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on

Application o f  a new Ultrasonic Sing Around System to  the Study o f 
Magnetoelastic E ffects in some Heavy Rare Earths

The development o f  a new u ltrason ic sing around system has been 

described. The equipment has been used to  investigate the behaviour 

o f the second order e le a stic  moduli o f  single crysta l specimens o f  

Gadolinium, Terbium, Dysprosium and Erbium under conditions o f 

varying temperature, pressure and magnetic f ie ld .

Frcan the results- some indication  o f  the performance o f  the new 

system has been obtained. The behaviour o f  the e la s t ic  properties 

as a function o f  magnetic f ie ld  has allowed c r i t ic a l  f ie ld s  to  be 

determined, and the variation  o f the e la s t ic  moduli with pressure 

have allowed the Griineisen parameters and third order e la s t ic  

constants to  be calculated. Results have been compared where 

possib le  with earlier  published findings.
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CHAPTER 0 

Introduction

-  1 -

The elements Gadolinium, Terbium, Dysprosium and Erbium belong to 

the 4f ser ies , the rare earths, which l i e  between Lanthanum and 

Lutetium in the period ic tab le . This group o f elements a l l  have very 

sim ilar chemical properties but exh ibit a wide range o f  magnetic 

structures. These are due to the p a rtia lly  f i l l e d  4f shell which 

makes a s ign ifica n t contribution to the magnetic moment o f the atoms 

in the so lid  phase, but is  screened from the outside by the outer 5d 

and 6s2 electrons which are responsible fo r  the chemical properties. 

Among the techniques used to  obtain information about the magnetic 

structures o f  these elements are neutron d iffr a c t io n , magnetisation, 

e le c tr ic a l r e s is t iv ity  and e la s t ic  constant measurements.

Ultrasonic techniques have been used to  investigate the e la s t ic  

properties o f the rare earths Dysprosium and Gadolinium by Rosen [1 ,2 ] , 

Erbium by Fisher and Dever [3] and Gadolinium, Terbium, Dysprosium, 

Holmium and Erbium by Palmer et a l [4 ,5 ] ,

D irect measurements o f acoustic tran sit times by use o f anr 

o sc illo sco p e  lim its precision  to  about 0.1% according to  Papadakis [ 6] .  

In order to  obtain greater precision  more sophisticated techniques are 

necessary and a review o f  these is  given in chapter one. The orig in a l 

sing around was due to Holbrook [7] and the arrangement described in 

th is  thesis is  broadly a development from the system due to  Forgacs [8 ] ,  

Later improvements were made by Brammer [9] and the present scheme is  

outlined in chapter fou r. Its  performance w ill be found included in

the resu lts



-  2 -

In th is  work measurements have been made o f  the single crysta l 

e la s t ic  moduli o f the heavy rare earths Terbium, Gadolinium and Erbium 

over the temperature range 4.2 -300°K and in f ie ld s  o f  0 - 2 .5  Tesla.

From the location  o f magnetoelastic anomalies and other changes in the 

e la s t ic  properties the magnetic phase diagrams o f  Gadolinium and Terbium 

have been constructed and compared with those obtained by other 

techniques, notably by neutron d iffr a c t io n . The present work is  

believed to  be the f i r s t  measurements o f  the e la stic  properties o f the 

m aterials under these conditions, although some preliminary work in zero 

f ie ld  and 2.5T was reported by Palmer and Lee [4 ,5 ] ,

The variation  o f  single crysta l e la s t ic  moduli o f Terbium,

Dysprosium and Erbium with hydrostatic pressures have also been measured 

over the ranges 0 -1 0 0  bar in Hull and O'- 5 kbar using the S.R.C. high 

pressure’ f a c i l i t y  at S.T.L. Ltd. at Harlow. The Gruneisen parameters 

have been calculated from these data and compared, in the case o f Erbium 

and Dysprosium with the earlier  resu lts  o f  Fisher [10 ]. In the case o f  

Erbium the varia tion  o f some o f  the second order moduli with selected 

uniaxial stresses along certa in  crystallographic d irection s have been • 

measured. From these resu lts  a complete set o f  th ird  order e la s t ic  

moduli has been calculated according to  the method outlined by Brugger [ i l l .

In chapter four attention  i s  drawn to  the mode o f  operation o f the new 

sing around system, together with other experimental methods including 

control o f the physical environment o f  the specimens either at low 

temperature, high pressure or under applied magnetic f i e ld s .  Calibration 

procedures fo r  the thermocouples and strain  gauges are outlined.

A b r ie f  descrip tion  o f  the magnetic and e la s t ic  properties o f  the 

heavy rare earths is  given in chapters six  and seven follow ed by 

presentation o f  resu lts  in d e ta il in chapters eigh t, nine and ten.

Associated information which was either not d ire c t ly  relevant or too  long 

to include in the main tex t w ill be found in the appendices*



CHAPTER 1

Ultrasonic Techniques

-  3 -

1.1 General Applications o f Ultrasonics

U ltrasonics has been an accepted experimental technique since the 

work o f  Langevin who investigated the use o f  p iezoe lectr ic  quartz for 

emission and receip t o f  high frequency acoustic vibrations in the early 

1920's. Some o f the main uses o f ultrasound now include the non­

destructive  testing o f a r t ic le s  for  flaw s, fo r  example the detection  o f 

inhomogeneities in specimens by r e fle c t io n  o f  a l l  or part o f  an incident 

wavefront by the d e fect; the investigation  o f e la stic  properties o f 

m aterials from acoustic v e lo c ity  measurements, and the monitoring o f 

attenuation o f ultrasound which is  used in thickness gauges and lev e l 

d etectors. Other measurements include the estimation o f grain s ize  in 

specimens by the amount o f acoustic scattering . It  has a lso  been used 

as a method o f detecting obstacles on a larger sca le , fo r  example in 

ultrason ic radar systems.

Acoustic imaging techniques which have been available since' the 

work o f Solovev in 1934 involve a l i t t l e  more soph istication . However, 

because o f the upper frequency lim it the resolu tion  o f these image 

converters is  re s tr ic te d . One o f the more recent developments has been 

the use o f ultrasonic holography which contains information concerning 

the inside o f ob jects  including shape and s ize  o f  d e fects  or 

inhcmogeneities. This has found an important application  in  medical 

physics.

Among the high in tensity  applications is  the production o f 

cav itation  in  liqu ids when rapidly fluctuating pressures are applied. 

This can be used to  induce chemical reactions fo r  example to  produce a 

c o llo id a l solu tion  o f two otherwise immiscible liqu ids, or in u ltrason ic



cleaning baths which depend on a combination o f  ag itation  arxi 

cav ita tion . High in tensity  ultrasound is  a lso  used in fatigue 

testing o f  m aterials and other techniques such as the u ltrason ic 

d r i l l .

1 .1 .2  Particular Applications to  E lastic Properties

The e a r lie st  reported attempts to  use u ltrason ic techniques to  

measure e la s t ic  properties o f materials were reported by Pierce [ l ]

1925 and by Boyle and Lehman [2 ,3 ] 1926. Later attempts to  measure 

changes in e la s t ic  moduli required more subtle techniques than d irect  

measurement o f the time between successive acoustic pulses and as a 

resu lt the pulse echo overlap technique was invented by Huntingdon in 

1947 [4] and an early form o f sing around system by Holbrook in 1948 [5 ] , 

More recent applications of in terest include the work o f Créerait [ 6] 

who used- an u ltrason ic sing around system to  measure the d iffe re n t ia l 

v e lo c ity  between two waves polarised along the prin cip le  stress axes o f a 

sample and from th is  a knowledge o f how the v e lo c ity  varies with stress 

was gained and from the third order e la st ic  constants the residual stress 

in the specimens was calculated.

r
1.1 .3  Acoustic Methods to  Investigate the Properties o f Solids 

Acoustic methods provide one o f  the three main m aterials testing

techniques fo r  investigating the properties o f  so lid s , the others being 

electromagnetic and p a rtic le  methods. The use o f  ultrasound to  deter­

mine the mechanical properties o f  a so lid  depends on measuring, however 

in d irectly , the e la s t ic  constants o f the m aterial. Fortunately a 

fa ir ly  simple relationsh ip  ex ists  between the acoustic v e lo c ity  and the 

relevant e la s t ic  constant as indicated in section  1 .3 .3 .

U ltrasonic frequencies are generally taken to l i é  between 20kHz 

and 50CMHz. These may be further subdivided into those ranges employed 

in the two p rin cip le  u ltrason ic methods o f obtaining information

-  4 -
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concerning e la stic  properties. For methods involving resonance 

techniques the kiloherz frequencies are used, while fo r  pulse echo 

methods the megaherz range frequencies are employed.

1.2 Determination o f Acoustic V elocity

A short review o f the main experimental methods used for  the 

determination o f  acoustic v e lo c ity  in so lid s  is  given. This concerns 

only the high frequency, megaherz, pulse-echo techniques. These f a l l  

broadly into f iv e  categories (i) Pulse Superposition, ( i i )  Pulse-Echo 

Overlap, ( i i i )  Pulse Interferom eter, (iv) Twin Specimen Interferometer 

and (v) Sing Around Systems.

1 .2 .1  Pulse Superposition Methods

Except in cases where fa ir ly  large ¿changes in acoustic v e lo c ity  

are being measured, that is  o f the order o f  0 . 1% or la rger, which can 

be seen on the time base o f  an osc illo sco p e , more subtle techniques than 

d irect  measurements must be employed. The f i r s t  o f  these methods for  

detecting small changes in v e lo c ity  is  the pulse superposition 

technique [7 ,8 ] , This is  based on measuring accurately the time from 

any cycle  o f a given echo to the corresponding cy c le  o f the next echo.

I t  is  therefore a very accurate method o f  measuring the absolute 

v e lo c ity  o f  sound in a sample.

When operating^a series  o f  pulses and corresponding echoes is  

observed on an o sc illo sco p e . The frequency o f  the kiloherz c.w . 

(continuous wave) o s c illa to r  is  adjusted u n til the in it ia l  pulse from 

the r . f .  (megaherz) o s c illa to r  corresponds exactly with one o f the 

echoes from the preceding pulse. This may be checked since when the 

two are exactly superposed the amplitude o f  the sum o f the echoes w ill

be a maximum.
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I f  the pulse is  superposed on the f i r s t  echo then the radio 

frequency pulser f ir e s  once per round tr ip  in the sample, and hence the 

reciproca l o f the c.w. frequency as measured on the frequency counter 

gives the transit time o f the acoustic pulse in the specimen. I f  the 

pulse is  superposed on the second echo then the reciproca l o f  the c.w . 

frequency is  twice the transit time and so on.

The actual time measured then represents the period between any 

point on the in it ia l  pulse and the exactly corresponding point on i t s  

nth echo. When the frequency o f the c.w. o s c illa to r  is  equal to the 

reciproca l o f  one transit time the superposed signal gives an interference 

maximum which is  global because under these conditions the attenuation 

between the superposed pulses is  a minimum. A schematic diagram o f the 

pulse superposition method is  given in  f ig .  1 . 1 .

1*2.2 Precision

This method can be used for  absolute v e lo c ity  determination because 

o f i t s  capab ility  fo r  measuring transit times by matching cycle  fo r  

cy cle . Various systematic errors reduce i t s  accuracy, such as beam 

spreading which causes a sh ift  in phase o f  the waveform. An assessment
f

o f both the pulse superposition and pulse echo overlap methods has been 

given by Papadakis [9 ].

Concerning the precision  o f th is  method for  measuring changes in

tran sit time there w ill be some error due to  the experimenter gauging

the exact point o f pulse superposition. A precision  of a few parts in 
5

10 is  quoted for  the basic system, McSkimin has made some improvements 

in an automated version o f th is  method [8] and claims a precision  of 

± 1 part in 10^.
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1.2.3 Pulse Echo Overlap

This method is  similar to  the pulse superposition technique in 

that i t  measures the time between corresponding cycles  o f  particu lar 

echoes. Hence i t  can also be used to  measure small changes in 

v e lo c ity  to a high precis ion . The absolute accuracy o f the pulse 

echo overlap is  thought to be s lig h tly  greater than the pulse super­

p osition  method according to  Papadakis [9] while the precision  o f  the

pulse superposition may be better although both are quoted at a few 
5parts in 10 .

/
Seme features o f the pulse echo overlap (P.E.O.) [ lo ]  d i f fe r  from 

those o f the pulse superposition method. The P.E.O. can be used to 

measure through transmission o f one tran sit o f a sample using transducers 

on both ends o f the specimen, acting as separate emitter and receiver.

The P.E.O. does not require d ire c t  bonding, as does the pulse super­

position , and thus can be operated with a bu ffer rod between the trans­

ducer and specimen. The most important feature is  that the P.E.O. can 

be operated with broad band pulses so that the correct cycles  may easily  

be overlapped. In the pulse superposition th is  condition  is  more 

d i f f i c u l t  to  obtain and the superposition may be an integral number o f 

cycles  out. A drawback is  that the P.E.O. has not been automated in the 

manner in which McSkimin has automated the pulse superposition method 

and i t  is  not envisaged that th is  w ill be achieved in the near future.

