l . U(. ~ :0 \: . ~ -:0 : ~ t~o 



.... . 

using 

* then we have another linear relationship between the Q. and Q .. 
1 1 

Continuity of velocity tangential to. the interface yields (5.33) 

er 

which i s now linearized to. give 

- -~ 
to CS(. 0 • (C. 33 ) 

The continuity of mass flow across· the interface yields the 

equation 

. which i s already linear, and on the introduction of Q become3 : 

(C.34) 

All that has been written se far concerning the numerical procedure 

applieS to both the plate and the cylinder problems, but in the energy 

balance, which provides the last necessary~uation linking Q and t, 

there are differences arising when m = 0 or 1 which effect the method 

of introductien into. t~e matrix scheme. 

Ive have the glebal energy balance: 
I 

it 



(C.35) 

Common t o both pr oblems I t he i nt ef,rral on the l eft h nu :.;i 0 

wri tten as fOUOitS : 

where INTEG is t4e value of the integra l tip to the point ~. and wi ll be 

known during the evaluation of Q~+1 etc. 

Now for the case o'f the cylinder m ~ 1, therefore (C . 35 ) becomes : 

then the energy balance becomes; . 

(c . ~n) 
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The integral on the left is non-linear ~in the qllilz:1ti~i~s unkno'tT at 

t he (N+1 ) station. Hence it is quasilinearized to give , dropping the 

suffix (N+1 ), 
J 

The linearized form of the energy balance is now: 

where . 

When X ·= O,then INTEG = O,and this the value when N == 1. Thereafter 

INTEG is updated at each station by taking the converged solution at 

L_ and adding 
-~+1 

before proceeding to the stage N+2. 

For the case of the piate m = .0, then (C.35) becomes: 

'-

, 



.2 1'2,.. 

"Thei!- N > 1 then . the procedure i s similar t o t hut outlined f or the , 
. ~M+\ . I ' 

cylinder case with J g()(.) d. y. = "i (x", ... \ -)("1 ')( 1" + f"'-tt '). 
x .. 

1 but i f 

N = 1 then we must dea l separately with 

J 
'" I 

o . e~. XlfJ. 

Near the leading edge t and ( OS'\ I 

7i'l)'{~o 
are only weakly depe dent 

upon OC, therefore let 

~ (~~~ 
~") . "5y i :o 

where A and B are found in terms of t N, t N+1, 

. Hence we find 

(c . 40) 

(C. 41) 

. 'This is also used in calculating the value of I NTEG which i s carried 

into. the procedure for finding the solution at the second stage . 

Apart from this,themethod of multuplying across by t N+1 and linear izing 

is the same used when m == , 1 for a 11 N. 

We nmV' have (m + n' + 2) equG\tions for the (m + n + 2) unlmowns , 

. * i .e. Q. (i == 1(1)m); Q. (i == 0(1)n-1), t and F '(0). 
~ ~ 

The equat ions are writ t en in matrix form as 

lZ- , 
.x- * 

Qn-1' t, 'Fa), 

(C.42) 

(C . 43 ) 

.. ~? the transpose of ]?, R is a column vector the eleme nts of vThic'h are t he 

right hand sides of the linearized equations cc·~1 ~. , and the 

element s of A are: 



--- ... " .-.~~----'---"-'-i ,.. ~ 

I )("~ ' 0 
1 

I )f ! 
i " 
1 ')( 

I ' ';'10 
)( x x ~ 

"-
x )" 1\ X X -, 
X )( X "''' " i 0 

": 
"t 

le X X X " .-,<. 
I( 'I( XI('I('IC "" 'I , 

" )C I 
1 

A= 
" " _ 1C._~ .. ~ . "' . X '\( '1. 1 1)( , 

! _ ___ ?~ ... ~ __ .. X X)(I X " ,,' 0 I ll( : 0 

o )( 1 ~ , 0 , )C 10 
- --- ._-,._ .. - .... -.- -":" . - .-. --- _ ... -.- .. -- ' I 

, ~ ~, 'C "ttf I : Y 

, " le ~ ~ ,! 'it I: 'It" '\C 1t ~ 0 1 1)£ 
i ' ')< x" x. I(, ~ : : , 
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, ! 
! ~ "'" x x """ 'le 'X iO 't o I ~'I( )C)C" "X')('IC'¥. 1 'i< 
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1)( 1< X >c'l' 'It "~X,, x,.. xi :" 
I 'I , 
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~~\.oO t\ ~ Q ~ 