Operation o f  the P.E.O. involves the matching o f  a pulse and one o f 

i t s  succeeding echoes so that they overlap, cycle  fo r  cy c le , on an 

o sc illo sco p e . This condition  is  achieved by adjusting the frequency o f 

the c.w . o s c i lla to r  u n til the reciproca l o f  th is equals the travel time 

between pulse and echo. The osc illo scop e  is  operated in x -y  rather than 

y - t  mode so that by suitable choice o f the c.w . frequency successive 

echoes w ill appear on successive sweeps o f  the trace across the screen.
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In ten sifier pulses are used to  brighten the two echoes which are being 

overlapped, and others may be blacked out by turning down the in tensity  

control on the osc illo sco p e . When the c.w . o s c illa to r  frequency is  

set correctly  the pulses and echoes w ill a l l  occur at the same point in 

the sweep on the osc illo scop e  screen. The reciproca l o f  the 

o s c illa to r  frequency then gives the tran sit time between the selected 

echoes. The P.E.O. system is  represented schematically in  f i g .  1 .2 .

1 .2 .4  Precision

The same type o f  analysis which may be applied to  the pulse 

superposition method also applies to  the P.E .O ., except that i t  is  

p ossib le  to obtain an exact overlap o f  the correct cy c le s . The 

precision  depends mainly on the observer's a b ility  to  overlap the 

echoes exactly . This is  taken by Papadakis to  introduce errors o f 

about 20 p.p.m. which remains the lim it o f precision  o f the system at 

present.

1 .2 .5  Pulse Interferometer (Phase Adjustment Method)

This method covers a broad category o f techniques fo r  determining 

v e lo c ity  in which the variation  o f the r . f .  frequency is  the central 

theme. With these variable frequency methods i t  is  important to note 

that the phase change on r e fle c t io n  varies with the r . f .  frequency and 

therefore must be accounted fo r  as the frequency is  changed. The 

transmitting transducer is  pulsed and when the f i r s t  echo is  received 

back i t  i s  pulsed again. This is  achieved by using a variable delay 

between the two pulses, which i s  adjusted u n til the second coincides 

with the echo o f the f i r s t  pulse. Consequently a l l  echoes are super­

posed in pairs except fo r  the in it ia l  pulse.

The amplitude o f the second signal is  then made smaller than the 

f i r s t ,  to  allow for  attenuation, u n til both signals make equal
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contributions to  the observed interference pattern. By suitable 

adjustment o f the frequency w the tota l signal may be made zero 

independent o f time t  and hence the transit time x through the sample 

may be calculated as fo llow s.

At time t  the waveform o f the in it ia l  pulse which w ill have made 

two round tr ip s  through the specimen and undergone two phase changes o f 

w ill be given by

A^(t) = A^.sin(w (t + 2t ) + 2<p) . . . . 1 . 1
i

and the waveform o f the second pulse w ill be

A^(t) = A^. sin  rnt . . . . 1.2

The interference waveform pattern w ill therefore be given by

A. = 2 .A. sin (a) (t-T)+q>)cos (ojt-©) . . . . 1 .3to t

where bot,h components have amplitudes A adjusted to  be equal. Since by 

adjustment o f  the frequency w the net signal may be made zero, when th is 

occurs at the condition  may only be sa tis fie d  fo r  a l l  t  when

cos(o)oT-cp) = 0  . . . . . 1 . 4

w T -  q> = (2n+l)^- . . , . 1 . 5o 2
/

where n is  a p os itiv e  integer. The phase angle q> may be calculated as 

a function o f frequency and consequently the tran sit time calculated 

from the observed null frequency w . A version  o f th is method was 

reported by Williams and Lamb [11].

1 .2 .6  Twin Sample Interferaneter

This is  a m odification o f the basic pulse echo methods which is  

suitable fo r  small changes («0 .1% ) in acoustic v e lo c ity . Ultrasonic 

pulses are sent in to two specimens which have the ,same length under the 

same physical conditions and the echoes from both are displayed on an 

o s c illo s co p e . An interference pattern is  observed by summing the two
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signals. I f  the v e lo c ity  in one specimen changes when i t s  environment

is  modified while the other remains under i t s  orig in al conditions, a

sh ift  in  the interference nodes occurs.

The two sets o f  signals w ill develop a progressively increasing

phase d ifferen ce  as the v e lo c ity  d ifferen ce  between the two samples

increases. I f  destructive interference occurs at the nth echo, then

the tran sit time between.the two samples has changed by /g in  n round

tr ip s , where t is  the tra n sit  time through the control sample. By
6th is  observation a precision  o f about 5 parts in 10 can be achieved.

The method is  described in  more d eta il by Truell e t  a l [12] and a block 

diagram o f the e lectron ics  is  given in f i g .  1 .4 .

1 .2 .7  The Sing Around System

In th is  method an in it ia l  pulse from an r . f . generator is  passed 

in to the specimen by a transmitting transducer, picked up by a second 

receiving transducer, amplified and detected . I t  is  then fed back to 

the r . f .  pulser to  in it ia te  the next pulse through the specimen. This 

arrangement w ill  then cycle  continuously u n til switched o f f .

The travel time through the whole loop including a l l  acoustic and 

e lectron ic delays w ill be given by the recip roca l o f  the sing around 

rep etition  rate as measured by a frequency meter (see f i g .  1 .5 ) .  The 

meter measures the frequency o f triggering pulses supplied to  the r . f .  

o s c i l la to r . I f  the e lectron ic  delays can be accounted fo r  or eliminated
4

the absolute accuracy o f  th is  system would be about one part in 10 .

This is  seldom p ra ctica l and the system is  therefore not suited to 

measuring absolute v e lo c ity .

The precision  o f  the system in i t s  simple form as shown in  f i g .  1.5
5is  quoted [9] as 2 parts in 10 for  measuring Av/v. However, an 

improved system due to  Myers [ 13 ] and■la ter Forgacs [14] employing a delay
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gate so that the r . f .  pulser was triggered not from the f i r s t  echo but

by one further down the echo tra in , was able to improve the ra t io  o f

acoustic to  e lectron ic  delay and thus improve the p recis ion . The

errors in th is la ter system were then due mainly to  in s ta b ility  in the

triggering point which was taken from the leading edge o f  the echo which

has a slow r is e  time. Forgacs also introduced a 'tandem gating' idea

consisting o f a wide gate using a delay lin e  lik e  Myers to  se le ct  a

particu lar echo, and a narrow gate to se le c t  a particu lar cycle  o f that

echo fo r  triggerin g . The cycle  se le c t  c ir c u it  then fired  the trigger
7at a fixed  point in the cy c le . A precision  o f  a few parts in 10 was 

claimed for  Av/v fo r  th is system. This was thought to  be the lim iting 

precision  since a varia tion  o f  0.O01°K would give r is e  to  sim ilar 

variations in Av/v in  most m aterials.

1 .3 .1  Background to  the Present Work

The precis ion  o f  the sing around systems for  measuring changes in 

acoustic v e lo c ity  exceeds that o f any o f the other methods, although it s  

absolute accuracy i s  less  than the others. I t  is  therefore the best 

method available to  date fo r  measurements involving loca tion  of rapid
f

changes in e la s t ic  moduli which may be associated v ia  magnetoelastic 

e ffe c ts  with magnetic phase tran sition s. I t  i s  also the best method 

available fo r  the measurement o f pressure derivatives o f  e la stic  moduli 

necessary in the determination o f  third order e la st ic  constants.

The idea o f  an ultrason ic 'feedback' device was f i r s t  used by 

Holbrook in 1948 [5] to study small changes in the v e lo c ity  o f sound in 

so lid s . Each pulse passed through the specimen was detected by a 

second transducer, am plified and used to  trigger the system into fir in g  

another burst o f ultrasound into the sample. Once started the system 

would therefore continue to  transmit and receive acoustic pulses almost 

in d e fin ite ly , a mode o f  operation termed "sing around".
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Each time the system was triggered by a detected pulse the pulse 

passed through a frequency counter and hence the rep etition  rate o f 

the system could be measured. The change in v e lo c ity  o f sound 

through the system could then be found from the change in frequency 

registered by the meter. I f  the length o f  the sample can be determined 

to  s u ff ic ie n t  accuracy and electron ic delays allowed fo r  the absolute 

v e lo c ity  can be measured. In practice  the changes in  tra n sit  time 

At/t  are found and hence changes in  v e lo c ity  Av/v. Fractional changes 

in e la s t ic  moduli may therefore be determined to  high accuracy.

I t  was realised  that the actual delay measured between two pulses 

was the sum o f acoustic delay in the specimen and e lectron ic  delay through 

the sing around detector system and triggerin g . The main component o f  

e lectron ic  delay was found to  be due to  delays in the triggering point o f 

the detector. Cedrone and Curran [15] developed Holbrook's ideas further 

using the same equipment. Their method o f  eliminating the e lectron ic 

delay was to  use two specimens which were id en tica l except fo r  their 

length, and keep both under the same experimental cond ition . The 

d ifferen ce  between the two delays through the specimens was the tran sit 

time through a path length equal to the d ifferen ce  in lengths o f  the 

specimens.

1 .3 .2  Previous Improvements to  the Sing Around Method

Forgacs introduced some refinements to  the sing around method [14] 

notably an improvement o f the delay lin e  employed by Myers [13] which 

gated out a number o f received acoustic echoes allowing the Systran to be 

triggered not by the f i r s t  detected pulse but by one o f the la ter  echoes. 

In th is way the r a t io  o f acoustic to e le ctron ic  delay was maximised.

The interference due to  echoes continuing to reverberate inside the 

system when i t  was retriggered were also v irtu a lly  eliminated.
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Forgacs also preferred a d iffe ren t counting method using a separate

counter and tim er. The sing around was allowed to  continue u n til a
3 4 5specified  number o f retriggerings had occurred, e .g . 10 , 10 , 10 .

The measured time in terval was terminated precise ly  as the 10nth sing 

around cycle  started. This m odification o f  the method was claimed to
7

have a precision  with a lim it o f  ± 1 part in 10 fo r  Av/v and on the 

determination o f  th is  fo r  gold changes o f  the order o f 5 to 15 parts in 

106 were detected with an accuracy o f about 1%. Papadakis has stated 

that th is precision  can not be improved upon under present ca p a b ilit ies  

since a change o f ± 10  ̂ °C w ill g ive r is e  to a varia tion  in  Av/v which
7

in most materials i s  o f  the order o f ± 1 part in 10 .

Later Brammer and Drabble [16,17] designed a sing around system 

largely  along the lin es  o f  the Forgacs method but with more stable 

c ir cu itry . The detector was changed to  a "zero crosser" type which had 

previously been used in nuclear physics. The detector was not a zero 

crossover in the true sense in that i t  could not detect immediately the 

voltage in the receive c ir c u it  went above zero simply because there was 

always a f in it e  noise le v e l . To overcome th is  the detector voltage was 

raised to  the lev e l o f  the background and i t  triggered immediately the 

received voltage passed above th is .

1 .3 .3  Determination o f E lastic Constants from Acoustic V elocity  
Measurements

Once the v e lo c ity  o f sound through a sample has been determined by 

one o f  the methods outlined in  section  1.2 the e la s t ic  constants can be 

calculated from the simple relationsh ip  which is  derived below for  an 

iso trop ic  crysta l la t t ic e .

Consider for  s im plicity  a one dimensional array o f  atoms each o f 

mass m and at an equilibrium separation o f d between nearest neighbours.
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I f  a wave passes through the la t t ic e  causing each atom to be displaced

from it s  equilibrium p osition  by an amount which varies from atom to

atom, then the fo rce  on the nth atom which is  displaced by an amount

u w ill be n

n X(ur,4.i~uJ  “ X (u -u  i > n+1 n n n-1 • « . • 1 « 6

where X is  the fo rce  constant defined by 3F/8u * -X, and only nearest 

neighbour interactions have been considered. Replacing the fo rce  F 

by the product o f  mass and acceleration ,
n

m.-A
'at2

X(u ^.+u . -2u )n+1 n-1 n • ••.1.7

which is  the 

imposed. A 

un

where the ait 

Equation 1.8

equation o f motion o f  the la t t ic e  under the conditions 

solu tion  o f  th is  equation w ill be v ibrations o f  the form, 

*» A.exp i(knd-oit) , . . . 1 . 8

term has been included to  indicate time dependence, 

in a solu tion  o f equation 1.7 provided that

0) 1.9

When k and hence ui are small, that is  fo r  low frequency v ibrations, 
10.in p ractice  «  10 Hz, th is  reduces to

/x.d20) ~ k / ------- . . .  «1.10

and hence ui is  a linear function o f  k fo r  these low frequency (acoustic) 

v ibra tion s. Therefore because o f the long wavelength o f the vibrations 

large numbers o f atoms vibrate  together, and the displacement u^ may be 

expressed as a continuous function o f the distance x in the d ire ction  o f

propagation. Expanding th is  displacement as a Taylor series  g ives,
3u

un+1
1 ? ^

un + a ( i r >  (1 # > + ••• 1.11



-  15 -

and substituting th is  expression in to the equation o f motion 1.7 gives
.2 a2d u j  3 u

m. —^  = X.d . -----£  ___ 1.12
dt 3x

which is  the equation o f a wave with v e lo c ity  v given by

. . . .1 .1 3/ h Ä
m

For a three dimensional so lid  generalising the above resu lts , the 

e la st ic  constant c would be defined by the ra t io  o f  stress to  strain , so 

that, -
dF _d_ 
dx y .z 1.14

where.y and z represent the d irection s orthogonal to  x . The v e lo c ity

may therefore be represented by

v = ___ 1.15/  P

where p is  the density o f the so lid .

This resu lt which holds fo r  the propagation of low frequency 

vibrations in a d iscre te  la t t ic e  may be compared with an id en tica l 

resu lt obtained by considering the so lid  as a continuum. Such a 

treatment may be found fo r  example in Champion [18]. •
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CHAPTER 2

The Theory o f E la stic ity

2.1 Introduction

In the case of an iso trop ic  or a polycrysta llin e  so lid  there are 

only two e la s t ic  moduli which may be defined. These are the Young's 

modulus, E, which re lates to  the v e lo c ity  o f compressional waves 

through the s o lid , and the shear modulus, G, relating  the v e lo c ity  o f 

shear waves. The resu lts  obtained in section  1.3 .3  are not generally 

applicable in the case o f  an anisotropic so lid  lik e  a single crysta l 

and in the present work a l l  resu lts  have been taken from single crysta l 

specimens.

In th is  chapter a more general theory o f e la s t ic ity  fo r  any three 

dimensional so lid  is  expounded starting from a d e fin itio n  o f stress 

and strain in section  2 .1 . The expression fo r  a general deformation 

o f a three dimensional anisotropic so lid  is  given in section  2.2 and 

then the conditions o f  hexagonal symmetry are taken in to  account and the 

expression sim plified  to  su it a hexagonal crystallograph ic group. Prom
f

consideration o f symmetry i t  is  shown that there are f iv e  independent 

second order e la stic  constants (S.O.E.C.) fo r  a hexagonal cry sta l, and 

the re la tion  o f these to  particu lar crysta l d irection s  is  illu stra ted .

Anharmonic e ffe c ts  leading to  higher order e la st ic  constants, in 

particu lar third order moduli are considered and a thermodynamic 

d e fin itio n  of e la stic  constants is  given. Expressions fo r  the change 

in path length and density o f  a specimen are derived in section  2.6 

which allow corrections to  be made to resu lts  o f change o f acoustic 

v e lo c ity  as a function o f temperature i f  necessary. Such corrections 

have not been made to the resu lts  reported in the present work.
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Thermal expansion in the particular case o f a hexagonal crysta l i s  

a lso  described. F inally a d e fin ition  o f Griineisen parameters, 

another manifestation o f  crysta l anharmonicity, is  given, and a method 

o f  ca lcu lation  from acoustic measurementssuggested.

2.1 .1  Deformation o f  a Homogeneous Continuum

A so lid  body subjected to  an applied fo rce  w ill undergo a 

deformation. Consider the position  vector o f  a typ ica l point in  the 

undeformed body is  given by r_ referred to  a coordinate system x^ 

i  -  1, 2, 3. I f  the point r_ is  deformed to  r_' under a certa in  stress 

and the coordinate system x^ is  deformed to  x^' then the transform may 

be represented by a tensor describing the deformation from in it ia l  to  

f in a l sta te . _

rj -  a_.r_ . . . . 2 . 1

and the x^' which form the basis o f r_" obey

\  ai j x j
••••2.2

The displacement vector o f the typ ica l point r_due to  the 

deformation may be represented as u_

u «  r ' -  r . . , . 2 . 3

2 .1 .2  The Strain Tensor

Following Landau [ l ]  the displacement vector u_whose components 

ui  are given by

u^ ** x^* -  x^ . . .  .2.4

may be used to  derive an expression fo r  the displacement o f  any point 

in the deformed s o lid . Consider two points c lo se  together in  the 

undeformed s o lid . I f  the vector join ing them before deformation is  

djt with components dx^ i  = 1, 2, 3 then the vector join ing them a fter 

deformation is  d V  with components dx^1. Hence the In it ia l
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displacement o f the points is  d£ which is  transformed to d£'

d£ /(d x 2 + 2 2 cb<2 + dxp . . .  .2 .5

d£' /(d x *2 + d x '2 + dx *2) . . . . 2 . 8

and from the d e fin ition o f given above,

d £ '2 -
^ dXi

+ dui ) 2

S I<dxi
i

+ 92du^dx^ + du^) . . . . 2 .7

3Ujr» £
Replacing du^ by ¿(g^—)dx^ 9*ves* 

k k

d £ '2 = d£2 + 2][du^dx  ̂ + £du^

2 3u, 
a* + 2ÏÏ  « a ^ ^ v ^ x  

k i xk K X
3u. 3u.

+ I  7rr~ • 7T- — • dx, dx
i ,k ,  £ 3xk 3x£ k £ . . . .  2.8

Interchanging su ffice s  in the terms on the r .h .s .  gives

£
ik  s* i

d it'2 = a t2 + 2 V (t——Jdx.dx,
u 3x,, x k

r 3u£ 3U£
* J L  ^

-  3u 3u 3u
“  d£ + l  (2g“ + l  g -L . 3“ )dx dx . . . . 2 . 9

i ,k  Xi  £ dXk d i  1 K

3uk v 3u£ 3u£and replacing the term ĝ — + h i  g^— g^— by the tensor u^k gives
i  £ k l

d£ , 2 d£
+ i l k  “ ik dXidXk

. . . . 2.10

where
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uik

This resu lt compares with the equation given by K itte l [2 ] , the

d ifferen ce  being that the present expression fo r  u ^  includes an extra
„  , V 8u* 5Utterm h i  r— . 5—  .

t 8xi  Sxk
The tensor u „  is  ca lled  the strain tensor and is  ik

symmetric, i . e .  u = u . For small strains the la st  term in ¿ ..b ecom es  
XK KX XK

neg lig ib le  and in th is  case leaves the more fam iliar expression fo r  uik

uik
1 3ui  3uk
2 1 9x. 3x. ’k i

• •••2 • 11

However, the extra term must be included when dealing with third order 

constants, and in th is  case K it te l 's  treatment is  invalid .

2 .1 .3  Dlagonallsatlon o f  Strain Tensor

The tensor u ^  is  symmetrical and therefore i t  can be diagonalised at 

any point. That is , at any point axes can be chosen (the prin cipa l axes 

o f  the tensor) such that only the diagonal terms are non zero . This 

means that the stra in  at any point may be expressed as components o f  three 

independent strains in  three mutually perpendicular d irection s .

2 .2 .1  The Stress Tensor

Consider the to ta l fo rce  on sane part o f  a body. The fo rce  w ill be 

equal to the sum o f forces  acting on the volume elements which comprise 

that part o f  the body. I f  F is  the force  per unit volume then F.dV is  

the fo rce  on an elemental volume dv.

The forces  which cause internal stress in  a so lid  are o f  very short 

range when compared with macroscopic distances and are ty p ica lly  o f  the 

order o f a molecular diameter. Consequently the forces which act on a 

volume element can be represented as the sum o f  forces acting on a l l  the 

surface elements surrounding i t .  Therefore fo r  any elemental volume dV 

the components o f  fo rce  fb '^ .d V  can be transformed into an Integral over the
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bounding surface, by applying the divergence theorem. This states that 

the integral o f a scalar over an arbitrary volume can be transformed into 

an integral over the surface i f  the scalar can be expressed as the 

divergence o f  a vector. That is

/v .F  dV -  /F.dS_ 
V s

. . . . 2.12

In th is  particular case the sca lar is  an in tegral o f a vector over 

a volume. Therefore i t  may be expressed as the divergence o f  a tensor 

o f  rank two. Hence the force  F_with components F  ̂ can be expressed as

3a,
I

ik
k 8*k

. . . .2 .1 3

*. /F dV 
V - I I

3aik
Vk 3xk

.dV

f  £ °ik ,dSks k
. . . .2 .1 4

where the dS^ are components o f the surface element vectors d£. The 

tensor o f  rank two, which is  obtained in th is way is  the stress tensor 

The term a..dS is  the i  th component o f  the fo rce  on dS. , that is  the
XK JC JC

fo r ce  in the i  d ire ction  due to an incident stress in the k d ire ct io n .
f

To prevent turning forces  and hence to  maintain equilibrium a must 

be symmetric. That is

ik ki •. ..2 .15

2.2 .2  Hooke's Law

This states that fo r  s u ff ic ie n t ly  small deformations the strain is  

d ir e c t ly  proportional to stress. Hence the stress may be expressed as 

a linear sum o f the stra ins.

6ik  "  |Ci k , j Uj . . . .2 .1 6

where the u
3

represent the strain  tensor in  Voigt notation and not the
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displacement vector (Voigt transformation o f indices is  defined as

fo llow s: 11 -*1, 22 -*-2, 33-*-3, 23 -*-4, 31-*-5, 12 -*-6) .  The terms C,. .IK ,3
represent the various S.O.E.C.

2 .2 .3  Hydrostatic Compression

In a study o f  third order e la st ic  constants measurements under 

hydrostatic compression are necessary. I f  a body is  subjected to  uniform 

compression from a l l  sides the stress tensor w ill  have a particu larly  

simple form since there are no shear stresses. I f  the pressure is  P 

then a fo rce  o f  P.dS^ acts on an element o f  volume dS^ o f  the surface.

By reference to  equation 2.14 th is  force  must a lso be equal to  a ,dS1JC K.

• • = . . . .  2.17
k

and, in order to  sa tis fy  th is  condition ,

P.dSi  -  I p*5ik *dsk . . . .2 .1 8
• • k

where 6., is  the Kronecker delta , ik

*** P,6ik  . = °ik  . . . .2 .1 9

and therefore the stress tensor has the form,

p o o
o p o

 ̂o o p

2 .2 .4  D ilation

The change o f volume o f a body due to  a deformation may be found from 

the matrix describing the deformation. Consider a deformation represented 

by the tensor a_ = . Any p osition  vector r o f a point in the body is

transformed to  r_' such that according to  equation 2,1 

r_' = a_. r_

and in matrix form,
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x

x

i
1

■
2

\ * ’ 3

a21 a 22 

\ a31 S32

13 \
23

33

\

The ra t io  o f  fin a l to  in it ia l  volume is  given by the determinant o f 

the transformation matrix

V det a 

1 + u11 + u22 + u33

....2.20

where V' is  the fin a l volume, V is  the in it ia l  volume and the u ^  are as 

defined in equations 2.10 or 2.11. The fra ction a l change in volume AV/V 

i s  thus given by

AV
V u11 + u22 + u33 2.21

2 .2 .5  General Deformation

In the case o f a general deformation the non diagonal components of 

the stress tensor w ill  a lso  be non zero. Under conditions o f  equilibrium 

the internal stresses in every volume element must balance.

(F )v i 'n e t
3aik

1k k

. . . . 2.22 t

. . . .2 .2 3

The external forces  which act only on the surface must balance the 

internal stresses. I f p is  the external fo rce  per unit area on the 

surface ds, with components dS^

P^.dS »  \ . . . .2 .2 4
k

The components o f dS in the k th d irection  dS are related to dS byK
d S — d S .n  . . . .2 .2 5k — —k

where n is  a unit vector normal to  the surface and n  ̂ are i t s  components. 

Therefore substituting 2.25 into 2.24,



-  23

l ° ik ,nk .2.26

So that the component o f the external force  in the i  th d irection  is  

equal to the sum o f contributions in the i  th d irection  from a l l  the 

stress components.

2 .2 .6  Mean Value o f the Stress Tensor

It  has already been shown in  equation 2.23 above that under 

equilibrium conditions

v 3dik
k 3xk

multiplying through by x and integrating over the whole volume gives
IV

I Ï
s a«

i  3xî
x, • dV k / ¡ 3 ï ï 7 ‘ V xk)dv -  ¡ I a

,3xk
a u  3xt

• dV

. . . .2 .2 7

and both sides are zero. The f i r s t  in tegral on the r .h .s .  may be trans­

formed into a surface integral

IT®. 0*x, dS„ -  JT af. a*5 , fl*dV i4  k i  il kl

* ^ i t -xk aSJl -  K v ' dvs l ik
. . . .2 .2 8

From equation 2.26, y® .n  = P and substituting th is  gives
. IK  K Xk

¿ p. .x, .dS i  k s I  Ï W dsi . . . .2 .2 9

and hence that,

I ”ik 'dv /p  i ,X k dS = V*"3~ik . . .  .2 .30

where is  the mean value o f o By symmetry th is  gives

ik 2V ¿ (V xk + Y xi )ds . . .  .2.31
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which allows the stress tensor component's mean value to  be calculated 

simply from the prevailing macroscopic conditions.