I 

11 "," 

i\ F (I):. to"- F (0'1 

1=' (I ) -:. t: F' W (;)) 

l :+\ - I) " o~~( 

~~iaY\ sfY JI 

E.(\ £-r~ ba\ o.. ¥\~ 
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'x· 
-Solving (C.42) thus yeilds a better aprroximat ion f or Q,Q t and 

, " ' 

F'x,(X l' 0) at 'the (N+1 )st station, and to complete the iterative cycle 
N+ , 

the new values of t and m are us ed in the so lution of the enerGY equatio 

'Ive have for the case of the cylinder: 

Apply the Hartree-Wom7rsley linearization to thic: 

"'" ~ (erN +so~+-< "). ~ (t,~1r-~Tt !{(~~t1- ~~1(9~~ to Sri) - (~~~H.tiJ) ~t.1t\ - ~")1::: O} \.c·4b] 
' I(p Cp~ , . ' 

where dashes denoted differentiation .w.::- • .t. Y. , This is an ordinar y 

differentia~ equation for e ~+1; 

(C. 47 ) 

~l.. = - 5 . "( l &N~\ +- G ~l') I . 

rv { I r'i J) (C .4[' ) 
~ ~ = S l\.lr:~) reN 0 J QMt1 (}.Y -lo, (I-IS) N () QN 0..'1 

4- a eN [Qt,J + <St~+11 ,l -+ l~~~ ~N/]', 
and S =- J. I ~ (CpN+ Cp ~-H)'l~N -t- t.N~). 

'6 Cfs 
The ordinary differential equation (C.47) for 6N+1 i s a lready 



linear and can be introduced i nto a matrix s cherne as it stands . vIe h. ve 

. when Y = O/ and , ~N~I '::>. I when Y = 1 so thero are only 

the (m-1) interior points unknown. Solving (C . 47 ) at the e (m-1) point 

can be determined. The finite differences ,used f or Q in the 
. .... r . 

condensate momentum equation are th~~~ used for t) in t h"" abo ve . 

The, iteration procedure at the (N+1 )s t station, ' g~.ven the s olution 

at the Nth station,' is to repeatedly solve (C.42) and (C. 47) unti l 

successive approximations differ by less than a prescribed se t of t olerances . 

This is a rapidly convergent proeess needing only hlO or three iterations 

near X = 0, but becomes markedly worse as separation i s apprcr .. chad . In 

order to ascertain that this convergenced ' ~olution at ~+1 i s clone enough 
I 

to the true solution we proceed as follows . ' Firstly t wo s t eps each of 

lengtht(XN+1 -~) are taken from ~ ~o XN+1,and then this sol ut i on a 

~+1is compared with the solution obtained by takin~ust o~e step from 

~ to ~+1 • If the difference between t N+1 obtained by the two methods 

is greater than an allowable limit then the st ep lengths in ,tho' x- di "ection 

are halved and the procedure repeated, otherwi se the solution obt1i e 

by taking two steps is accepted at ~+1' 

It remains to describe the manner in which the solution is ",tarted 

from X == 0. 

The limi"tl.ng forms of (C,.1) and (C.19) as X-,> ° yield differentia l 

equations in which there is no differenti:lt~oil with respect to X so they 

are already in forms analogous to (C.2) and (C.20). These ar e linearize 

using the Bellman technique, and there result: 'differenti.:l.l equation6 the 

COt3fficients of which are functions of the p~eyious itera to . 



216. 

'rhe boun:iary co nditions (5.31) -(5. 33 ) r emain una ltered as X -.... 0 

so ara introduced into the matrix in the same way as before , and it rema inc 

to consider the limiting form of the energy ba l a r ce as X -) O. 

In the neighbourhood of X = 0 then t(x) and ( ~\:.o will be t aken 
, 

to becons t ant,and for sm~ll X ~he left ha nd side of (C. 35 ) becomes 

-
, . 

. Thus the limiting form of (C.35) is: 

~.t .o.y, 

which is treated in the same ' way as (C •. 37) • 

In thi.s ' way a matrix eCluation analogous to (C .44 ) results and 

, * ·x· 
enables more accurate solutions Q, Q , t, and F <0,0) at X = 0 to be 

found. The iterative ·cycle ,is completed by s·olving the energy equ9.tion 

(C 45) the limiting form as X-7 q of \vhich is a linear ( i n 9' ) ordinary , . . . 

differential eCluation· and is solved by the method outlined f or (C. 47 ). 
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