2 .3 .1  E lastic Moduli o f Hexagonal Crystals

The potentia l function <j> o f a crysta l [3 ,4 ] may be used to  represent 

either the internal energy in adiabatic processes or the free  energy in 

isothermal processes. Expanding <j> as a Taylor series [5] where u is  the 

strain

♦ (u) . dd> u2 d2(ji
+ U '" r 1" + ~r— *——¡¡rdu 2 du* ___ 2.32

and using ~ ^
i  i

where the u,̂  are components o f u

♦ * o  + ^ °c . e ua 8 + ca ,3 ik£m ik£m,Uik ,Ui.m 2.33

where terms o f higher order have been neglected, 

o f  <j> is  o f  in terest the arbitrary constant <J>q may

d> = Y CT *u + h i  C u u v “ q a3 a3 ik£m ik u£raa, 3 iklra

Since only the variation  

be set to  zero

. . . .2 .3 4

and the represent the e la stic  moduli o f the crysta l since C

been shown to  be
ikirn has

'ik£m
32 j>

3u., 3u ik  £m
.. . .2 .3 5

2.3 .2  Symmetry Considerations

By the symmetry o f the strain tensor, the value o f  the product u ^  u ^  

is  invariant when i ,k  or £,m are interchanged. Applying sim ilar arguments 

i t  w ill be seen that

Ciki.m Cki£m Cikm£ C£mik

which immediately lim its  the number o f  possib le  independent e la st ic  moduli 

to  21, fo r  the c la ss  o f lowest symmetry.
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For hexagonal crysta ls  the number o f possib le e la stic  moduli may be

further■ reduced. Let x ,y and z be the coordinate axes o f the system

with z the s ix -fo ld axis. Define transformations to  a new coordinate

system £ ,n ,z  by

Ç = X + iy
»

. . .  .2 .36

T1 = X — iy ___ 2.37

such a system must have invariance under a rotation  through 11/3 about the 

z ax is. Applying such a rotation  sends £ and n to  the follow ing 

coordinates
i * /3

£ -*■ £ e = S (cosV 3 + i s in V 3 )

n -*• n »  n(cosV 3 -  i  s in 11/^ )

and in order to  maintain invariance under such a transform, only those

C., . which contain the same number o f su ffices  o f  £ and n can be non zero. ikJtm

2.3 .3 Independent Moduli

Replacing £ by a and n by b and z by c gives the three principâl

axes o f  the hexagonal system. Applying the conditions on the moduli given

above th is  reduces the number o f independent moduli to  C , C , . , C ,cccc  abab aabb'
C . , C , .abcc acbc

The compressional constants and re la te  to  longitudinal waves 

propagated along the c axis and in the basal plane resp ectiv e ly . The 

shear modulus is  obtained by propagating a shear wave along the c axis 

which is  polarised in the basal plane. The shear modulus = *i(C^ -  C ^ ) 

is  found by propagating a shear wave along one axis in the base plane and 

polarising at right angles, along the other axis in the base plane.

The cross coupling c o e ff ic ie n t  *-s related in d irectly  to shear and 

longitudinal wave propagated at 45° to  the c ax is. A ll o f  these d irection s 

and the equations re lating acoustic v e lo c it ie s  along certa in  crystallographic

d irection s  to  the principal e la s t ic  moduli w ill be fo mifl-in reference s ix .
Li:i

Library
a.cnatyV 
.ibrary J  
Hull /
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2 .4 .1  D efin ition  o f  Third Order E lastic Constants

Consider a body subjected to  a stress represented by the tensor 

and le t  the potentia l function <{> be given by 2.34
jk f

oe c' r “ 6 + J m  Co,M
<î> = y c  Qu

Sb “ e

In the above expression the terms Ca By «5 represent the second order

e la st ic  constants, normally referred to  as e la s t ic  constant, fo r  example in 
Hooke1s Law

M
'aB

'a By  ̂

duaB

32j>

aB

3a
3u a 3u , 

aB Y<$

aB
3u

. . .  .2.38

. . . .2 .3 9
Y<$

The next order term in the series expansion is  C „ . ,  which is  the 

third order e la s t ic  constant term which gives deviations from Hooke's Law 

[5 ,7 ]

■'oBy 'SeÇ
33<j>

3u J u  . 3uaB yû eç
. . . .  2.40

This gives the required d e fin itio n  o f second and third order e la stic  

constants. Higher order e la stic  constants may be easily  defined by 

repeated d iffe re n tia t io n  o f

2 .4 .2  Thermodynamic Derivation o f Higher Order E lastic Constants

The thermodynamic energy equations fo r  conservative (non d issipative) 

media are [8 ]

dU ss T.dS + dW

dF ss dU - d (TS)

Consequently i f  .a., is  the stress tensor and u the fetrain tensorjk  jK
the two above expressions may be represented by

dU

dF

T.dS + l  o dU
jk jk  jk

-S.<JT +  Ik =>j k aV

• • • •2.42

*  •  *  * 2.43
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The thermodynamic potentia l used in equation 2.34 w ill be the free  

energy F under isothermal conditions and the internal energy U under 

adiabatic conditions.

Therefore the equations 2.42 and 2.43 may be modified under conditions 

o f  adiabatic or isothermal processes resp ectively

Adiabatic dU = ][ o dU . . . .2 .4 4
jk  DIC 31C

Isothermal dF = £ a ..d u ,v . . . .2 .4 5
jk  3k

Under their respective conditions the internal energy and free  energy 

become functions o f stra in  only. The isothermal and adiabatic th ird  order 

e la s t ic  constants are therefore, according to  Brugger [9]

C

C

s
jkpq£m

u . s3°  ,
* 8u * 8u •Bu. 1 jk  pq £m

T " 
jkpqJim S3 ( 33F ) 

1 v v * .

s

F

. .  .2.46

...2 .4 7

2.4 .3  Anharmonic Vibrations

From the expression fo r  the potentia l function given in  equation 2.34

* ' '  i e C“ BUa6 + J Y6CaBYSUaPUY5 * ' ‘ '

Previously only terms up to  the second order had been considered, and 

under such conditions the components o f the stress tensor are linear 

functions o f  the components o f the strain tensor. This may be shown as 

fo llow s.

I f  $ remains constant under either an adiabatic or isothermal change,

8$
8uae

c  „ + y c _ uL* r' a 6 'af3y6 yS = 0 . . . .2 .4 8

and replacing CQp by - o ^  gives 

a afi l  C Q .U  . 
^  agyo y 6 . . .  .2.49
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which gives the required linear relationsh ip  between stress components 

and strain components.

I f  higher order terms are included then the contributions due to 

the additional terms are ca lled  anharmonic e ffe c ts  because the 

corresponding equations o f motion are non-linear, and hence do not 

permit simple period ic solutions.

2.4 .4  Third Order Anharmonic E ffects

The cubic terms in the e la stic  energy expression give quadratic 

terms in the stress tensor in addition to  the linear terms. The

strain  tensor must then be given by the form o f equation 2.10
3u, 3u, r 3u„ 3u,

uik
i r ^ i  + i2 L 3x. 3x l  3x 3x, J k i  i  k J

Expressing,the e la st ic  energy o f  a body under strain  and substituting

in  fo r  as given above,

6, 3u 3u
- .a$ 2 ' 3x„ 3xp a

3u. 3u,
c „ - = - 1 ^  + ^ -  + l  T -5- • S-*-)

i 8xa 8xe

♦ c  . i  na$y6 4 ' L
3ui
3x

+ CaByfies
i — i 3u

t
SL . T ! ! i . ! ! i )

V
r

T
:e

+
3x +a 1 8x.

3ua
8xe

+
3xa

+

l  8xa ’ 8x6
, . . .2 .5 0

and the varia tion  in th is  energy may be expressed as

-  I - ! £ - •  d ( ! i r >  •••■2-51i .k  k
dt(>

where
3^
3x, uik as defined in equation 2.11. Therefore,

3u
8 (s r )

3$
3uik ik , . . ,2 .5 2
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.* . d<|> . . . .  2.53

II
ik

3a

9 , . . „  8l,lk ,j—  colk .aa ) - f r  . —  ) )
k k

. . . .  2.54

where the terms £ / .  are the components o f fo rce  on the body as
k 3xk

shown in  equation 2.13. Hence although the expression fo r  d$ is  

d iffe re n t  when anharmonic e ffe c ts  are included the equation o f  motion 

remains the same , that is ,

32u . 3a,
o ^

ik
k k

. . .  .2.55

where pQ is  the density o f the undeformed body. The components o f a ^  

must now be given by the complete expression.

Thus even although an extra anharmonic term has been included into 

the Stress tensor the e la stic  constant can s t i l l  be obtained from an 

equation o f the form given by 1.15 because the equation o f motion is  s t i l l  

o f the form given by equation 1. 12.

2 .5 .1  Variation o f Acoustic V elocity  with Temperature

I f  v is  the acoustic v e lo c ity  in a so lid  of density p with- e la stic  

constant c , then by equation 1.15

then the derivative is  [7]

3v _ _1_ I 1_ 3c_ c 3p i
3T = 2v p 3T ~ p2" 3T 2.57

The sing-around method measures a period t or a frequency f  o f 

acoustic waves through the specimen, which is  related to  the wave path 

length through the specimen i.

f v
l

. . . .  2.58
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The path length i  is  temperature dependent and often  i t  is  more 

convenient to  measure the frequency f  and calculate the corresponding 

v e lo c ity  v assuming the length o f specimen l  remains constant, which is  

taken as the room temperature value

D ifferen tia tion  o f the equation 2.58 with respect to  temperature T 

g ives,

„  £ 91 + f  i i
3T 3T 3T . . . .2 .5 9

I f  the e ffe c ts  o f temperature on both specimen length and density 

are ignored then the relationsh ip  between sing around frequency and 

e la st ic  constant w ill be given by combining equations 2.59 and 2.57 

3f 1 3c
£o* 3T 2vp 3T Ko

. . . .2 .6 0

and rearranging gives

P *
. 3

o o 3 T (f*> 3c 
3T . . . . .2 .6 1

where pQ and are the room temperature values o f p and l  which are

assumed to  remain constant. Integration o f 2.61 gives

* ? ,f2  ■ “ “ ____2.62o p

which is  analogous to equation 2 .5 .6 .

The correct relationsh ip  between e la s t ic  constant and sing around 

frequency is  given by

3f
3T + f 3£ 

’3 T
1 i 1_ 3c_ 

2f£ ' p 3T
_ c ie .)  2

O7  3T 63

In order to  estimate the correction  necessary to the raw data 

consider a cube o f iso trop ic  material o f  side i  and linear thermal expansion 

c o e ff ic ie n t  a, although th is  has lim ited a p p lica b ility  to the materials under 

consideration which are hexagonal single cry sta ls , because o f their 

anisotropy.
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I f  the length o f side o f the cube changes from l  to 2 during a

temperature change AT

2 - 2  = a.AT.2o o . . . .2 .6 4

and sim ilarly  the volume changes by

V -  V «  3o.At .V. o o . .  ..2 .6 5

The density o f the material o f  mass m w ill therefore vary by

P -  P. -3 .a . p . .  . . 2.66

Returning to  equation 2.63 g ives,

.  ,  .9 8f  ,  ,9 . 32.2 f  A + 2 f  . 2 i —o  3T o  3T
3c_
3T

c 3p
p *  3T o

. . . .2 .6 7

D ifferen tia tion  o f the equations 2.64 and 2.66 gives 

= a. 2l 9t I
2

( ifi.)
' 3T '

» . . .  2 . 68

-3 . a . p

and substituting these into equation 2.67

2* ( f 2) + 2f 2 22 a »  1 3c 3 .a .c
o 3T p 3T o

. . . .2 .6 9

Integrating on both sides with respect to  T and setting the lim its  

o f in tegration  as Tq and Tq + At where Tq may represent fo r  example room

temperature 

>2 f 22 . f  ̂  (1 + 2aAT) o (1 + 3aAT) . . . .2 .7 0

and both 2q and pQ are measured at room temperature so the required

correction  is
0 f 2 o2 ' (H- 2a.AT) 
Po o (1 + 3 a. AT) . . . .2 .7 1
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2 .5 .2  Thermal Expansion in Hexagonal Crystals

Thermal expansion is  probably the most obvious consequence o f 

anharmonicity in la t t ic e  vibrations and can y ie ld  information on the 

strain  dependence o f forces  in the so lid . The linear thermal expansion 

c o e ff ic ie n t  in the ith  d irection  may be defined from macroscopic 

considerations. I f  xĵ  is  the length o f  the so lid  at temperature Tq 

and x| is  the length at temperature T, then

X 'x i -  x .  (1 + a. (T -T  )) 1 1 o . . . .2 .7 2

and as in 2 . 1.2 the displacement u^ = x| -  x^

Ui = a . , x . (T -  T ) i  i  o . . .  .2.73

3u• 1 
• • » , ± “  a . (T -  T ) i  o « .. .2 .7 4

and the 1,.h .s . may be expressed as the strain component u ^  o f the

tensor, u. . —I j

ui i = a. (T -  T ) i  o . . .  .2,75

Now i f  u ^  is  replaced by where the reduced (Voigt) notation is  used

• [ — i.)• • l 3t I i  “  1# . . .  6 . . . .  2.76

where a denotes that a l l  stress components are held constant.

Thermal expansion is  generally described in terms o f  the GrUneisen

functions which are given by [ lo ]

1 C 1 3 V
n * h ',T

___ 2.77

where is  the sp e c ific  heat capacity at constant stra in  and n'#T 

denotes that strain  components, other than and temperature are 

maintained constant. This equation may then be expressed in terms o f

measurable quantities,
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V V T 
ï  c -  -CiJ -“ 3 ;ÿ - c “ .C_ i j  jI

j
___ 2.78

T Sand the C. . and C . , are the isothermal and adiabatic e la stic  constants, i j  i j
and C^, are the heat capacity.

The thermal expansion co e ffic ie n ts  can then be obtained from the

GrUneisen functions,
C

‘ j
-H  y  s T  f  = —2. y  s s  rv f  j i  i  v  h sj i  ij i

___ 2.79

T Swhere the and cure the e la st ic  compliances.

The above three equations may be used to  give the two independent 

GrUneisen parameters fo r  a x ia lly  symmetric crysta ls  lik e  hexagonal. 

These may be defined as and 1*̂  with respect to  the principal 

symmetry a x is .

ri-

I 
cr

r-IO 
1 CMIt as »

3 Una m c,T »
. .  . . 2.80

r// JL ( 
c  v 

n

3S i
3 Jtnc 1 m a,T

where a and c are the la t t ic e  parameters o f  the*unit c e l l .  This

expressed as,

h —  ( 
Co 1 (C11 + C12)al  + C13a//) . ,  . .  2.82'

Tn JL (c  1 0 2C13ai  + C33 “ // ^ . . . .  2,83

and solving these equations to  g ive  and e x p lic it ly  in terms o f  the

GrUneisen parameters 
C

a
a , *= TT

7/
a

v

tC33ri - Cn P

C3S3 (CU  + C12> '

 ̂1C11 * C12l Tll - 2C13 

C33(C11 + C121 - 2(C13>'

. , . .2 .8 4

. .  .2.85
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2.5.3 Griineisen Parameters

In studying the anharmonicity o f a crysta l la t t ic e , the analysis in 

most cases deals prim arily with the Griineisen function T, which is  a 

measure o f  the change o f la t t ic e  frequencies with the volume o f  the 

c ry s ta l. For the cases o f iso trop ic  or cubic crystallographic so lid s  the 

GrUneisen parameter T may be defined by

r 3S,
3n n,T

as
3V )

n.T

. . . . 2.86

. . . .2 .8 7

where n is  the Lagrangian strain , and is  the sp e c ific  heat at constant
3 Svolume. Functions such as ( — ) or T can be calculated fa ir ly  easily
a V _T

from the Helraholz free  energy [e .g . 10 P.518] and are therefore

convenient fo r  describing th eoretica l models.

For the case o f an anisotropic s o lid , and in particu lar fo r  the 

case o f a hexagonal m aterial, the expressions fo r  the Griineisen parameters 

must be modified to  include each strain  coordinate since a l l  d irection s 

are no longer equivalent. A natural generalisation  o f equation 2.86 is  

therefore

rX )
n '.T

X = 1, . . .  6 . . . ,2 .8 8

as given by Barron and Munn [11, P .86] where the n'»T indicate that a l l  

strains other than n are held constant and that temperature is  held 

constant. Each independent may then be analysed as the single T is  in 

the iso trop ic  and cubic cases. The equation 2.86 may be obtained from

2.88 by simply allowing ** Tj •* r,. ■ = 0 using

abbreviated Voigt notation.
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The equation 2.88 may also be expressed in terms o f  d ire c t ly  

measurable quantities lik e  the e la st ic  constants and thermal expansions 

in the way outlined by Munn [10]

rX
T
Xy*ay . . . .2 .8 9

V r „S
"  C~ *• CXy*ay P y

T Swhere the C. and C, are the e la stic  s tiffn esses  under isothermal and Xy Xy
adiabatic conditions and is  the thermal expansion c o e ff ic ie n t  along 

the yth d irection  and the and are heat capacities  at constant 

strain  and constant stress.

When e lectron ic  contributions are n eg lig ib le  then both and S

w ill depend, to  a f i r s t  approximation, only upon the temperature and the
3(0

normal mode frequencies while T depends upon the derivative  .

Expressing the sp e c ific  heat capacity as the sum o f  contributions 

from a l l  the available modes, g ives,

3N-6
Ï c. r . . .  .2.91

r=l

where N is  the number o f  atoms in the so lid .
• f

From the quasi-harmonic approximation a l l  thermodynamic and e la st ic  

properties o f  a crysta l are assumed to  be determined by the harmonic 

la t t ic e  frequency d istribu tion  and it s  dependence on volume, or stra in . 

The T 's may be related to  the strain  derivatives o f the normal mode 

frequencies by

rX

3N-6

3N-6
l

r=l
cr

• • • •2.92

where the y 1 s are ca lled  the mode GrOneisen parameters. These general
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mode Gruneisen parameters may be defined, e .g . E llio t t  and Gibson [12,P80], 

by considering that the ch aracteristic  v ibrational modes o f  a crystal change 

with volume, and in particular making the assumption that they undergo the
same fraction a l change

did
w

dV .. . .2 .9 3

and specifying fo r  a wavevector with polarisation  P 

3 Jin w
qp

'q .p 3 in V . .  ..2 .94

This la s t  equation is  the form quoted fo r  the individual mode gammas by

C ollins [13 ,P. 325 ] . Replacing the frequency w p by

u)
q ,p

q .s p (e,$) . . . .2 .9 5

where q = |cj]and Sp (0,<j>) is  the v e lo c ity  o f sound o f the p th branch in 

the d irection  given by the angles (0,<j>) .

'q,P
_ -  9 £nq _ 3 Jin Sp (0, <f> )

3 ¿nV 3 UnV . . . .  2.96

This is  the form o f expression arrived at by Sheard [14 ].

Deviating from th is  paper and follow ing the method o f Gerlich [15] the q 

may be replaced by
2 2 2 -hq ot (L + + L.)  ̂ ____2.97

where the are lengths o f the crysta l p a ra lle l to the x, y and z 

crysta l axes.
SUnO^ + L  ̂+ I^) S  3i.nsp (0,<j>)

'q ,p 3 £ nV 3 JlnV ___ 2.98

Converting here from derivatives with respect to  JlnV to  derivatives 

with respect to P and using 

dVditnV = -  V dp . . . .2 .9 9

where 0̂  is  the volume com pressib ility
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'q ,?

2 2 2aoina^+L^+Lp )
—

3 .An Sp (0, <i»)
3P

. . . . 2.100

D ifferen tia tion  o f  the terms on the right-hand side g ives,

yp (q) -
i 23lT + m2h r  + n2^3T

+ (An Sp(8 ,(|i) )

. . . . 2.101

where the 3  ̂ are isothermal linear com pressib ilities along the 
T

d irection s o f  the crystallographic axes, l,m ,n are d irection  cosines o f q, 

and 0 , i s  the isothermal volume com pressib ility .
T

Denoting the e la s t ic  constant associated with the mode q,P by

C (q) and using th is  to replace the v e lo c ity  S (8,<j>) gives the follow ing * P

3 An Sp (8, (j>) 
3P

1  3 An Cp(8tj>)
2 3P -  H 3,v„

This therefore leaves the expression as,

Yp«SL)
A23 + m232 + n233

i T T
3,

1
2

T

Yp(q)
A2 3, + m232 + n233

T T T
3,

. . . . 2.102

x 3 An Cp (8,4>) 

. . . .2 .1 0 3

1
2Cp (8,(|.).8v

3C (6,<j>)
( - J V ' )

. . . .2 .1 0 4

This la st  equation is  then analogous to  the equation used by Fisher 

t l 6] to  ca lcu late  Griineisen parameters from pressure derivatives o f 

e la s t ic  constants.

Since A, m and n are d ire ction  cosines o f  the wavevector then by 

suitable choice o f c[ along crystallographic d irection s two o f  these three 

A, m, n can be made zero leaving the sim plified  expression

r(q) . W _.i + ______
TPV3-; 3 2 2.0 .C (8 ,(|.) 1 3P '

T
.. . .2 .1 0 5
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The average mode value o f  the Gruneisen parameter is  then obtained 

by summation over the possib le polarisations P fo r  a particu lar 

propagation d irection  q

rq 2.106

and therefore fo r  a hexagonal crysta l the Gruneisen parameters perpendicular

and para lle l to the unique axis may be defined by 

3
T„ = y  l  y (c) . . . .2 .1 0 7
If J p=l P

/
3

ri  = I  p̂ l (YP(a) + YP(b)) . . . . 2 . 1 0 8

The Gruneisen parameter for  the whole crysta l is  given by

r _L
3N

N
l  l  Y (q) 
P q=l p

2.109

The average mode Gruneisen parameters may then be compared with that 

determined from thermal expansion data.
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CHAPTER 3

Magnetic Interactions and Phase Transitions

A b r ie f outline o f magnetic phenomena in general terms is  given.

Some aspects o f the h is to r ica l development o f th eoretica l magnetism are 

discussed including the Weiss c la ss ica l theory and the quantum 

mechanical theory. Two models fo r  the behaviour o f  magnetic structures 

are presented, the Heisenberg model, based on quantum mechanics, and the 

Ising model.

The thermodynamic behaviour of magnetic m aterials in the proximity 

o f  magnetic phase transitions is  also treated including the a p p lica b ility  

o f two models.

3 .1 .1  Types o f Magnetic Order

The most widely recognised o f magnetic phenomena is  that o f  

ferromagnetism in which the magnetic moments within a domain are a l l  

aligned p a ra lle l, although d irection  frequently changes from domain to  

domain. Neighbouring domains may be aligned by application  o f a magnetic 

f ie ld  and when the f ie ld  is  removed the material in general retains some
t

o f  i t s  magnetisation.

In paramagnetic so lid s  the atomic moments are randomly oriented in 

the absence o f an applied f ie ld .  By application  o f  a magnetic f ie ld  

however they may be aligned in a sim ilar manner to  the ferromagnet, but 

when the f ie ld  is  removed they revert to  their former random orien tation s.

Antiferromagnetic m aterials have an ordered alignment o f atomic 

magnetic moments in such a way that the ordering produces zero bulk 

magnetisation in the absence o f a f i e ld .  Ordering o f the moments in th is 

way may be achieved by various structures the most obvious o f which is  

that when nearest neighbour moments are aligned an tipara lle l to  each
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other. This is  known as simple antiferromagnetism. Another 

important type o f antiferromagnetic order, particu larly  in the rare 

earths, is  h e lica l antiferrcmagnetisra in  which atomic moments in a 

particu lar la t t ic e  plane o f the so lid  are in c lin e ! at a fixed  angle to  

the moments in the previous plane.

3 .1 .2  The C lassica l Theory o f Magnetism

A non quantum mechanical explanation o f the phenomenon o f 

ferromagnetism was given by Weiss [ l ]  in 1907. He considered that an 

internal or 'm olecular' magnetic f ie ld  existed inside the ferromagnet. 

This caused the moments to  a lign  p a ra lle l to the f ie ld .  Unfortunately 

the magnitude o f th is  f ie ld  would need to  be ^ 10 T to  explain the 

e ffe c ts  observed. I t  is  now used only as a convenient way of 

considering the magnetic in teractions by treating them as i f  they are 

in a mehn f ie ld  produced by a l l  other magnetic moments in  the so lid .

The mean f ie ld  in a paramagnet was set a rb itra r ily  to zero, and the same 

approach was la ter used with antiferromagnetism. The treatment leads 

to  a simple rule known as the Curie-Weiss Law expressing the susceptib­

i l i t y  o f a ferronagnet. Analogous expressions were obtained for 

paramagnets and antiferromagnets. '

3 .2 .1  E lectronic Magnetic Moments

The contribution  to the to ta l magnetic moment o f a s o lid  canes in 

the main iron e lectron ic magnetic moments. Those atoms with p a rtia lly  

f i l l e d  inner electron  sh e lls , fo r  example the rare earths, whose 

p a rtia lly  f i l l e d  4f sh e ll l i e s  inside the f i l l e d  5s, 5p and 6s states, 

have net magnetic moments due to  these u n filled  sh e lls . This is  

however not the only way in which electrons can contribute to  the net 

magnetic moment. In some metals, notably Fe, Ni, Co, the magnetic 

properties are thought to  depend on unpaired electrons in the conduction

band
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In the former case the magnetic moments are loca lised  on the 

atoms and th is  is  termed the loca lised  moment model. I t  i s  th is 

type o f  magnetism with which the present work is  concerned.

3 .2 .2  Magnetism as a Quantum Mechanical E ffect

An expression was derived by Heisenberg for  the energy o f  two

electrons whose wave functions overlapped. A term which could not be

explained c la s s ic a lly  was found in  the Hamiltonian and th is is  now

known as the exchange in teraction . By considering fo r  example the case

o f two atoms, each with one electron , in c lose  proximity so that the

wavefunctions overlapped and the electrons were e ffe c t iv e ly  shared by

the two nuclei, the application  o f  the Pauli exclusion p rin cip le  was

found to  put a constraint on the electrons which therefore behaved as

though there were an in teraction  energy "between their spins. When the

to ta l Hamiltonian o f the electrons was derived in th is case the

additional term H , was found to  be o f the form, exch

Hexch . -  J 3.1

where s . and s. are the spin vectors o f the two electrons and J is  the - i  - j
exchange in tegra l. This is  derived mathematically in  Appendix'2.

3 .2 .3  The Exchange Integral and the Pauli P rinciple

The extra term in  the Hamiltonian referred to  as the exchange 

in teraction  has no c la s s ic a l analogue and occurs in addition to  a 

c la s s ica l d ip o le -d ip o le  in teraction  between the two electrons and their 

nuclei. This exchange term is  derived as a d ire c t  consequence o f the 

Pauli Exclusion P rincip le , and depends upon the spin vectors o f the two 

electrons concerned and the exchange in tegral J, which may be positive  

or negative depending on the amount o f overlap between the wavefunctions

o f the e lectron s .
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3 .2 .4  Models o f Ferromagnetism

The or ig in  o f the interactions which cause magnetic ordering in a 

so lid  l ie s  in  the exchange forces  which were outlined in  section  3 .2 .2 . 

These are essen tia lly  o f  an e le ctro s ta tic  nature and lead to  a c o n tr i­

bution to the to ta l Hamiltonian o f  the s o lid , o f

Hexch - %  l - i j  -a  ^
3.2

Use o f th is  equation as the magnetic energy in the absence o f  an external 

applied magnetic f ie ld  gives a semiquantitative description  o f  the 

magnetic phenomena in antiferromagnets and ferrimagnets. However, 

ferromagnets are almost always m eta llic  and hence the loca lised  spin 

system upon which th is , the Heisenberg model, depends is  not always 

applicable, since fo r  most o f these elements the magnetic properties 

depend on conduction electron s.

In the case o f  the rare earth elements the magnetic moments are

loca lised  at the atomic s ite s  in the la t t ic e . However even here there

is  a problem because the atoms are so d istant that the t ig h tly  bound 4f

orb ita ls  do not have overlapping wave functions, and hence d irect

exchange can not occur. The exchange between 4f electrons in  th is case/
is  in d irect proceding v ia  d ire c t  exchanges between each loca lised  4f 

e lectron  and conduction band electrons.

In the absence o f an external f ie ld  the vectors ^  are free  to  

rotate  so that a mode ex ists  which has zero energy (ca lled  the zero 

frequency mode) and a series  o f low energy excited states is  possib le .

A discussion  o f spin waves is  given in section  3 .3 .3 .

3 .2 .5  The Ising Model

. The Ising model is  a non quantum mechanical model o f  magnetic 

ordering having the unique d ist in ction  o f being the only model o f  a 

second order phase tran sition  which has so far given a mathematical
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so lu tion . This was achieved by Onsager [2] fo r  a two dimensional 

Ising la t t ic e .

I f  there is  an appreciable o rb ita l contribution  to the to ta l 

magnetic moment o f an atom, fo r  example i f  the major contribution to 

magnetic moment comes from tig h tly  bound electrons loca lised  at the 

la t t ic e  s ite s  o f the s o lid , then considerable anisotropy may occur for 

d iffe re n t  d irection s o f the moment. In the Ising model, which is  the 

most important anisotropic model to  have been given much attention  so 

fa r , the moments are confined to  the "z" d irection  with values 

s = ± *5 depending on whether the spin is  p ara lle l or an tipara lle l to 

th is  chosen "z" d ire ct io n .

Consider a set o f spins or magnetic moments s , , s_, . . .  s1 z n
associated with atoms arranged in some particular symmetry, for  example 

on the la t t ic e  points o f a particu lar crystallographic group. Each o f  

the spins is  allowed to  have one o f two possib le  orientations which 

correspond to  a chosen crystallographic ax is . In this case the 

magnetic contribution  to the to ta l Hamiltonian is ,

Hmag = -  h l
i»  j

. . .3 .3

which may be further sim plified by considering only nearest neighbours 

and by assuming that J(R^j) is  the same for  any pair o f  nearest 

neighbours and has the value J. This s im p lifica tion  allows the 

solu tion  o f the p a rtition  function at lea st in  the two dimensional 

case, and from th is  a l l  other thermodynamic function may be derived, as 

shown by Greene and Hurst [3 ],

The magnetic energy in the absence o f  any external applied f ie ld  

is  then given by the expression'

H = ** J * y s , . s ,  . . . . 3 . 4•rag i^ j - i  ” j

nearest
neighbours
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The lik e ly  tota l energy may be evaluated i f  the p a rtition  function 

Z fo r  the system can be found. The p a rtition  function has the general 

form,

Z -  T I s . . s .  ) . . . . 3 . 5
L 2kT - x  -J  I

a l l  configurations
o f s^ nearest

neighbours

and once this has been calculated fo r  any particu lar geometrical case

the thermodynamic potentia ls can be found.

The Ising model is  therefore the only non -triv ia l model o f

order-disorder transitions fo r  which exact solutions have been obtained.

In the simplest form o f the model there is  exactly one atom per unit c e l l

(This may be,shown by constructing a Wigner-Seitz c e l l  about each la t t ic e

p o in t ). The advantage o f  considering such a la t t ic e  c e l l  model is  that

although the number o f possib le  configurations o f  spins in  the so lid  is

very large, the actual number o f possib le  configurations o f  a particular

c e l l  is  small. Also, on the whole, configurations o f  neighbouring c e l ls

w ill be correlated  and th is  must be taken in to  consideration .
2In th is  model there also ex ists  an energy gap o f 8 .J .s  between the 

ground state and the f i r s t  excited sta te , which in the Ising model
r

corresponds to  the energy required to  reverse one spin in  the f ie ld  o f the 

others. This may be contrasted with the low energy states predicted on 

the Heisenberg model which give r is e  to  spin waves as discussed in section  

3 .3 .3 .

3 .3 .1  Magnetic Ordering in the Heisenberg Model

In so lid s  whose magnetic properties depend on electrons which are 

loca lised  at the atomic s ite s  the exchange mechanism is  un likely  to  be 

d ire c t  exchange between the loca lised  electrons simply because, as 

explained above in section  3 .2 .4 , their wave functions do not overlap.
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Instead i t  is  considered that the exchange between such electrons is  

in d ire c t . involving electrons in the conduction band, which in teract 

d ire c t ly  with bound electrons. In th is way the orientation  o f  

magnetic moments o f  unpaired electrons on a particular atomic la t t ic e  

s ite  can in fluence the orientation  o f  unpaired electrons on a 

neighbouring atom even though the atoms are so far apart as to  prevent 

exchange between their e lectrons. An 'e f fe c t iv e ' exchange integral J 

may s t i l l  be defined in  th is case and the form o f the Heisenberg 

exchange energy retained.

The sign o f  the exchange integral is  dependent on the interatomic 

or in terion ic spacing in the so lid . I t  i s  only over a certain  range 

that the exchange integral between nearest neighbours is  p o s it iv e , and 

hence that the minimum energy state is  achieved with neighbouring spins 

p a ra lle l. As the interatomic spacing increases J becomes more 

p os itiv e  while as i t  decreases i t  becomes more negative. This may be 

expected since the exchange energy is  proportional to -J  and therefore 

increases as the electrons come c loser  together.
a

I f  a l l  the exchange integrals between electrons contributing to the 

magnetic moments are p os itiv e  then the lowest energy state occurs when the
t

magnetic moments are p a ra lle l and hence ferromagnetic order is  favoured.

I f  some exchange integrals are negative, however, then some spins w ill a lign  

a n tip a ra lle l. The simplest case occurs when only the exchange integrals 

between nearest neighbours are s ig n ifica n t and are negative. This 

gives r is e  to  simple antiferromagnetism.

3 .3 .2  H elical Antiferromagnetism

Another form o f magnetic ordering which also gives r is e  to  zero 

to ta l magnetisation is  the h e lica l order or helimagnetism, from which simple 

antiferromagnetism can be derived as a specia l case. I f  the condition  

fo r  the d ire ct ion  o f moments is
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V  :
X

g  • v B . < S i x > = m.cor. (to.R. )  
--------i

y y  !
g  .  y B

>
«A

•H
(0V
• = m.sin(ü^.R^)

y z  5
g  • y B , < s ^ >

l •' ... '

constant
. r* , 0

where u is  a Bohr magneton and g i s  the sp litt in g  fa ctor , giving the 

ra t io  o f  the number o f  Bohr magnetons to ■fi.

I f  the constant term is  set to zero then there w ill be no component 

out o f the xy plane, and moments w ill  describe a h e lica l structure with 

vector along the z axis.

The to ta l energy o f such a structure may be found by using 

Heisenberg's expression and summing over a l l  pairs o f  spins i , j

w “  "  l
i , j  3 3

. . . . 3 .7

in * r
-  ( ^ j - )  l  .cosU o.i^ -w .R j)

B i j
. . .  .3 .8

and replacing FL-R^ by R-j gives

w -  -  ( -2 -J  l  J(RJJ).eos(u.R. .) ____3.9
i j  ^

which is  the to ta l magnetic energy for  such a structure. This Jias

been employed in  s p e c ific  cases o f h e lica l magnetic structures, for

example Dysprosium, by Enz [4] and Nicklow [5] to ca lcu late  the inter

layer turn angle to as a function o f the exchange in teraction , by 
dwsetting —  -  O at equilibrium.

3 .3 .3  Excited States o f a Magnet; Spin Waves

At the absolute zero o f  temperature the magnetic moments o f a 

magnetic s o lid  would be p er fe ctly  ordered as governed by the exchange 

in tegrals discussed in section  3.2 and the to ta l magnetic moment, in
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the case o f a ferromagnet, would reach a maximum value. As the 

temperature is  increased, however, the moments acquire thermal energy 

which allows them to  deviate from the p erfectly  ordered sta te .

Consider the case o f a ferromagnet which in i t s  ground state w ill 

have a l l  i t s  moments in a particular d ire c t io n . I f  thermal energy is  

supplied then th is resu lts in  low le v e l states where a l l  the spins 

precess about the orig in al d irection . I f  the nearest neighbour in ter - 

actions only are considered and their in teractions represented by the 

Heisenberg expression in  equation 3.1

W s= -  j . s .  . s . . . . . .3 .1 0
“ j +1

and i f  J is  the same for  a l l  nearest neighbour pairs the to ta l energy o f 

an N x N two dimensional la t t ic e  w ill  be

Wmag "  J I 1 £ l • £ i+1 
j= l  i= l

. . .  .3 .11

If, one o f the N magnetic moments is  reversed in  the f ie ld  o f the 

others then th is w ill  g ive  a change in  energy o f  Aw

AW = 8 . J . s2 . . . .3 .1 2

However a state o f  much lower energy is  obtained i f  a l l  the spins 

exhibit a precession about the or ig in a l d ire ct io n . The energy 

contribution  due to  the i  th spin w ill  be ,

W. -  2 . J . s ^ . i s ^  + s ^ ) ____3.13

and i f  the magnetic moment o f  the i  th spin i s  y."~i

Hi c ”  g • yB • - i • ■ ••3 * 14

. *. w± - i i -  (2-i-l + 5i+l> . .  ..3 .15

and replacing ( s . , + ŝ  . )  by B ,, g.u - l - l  —i +1 —i the lo ca l f ie ld  which is

by the i  th spin, th is gives

Wi  = ”  V * i . . . .3 .1 6
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The rate o f change o f  angular momentum — Cft.s.) Is given byat —1

**dt -i* ^ A - i

2J (s. ŝ  + s. s ,x l ) ft “ i  A —i  “ i-A ~ i+l

• • • • 3.17

. . . .3 .1 8

resolving th is  in to components along the three orthogonal d irection s ,

ft ' i  ' “ i - 1 ’ Si+1) “  Si  (si - l  + Si+1} }
9 / X. 2 *J y . z_ ( S i ) = —  i»1y ( » 1. 1+

____3.19

Since the excita tion  is  assumed to  be o f  low energy, and i f  the

orig in a l d irection  o f  the moments was p a ra lle l to the z ax is, then the

x and y components would be small and therefore s^z = s . The products 
x yo f  s^ and s ^  thus become n eg lig ib le .

f t (si z > -  0

3 , x. 
* (si  » - Ï -1 - . . . . 3 .2 0

- a- ( 8  y )3tv i  '
2 . J . S . -  x x  x .
— (2si  -  s i - i  -  s i +i>

These equations y ie ld  solutions o f  the form 

xs . = A . exp(i(nka -  cot)) x

y _ Ay . exp(i(nka -  w t))

which are then sa t is fie d  when

ftw = 4 .J .S . (1 -  cos ka)

. . .  .3,21

. . . .3 .2 2

which is  a lower energy state than the 8J s required fo r  reversing one 

o f  the spins. The low energy excitations in th is model are therefore 

wave-like variations in the individual spin v ectors . The excitations

are known as spin waves
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3 .4 .1  Phase Equilibrium

Any homogeneous and physically  distinguishable portion or state o f 

a system having d e fin ite  boundaries is  termed a phase. The 

equilibrium state o f a body may be determined by specifying any two 

thermodynamic quantities, fo r  example pressure and temperature.

However, fo r  each pair o f these values the equilibrium may not correspond 

to  only one phase. I t  may happen for  example that given a particular 

pair o f  values o f  the two variables that either or both o f  two phases 

can be in equilibrium . At such a point a phase tran sition  occurs.

Apart from phases o f a substance such as liqu id , so lid  and gaseous 

states there may ex ist separate phases in  the so lid  state . For example 

at d iffe re n t temperatures or pressures the so lid  may exh ibit d iffe re n t 

crystallograph ic groups; The magnetic structure o f  a so lid  may also 

change fo r  example the behaviour o f  a ferromagnet at i t s  Curie point.

3 .4 .2  Phase Transitions

Phase transitions occurring at constant pressure and temperature 

w ill have the Gibbs function G continuous across the tran sition  since 

the change dG i s  given by

dG = -S .d T  + V.dP . . . .3 .2 3 '

The f i r s t  derivatives o f the Gibbs function  are the entropy S and

the volume V,

(i£) »
3T'

(9£)

-  S

. . . .3 .2 4

which are discontinuous across the phase boundary in the fam iliar phase 

transitions o f vaporisation fusion and sublimation. However, many 

phase transitions occur in  which the entropy and volume remain constant 

at the tran sition  point. In these cases the four parameters T, P, V, S 

remain constant and therefore so must the thermodynamic functions G, H, U, F
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3 .4 .3  C la ss ifica tion  o f Transitions

The phase transitions may be conveniently c la s s if ie d  follow ing 

Ehrenfest [6] such that the order o f a tran sition  is  determined by 

the lowest order o f d iffe re n t ia l c o e ff ic ie n t  o f the Gibbs function 

which shows a discontinuity  at the tran sition .

The f i r s t  order transitions such as vaporisation, fusion and 

sublimation are accompanied by heat exchange known as latent heat 

because o f  the discontinuous change in  entropy at the c r i t i c a l  point. 

Second order phase transitions have the f i r s t  derivative o f the Gibbs 

function continuous and hence no latent heat i s  associated with these. 

However, changes in  s p e c ific  heat, expansion c o e ffic ie n ts  and compress­

ib i l i t y  occur discontinuously because these are related to  the second 

derivatives o f  the Gibbs function .

According to Zemansky [7] the 'lambda' transitions may a lso  be 

c la s s if ie d  as second order transitions although they are not typ ica l o f 

the type. These transitions have in fin ite  peaks o f  c^, 3 and ic at the 

tran sition  instead o f  a f in it e  d iscon tin u ity . Among the many types o f  

lambda transitions are the order-disorder type o f  tran sition  in 

particu lar that o f  a ferromagnetic state to  a paramagnetic sta te .

This particu lar case is  a lso  the only physical process o f  i t s  kind to  

have given a mathematical solu tion  and thus been explained qu a lita tive ly , 

i f  not quantitatively , in the Ising model.

3 .4 .4  Transitions between Phases o f  D ifferent Symmetries

Transitions between phases with d iffe re n t  symmetries, for  example

between cry sta llin e  states o f two d iffe re n t  cry sta llin e  groups, or some 

magnetic phase transitions can not occur in  the same way as transitions 

between fo r  instance a liqu id  and a gas where the symmetries are the same. 

At any particu lar point the body has either one symmetry or the other, and 

therefore i t  i s  always possib le  to  say which phase the state o f  the system
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corresponds to . Therefore in  th is  particular case the two states 

can not coex is t .

Phase transitions o f  the order-disorder type, fo r  example the 

fe r r o -  to  para-magnetic states o f a s o lid  occur in such a way that there 

is  no discontinuous change in  the parameters T, P, V, S which sp ecify  

the state o f the so lid . That i s  i t  behaves as a second order phase 

tra n sition . However, even an a rb itra r ily  small displacement o f the • 

magnetic moments from their random symmetry position s is  s u ffic ie n t  to  

give the symmetry conditions for  the ferromagnetic phase. The so lid  can 

therefore only ex ist in  one state or the other and the fe r r o -  and para­

magnetic states can not co e x is t . At the tran sition  point the conditions 

o f  the two phases become id en tica l.

The second order phase transitions $re therefore less  abrupt than 

the f i r s t  order. The symmetry o f the body changes continuously so that 

only one phase ex ists  at any particu lar time.

3 .4 .5  Order-Disorder Transitions

At any point in  the phase o f a so lid  undergoing an order-disorder 

transition  a parameter ca lled  the degree o f  ordering may be introduced

which is  zero in the disordered or higher symmetry phase, and f in it e  in 

the ordered or lower symmetry phase. As an example from the Ising model

o f a ferromagnet th is may be taken as, 
P+ -  P-n = ....... ......' P+ + P- . . . .3 .2 5

where P+ and P- are the p rob a b ilities  o f  any particu lar magnetic moment 

being p a ra lle l or an tipara lle l to a chosen d ire ction .

When n f  0 th is corresponds to  the ferromagnetic phase (even when 

P- *» 1) and when n = O th is corresponds to  the paramagnet when 

p+ = p - = O .5. A rb itrarily  small values o f n, whether p os itiv e  or 

negative, w ill  s t i l l  give the same symmetry as the ferromagnetic sta te .
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The phase tran sition  therefore occurs at the moment when rj becomes zero. 

The states o f  the two phases are thus identica l (see fo r  example 

equation 3 .3 2 ). The states o f two phases therefore become id en tica l 

at a second order phase transition  when n reaches zero, and in fa ct  the 

symmetries a lso  become id en tica l at th is  point.

3 .4 .6  Change o f Symmetry

A change in the symmetry o f a system by means o f  a second order 

phase tran sition  requires that the symmetry of one o f  the phases is  

higher than the symmetry o f the other. (Naturally th is  does not 

preclude the p o s s ib ility  o f a second order phase tran sition  occurring 

without change o f symmetry. See fo r  example Landau [8 ] and equation 

3 .3 1 ). In the m ajority o f cases in which such a change o f  symmetry 

occurs i t  has been found that the phase o f higher symmetry corresponds 

to the higher temperature phase. For example the paramagnetic phase 

is  more symmetric than the ferromagnetic phase.

3 .4 .7  Absence o f Metastable States near a Second Order Transition Point
 ̂ i i i - n i i ' ' _  -  ' "  ' ' '  i 0

A f i r s t  order tran sition  occurs at a point at which the Gibbs 

functions o f  the two phases G^(P,T) and G2 (P,T) are equal, but i t  is  an 

ordinary point fo r  each o f  these two functions. Both Ĝ  and G2 w ill 

correspond to  some equilibrium state  on both sides o f the tran sition , 

although when Ĝ  > G2 th is  w ill  only correspond to  a metastable state o f 

phase one and conversely.

For a second order tran sition  the states o f the two phases become 

id en tica l at the tran sition  point, and the Gibbs functions o f either 

phase beyond the tran sition  point do not correspond to  an equilibrium 

sta te . That is  they do not correspond to  lo ca l minima o f G beyond the 

phase tra n sition . With th is  la tte r  fa ct  is  connected the im possib ility  

o f superheating or supercooling in second order tra n sition s. Neither o f 

the phases can ex ist  at a l l  beyond the tra n sition .
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3 .4 .8  Behaviour o f  the Thermodynamic Potential near the Transition Point 

The parameter n has been defined in 3 .4 .5  such that n = 0 corresponds

to the higher temperature phase and ri ^ 0 to the lower temperature phase. 

These may now be referred to  as the symmetrical and unsymmetrical phases. 

Considering the thermodynamic potentia l for  a given deviation from the 

symmetrical phase, i . e .  fo r  a given value o f n the Gibbs function may be 

expressed as a function o f  P, T and n as shown by Landau [8 ] ,  The 

pressure and temperature may be given arbitrary values but having done 

th is  n must be obtained on the condition that the value o f  G should be a 

minimum w .r .t .  n.

In the neighbourhood of a tran sition  G may be expanded as a function 

o f  n by a Taylor se r ie s . Using the potentia l <(> to represent the Gibbs 

function,
2 3 4<j> (p , t , n) = <j>o + an + An + Bn + Cn + . . .  . . . .3 .2 6

where a,A,B,C are functions o f T and P. I t  can be shown (e .g . r e f . 8, 

p.439) that i f  the states with n -  0 and n /  0 have d iffe ren t symmetries 

then a must be id en tica lly  zero at a l l  poin ts.

3 .4 .9  Conditions on the C oefficien ts
r

The c o e ff ic ie n t  A(P,T) o f  the second order terra must vanish at the

transition  po in t. For the symmetrical case <|> must have a minimum when

n = 0 and th is  requires that A > 0 in that phase. Conversely in the

unsymmetrical phase the minimum o f <j> must occur for  non zero values o f  n,

and therefore A < O. Therefore A must vanish at the tran sition  point.

A(P ,T ) = 0 . . . .3 .2 7c c
For the transition  i t s e l f  to  be a stable state so that f  i s  a minimum 

at n «* 0 the third order term must a lso  vanish at the tran sition  and the 

fourth order term p o s it iv e .

B (P , T ) = 0 C c . . . . 3 . 28

C(P ,T ) > 0  c c . . . .3 .2 9
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Since the c o e ff ic ie n t  C(P,T) is  p os itiv e  at the transition  (P , T )
v  v

i t  i s  a lso  p os itiv e  in  a neighbourhood o f (P ,T ) .  There are two
S #  v .

possib le  continuations only one o f  which is  o f in terest. F irs tly  the 

third order term may be id en tica lly  zero, in which case there is  only 

one condition fo r  the transition  to occur and that is ,

A(pc ,Tc ) -  O . . . .3 .3 0

This w ill  define P and T as functions o f one another in  order fo r  a 

tran sition  to  occur.

The second case is  when B(P,T) is  not id en tica lly  zero. In th is  

case the tran sition  i s  governed by the two relations

A(PC,TC) = 0

B(PC , T C ) -  0

. . .  .3.31

and here the transition  points w ill be isolated  since they w ill be the

locus o f  in tersection  o f the two curves given in 3 .31.

The more usual and in teresting case occurs when B(P,T) = 0 at a l l

poin ts , since th is  gives a curve in the PxT plane at which the phase

tran sition  may occur. This w ill  be taken to  re fer  to  second order

phase tra n sition s . The expansion o f  the thermodynamic p oten tia l, in

th is case the Gibbs function, is  therefore given by
2 4<MP,T,n) -  ♦ + An + cn . . . . 3 . 3 2

with the conditions A > 0, C > 0  in the symmetrical phase and A<0 ,  C< 0  in 

the unsymmetrical phase.

In the case where no change o f  symmetry occurs we may expect a 

function o f the form
2 4<j>(p,T,n) * $ + a.n + An + .cn . . . . 3 . 3 3

The general form o f th is  la s t  equation is  identica l to  that o f the 

potentia l function o f  a Riemann-Hugoniot, or Cusp, Catastrophe (see

section  3 .5 .2 ) .
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3 .5 .1  Order-Disorder Transitions In an Ising Model

A mathematical treatment o f the probable configuration o f  magnetic 

moments located on atomic s ite s  in a two dimensional Ising la t t ic e  has 

shown [2 ,9 ] that the la t t ic e  undergoes an order-disorder tran sition  at 

the Curie temperature T given by J/kT = 0.88 where J is  the coupling 

energy between neighbouring spins. I t  has also been shown that at such 

a Curie point the s p e c ific  heat exhibits a lambda anomaly going to  

in fin ity .

Most o f the early th eoretica l work concerned an incompressible Ising 

la t t ic e  fo r  which the above resu lts were obtained. Later work was 

attempted on a compressible Ising la t t ic e  [10,11] which concluded that 

although a Curie point was again predicted, the la t t ic e  became unstable in 

the region o f the Curie point, tending to collapse inwards unless a strong 

la t t ic e  spin coupling was invoked. This would make calcu lations much 

more d i f f i c u l t  since the p a rtition  function could not be s p l i t  in to a 

product o f  contributions from the la t t ic e  and spin systems. Solutions o f 

a three dimensional Ising la t t ic e  have not been .produced.

3 .5 .2  Magnetic Phase Transitions as a Consequence o f Catastrophe Theory
f

In recent years a mathematical method o f  describing the evaluation o f  

forms such as the changes o f state o f  a substance has been developed. 

Attempts to  apply th is  to  thermodynamic phase transitions have met with 

some success [e .g . 12,13, P.53] although there are s t i l l  some problems to  

overcome [13, P .635]. Applications to  other branches o f physics have so 

far received more attention . In the appendix an attempt has been made to  

corre la te  the observed phenomena o f  magnetic phase transitions with the 

mathematical predictions o f  the model. It  i s  probable that th is theory,

lik e  the Ising model, w il l  only be able to  provide qu a lita tive  resu lts .
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CHAPTER 4

The Sing Around System

4.1 Development o f  the Present System

4.1 .1  Construction o f the Sing Around System

The sing around system was already available having been designed
«

and b u ilt  by Whitehead and Broadhurst [1 ] , I t  contained some 

m odifications from the earlier  systems used by Brammer [2] and by 

Forgacs [3 ,4 ] . I t  was designed as an automated device, that is  i t  had 

an internal memory in which i t  could store i t s  own re su lts . The resu lts  

may then be retrieved la ter , coded onto punched paper tape. Monitoring 

o f the sing around frequency could be achieved by using a six  d ig it  

Racal frequency meter, so that continuous sampling was maintained.

4 .1 .2  Automation o f V elocity  Measuring Systems

There are several methods available fo r  measuring the v e lo c ity  o f 

acoustic v ibrations in specimens [5 ,6 ] most o f which employ the pulse- 

echo technique in one form or another. A ll employ the conversion o f 

e le c tr ic a l pulses to  u ltrason ic pulses, using p iezoe le ctr ic  transducers, 

which then pass through the specimen, are reconverted to  e le c t r ic a l 

pulses using either the same or a second, receiving transducer, amplified 

and passed back to  the e le ctron ics . The delay due to  the acoustic 

vibrations passing through the specimen is  then measured. The methods 

f a l l  into three main categories, depending on how th is  delay is  measured; 

the superposition or overlap techniques, the interferometer techniques 

and the sing around systems. A ll o f  these have been described in 

d e ta il in section  1. 2.

In the overlap and superposition techniques the tran sit time is  

obtained by adding a variable delay to  the waveform on the osc illo scop e
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u n til two sim ilar points in two consecutive echoes co in cid e . The 

delay is  then equal to the tran sit time. I t  i s  possib le to  automate 

the measurement o f the tran sit time for  such a system [7 ,8 ] by 

employing a cy cle  se lection  method and a timer fo r  each o f  the two 

echoes. This could have the desired accuracy, however the two timing 

clocks would need to  be independent and hence the amount o f  equipment 

necessary would be excessive.

A method has been found for  automating the read out o f measurements 

based on interference techniques [9] again employing delay lin es and in 

th is case also determining the phase d ifferen ce  between the two echoes. 

Consequently th is  is  not easily  achieved.

4 .1 .3  Automation o f the Sing Around

The sing around [2 ,3 ] would appear to  be the most easily  automated 

o f  the three general types o f technique. I t  does not usually require

adjusting during operation since i t  w ill  continue to  operate during 

moderate changes in  pulse height and shape. The gating signal can 

be used as a pulse to operate a frequency counter.

This system was therefore chosen for  automation employing modern 

integrated c ir cu its  and high speed lo g ic  which had an internal memory 

store capable o f  recording 113 individual sing around periods. A 

frequency control and pulse width control were also incorporated.

4 .1 .4  Developments from Earlier Systems

In the Forgacs model the use o f separate counter and timer meters 

had the follow ing drawback: by measuring the number o f  cycles  occurring 

over a period o f  ten minutes i t  was necessary to  maintain the temperature 

constant over th is  period in order to  achieve meaningful resu lts .

The present scheme employs two independent measurements o f the sing around
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transit time. A frequency meter with a sampling period o f  about a 

second acts in the same way as the two meters in  Forgacs method. The 

temperature therefore only has to  be maintained over an in terval o f  a 

second for  th is . I t  is ,  o f course, not as sensitive to  changes in 

tran sit time as the Forgacs method because i t  samples fewer cy c le s .

The internal memory stores measurements o f a single tran sit time 

through the sample which have been made over a period o f  ten micro­

seconds. This enables meaningful resu lts to  be obtained even in

materials undergoing rapid changes o f  thermodynamic parameters.
,

4.2 .1  M odifications to the Electronics

In the sing around system as used by Broadhurst [ l ]  the detector 

was unable to d istinguish  c lea r ly  between consecutive cycles  o f a 

particular echo. This caused some uncertainty in the triggering point 

on occasions which resulted in  fluctuations in the detector and gating 

traces which were monitored on an osc illo sco p e .

The detector lev e l had been referenced to  a ramp voltage caused by 

integrating a received echo and setting the detector threshold to

ascertain when the ramp exceeded a certa in  le v e l .  This was found to  be
(

unsatisfactory since i t  allowed a continuous change in the observed sing 

around period as the pulse shape changed. An improved method was 

devised by generating a 'sp ik e ' function as each echo was received so 

that the spikes coincided with the peaks o f the cycles in each echo.

By th is  method any changes in the individual transit times caused by 

changes in the trigger point were observed as discontinuous jumps in  the 

data output from the internal memory store .

To reduce the occurrence o f the detector jumping from one cy c le  to 

another on a given echo the threshold detector was replaced by a 'zero 

crossover' type as used by Brammer [2 ], In th is way as soon as the
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amplitude o f the received pulse moved above the background noise lev e l 

the detector would observe i t .  By using th is form o f detector the 

f i r s t  cycle  o f  the echo occurring a fter the delay gate had opened 

triggered the r . f .  generator. The d iscrete  changes in the individual 

tran sit times caused by changes in  the trigger point could easily  be 

distinguished from continuous changes due to  variations in e la s t ic  

constants.

4 .2 .2  Measurement o f  Individual Transit Times

A particu lar cycle  o f  a particu lar echo in  the pulse-chain can be 

selected to  retrigger the r . f .  generator by a su itable choice o f  a 

preset d ig ita l delay which opens a delay gate. The zero crossover 

detector enables a signal to  be discriminated once i t  moves above the 

noise le v e l . The le v e l o f the detector or the am plifier gain may be 

adjusted so that the detector le v e l coincides with the noise.

The time between the closing  o f the delay gate and the triggering 

o f  the detector is  measured by reference to an internal 'c lo ck ' which 

is  a 250MHz h ig h -sta b ility  crysta l controlled  o s c i l la to r . This period 

is  then stored in  the internal memory and may be output as required.

The sura of th is and the preset d ig ita l delay gives the to ta l sing 

around period to  an accuracy o f  ± 3  nanoseconds. The three nanoseconds 

represent the lim iting precision  introduced because o f the uncertainty 

in  the state of the o s c i lla to r  o f  one quarter o f a cy c le  at the beginning 

o f  the time period and one half o f  a cycle  at the end.

4 .2 .3  Accuracy o f the Measurements

The sum o f the preset d ig ita l delay D and the coded outputs on 

paper tape t^ represents the to ta l o f  one sing around period as expressed 

in 'equation 4.1 below [ l ]

Ti
+ 2

0 .128(D + 1) + 1000
. . . . 4.1
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The time is  then given in  microseconds. The conversion fa ctors o f 
t ±+ 2

0.128 and ------------  are simply ch aracteristic  o f the form o f data
1000

output, which is  not d ire c t ly  in  microseconds, and have no physical 

s ign ifica n ce .

The preset d ig ita l delay has a maximum value o f ninety-nine 

which corresponds to a time o f 12.8ysecs, although i t  is  frequently 

not used at th is value because attenuation o f signal in  the specimen 

makes i t  impossible to  trigger the detector th is  far down the echo 

tra in .

The to ta l error introduced in to  the measured period, as indicated 

above, i s  ±  3 nsecs. Taking a typ ica l d ig ita l delay o f  lOysecs the 

p récision  o f the sing around period as calculated from the internal 

memory store i s  ± 3 nanoseconds in 10 microseconds which represents
4

3 parts in 10 . Consequently the values o f the to ta l sing around

period obtained by processing- data from the internal memory store w ill

have a p recision  o f th is  magnitude.

The precision  o f the resu lts measured from the frequency counter

depend on the accuracy o f the timer and the control o f  environmental

conditions since the s ta b il ity  o f  the sing around c ir cu itry  is  f e t t e r

than both o f  these. The Racal counter timer gives a s e n s it iv ity  o f
6about ± 1 part in 10 fo r  the measurement o f frequencies o f the order 

o f  500 kHz. Typical rep etition  rate frequencies used in  the sing 

around are about 200 kHz which gives a se n s it iv ity  o f about ± 2 parts 

in  10^. This is  s ig n ifica n tly  less  than the se n s it iv ity  o f  t  1 part in
710 quoted by Forgacs fo r  h is system simply because the sampling time is  

le ss .

Environmental changes may also introduce fluctuations in  the sing 

around frequency in  the specimen. According to  Papadakis [5]
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fluctuations o f ± 0.001°K w ill give r is e  to  changes in  Av/v o f about 
71 part in 10 , so that even by eliminating errors due to  the s ta b il ity

7
o f the e lectron ics  precision  beyond 1 part in  10 fo r  Av/v is  not

p ossib le  under present ca p a b ilit ie s . The temperature s ta b il ity  in

the present measurements was unlikely to be better than 0.1°K and

therefore th is  would give r is e  to  fluctuations in Av/v o f about one 
5part in 10 . The se n s it iv ity  o f  the sing around system using the 

frequency meter is  therefore better than the fluctuations in sing 

around frequency which i t  measures.

4 .3 .1  Operation in  Pulse Mode

In order to  operate the new sing around the waveforms at the four 

test-p o in ts  shown in f i g .  4.1 must be monitored on an oscillo scop e .

A Tektronix 84603N or 846 series  with four beams was found to  be most 

su itab le. The traces o f  the waveforms at these points when in  pulse 

mode are shown in f i g .  4 .2 .

With the sing around switch in the ' o f f '  position  the c ir c u it  is  

triggered by a 27 kHz m ultivibrator. The output from the am plifier 

should be adjusted to  give a large in i t ia l  pulse and a series o f  clean
t

echoes with a minimum o f transducer 'r in g in g ' or overlap. I f  the 

echoes are not c le a r ly  distinguishable from one another the r . f .  

o s c i lla to r  frequency may be tuned u n til the optimum conditions are 

reached when the transducers are operating at resonance. I f  no 

echoes are v is ib le  this may be because the am plifier gain is  not high 

enough. I f  having increased the gain echoes are s t i l l  not v is ib le  

th is  could be due either to  attenuation o f  sound in  the specimen or 

to  sound not being passed in to  the sample due to  e le c t r ic a l  short 

c ir cu its , bond-breakage or sim ilar problems. When the cause has 

been r e c t if ie d  adjustment o f the r . f .  o s c i l la to r  frequency should give

the clean echoes desired.
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When the pulse echo train  is  in  the required form the variable

d ig ita l delay may be adjusted within i t s  lim its o f 0 - 12.8ysecs

u n til the gate opens within 400 nanoseconds o f  a su itable cy c le .

This may be the leading cy cle  or one in  the middle o f  the echo. The

detector leve l should then be altered u n til the trace from te s t  point

four has the form shown in  f i g .  4 .2 , indicating that the signal leve l

is  above the detector threshold le v e l . I t  has been found that i f
%

the signal le v e l i s  too far above the detector le v e l the system w ill 

not retrigger co rrectly  when in  sing around mode. This condition  

may be remedied by reducing the am plifier gain . In th is pulse mode 

the frequency meter reading should be 27 kHz, the rep etition  rate o f 

the pulser.

4 .3 .2  Operation in Sing Around Mode

I f  the above set o f  conditions has been sa t is fie d  fo r  the pulse 

mode o f  operation the sing around switch may be placed in  the 'on ' 

position  and the m ultivibrator button depressed once to  sta rt the 

cy c lin g . I f  conditions are su itab le, when the m ultivibrator button 

i s  released the sing around w ill  continue almost in d e fin ite ly , and the 

four trace waveforms w ill be as shown in  f i g .  4 .3 . I f  a l l  procedures 

outlined in section  4 .3 .1  above have been followed and sing around does 

not start the problem is  usually due either to  too much gain or too 

l i t t l e  gain from the am plifier. Adjustment o f  th is w ill  give solution  

to the problem in  most cases.

The rep etition  frequency o f the sing around w il l  depend on the 

point in the wave train  chosen fo r  retriggerin g . This usually l ie s  

between 100 -  500 kHz. The delay gate waveform is  used to  operate the 

frequency meter.



-  63

4.3 .3  Data Output

The rep etition  frequency may be continuously monitored using a 

Racal frequency counter with a sampling rate o f once per second, 

fo r  measurements in  which the physical parameters o f  the specimen were 

varying slow ly. Under con lition s  in  which the parameters were . 

varying more rapidly, fo r  example during magnetic f ie ld  sweeps, the 

internal memory store could be used.

In order to  record resu lts in  the store the 'reset and s ta r t ' button 

should be depressed and released and the corresponding LED lig h t  switches 

on and remains on u n til the store  is  f i l l e d .  The sample LED lig h t  w ill 

switch on each time an interval is  recorded. The 'sample ra te ' switches 

s e le c t  which intervals are recorded. I f  the thumbwheel switch is  set to 

'n ' then one in terval in  every n is  recorded. The m ultip lier switch 

can be used to  increase th is  to  one in  every lOn or lOOn. This gives 

a lim it o f one in  every 900 in terva ls . I f  the m ultip lier switch is  

put in to  'external tr ig g e r ' mode an in terval is  recorded each time a 

su itable pulse is  received at the external trigger input. A separate 

pulse generator is  used to  supply the required pulses which are o f  one 

microsecond duration negative going pulses o f  height 5V. T h e e x te rn a l 

tr ig g e r ' input is  maintained at +5V, except when induced to  sample by 

reducing i t s  voltage to  OV for  a microsecond. The voltage must then 

be reset to +5V.

When the store is  fu l l  the 'rese t and s to re ' LED lig h t  goes o f f  and 

the sample LED lig h t remains on. Data may then be output on the paper 

tape unit by pressing the 're se t  and s ta r t ' and 'punch' buttons 

simultaneously but releasing the 'punch' button f i r s t .  In order to 

analyse the data output quickly and accurately the procedures given in 

Appendix 1 were used in a computer program. This converted the
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recorded transit times in to values o f e la stic  constants. Final 

analysed output consisted o f tables o f  the con trolled  physical 

parameters (e .g . temperature, pressure or magnetic f i e ld ) ,  the 

corresponding sing around frequency both new and corrected fo r  any 

discontinuous jumps from cy cle  to  cycle  in  the echo, and calculated 

e la s t ic  constant. Graphical output o f  e la stic  constant against the 

physical parameter was made using the Computer Centre Graph P lotter 

(HUGP) and is  included in  the re su lts .

'V>
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CHAPTER 5

Experimental Methods

5.1 Low Temperature Equipment

5.1 .1  Cryostat

The cryostat used throughout the experiments was a conventional 

narrow ta iled  type su itab le  fo r  use with an applied magnetic f ie ld  

from an electromagnet, and capable o f  temperatures down to  liqu id  

helium 4.2°K. A schematic diagram o f the cryostat is  given in 

f i g .  5 .1 .

Two chambers fo r  holding refrigerants were included. The outer 

one fo r  liqu id  nitrogen had a volume o f  about 3 i .  The inner can was 

used fo r  liqu id  helium i f  temperatures down to  4.2K were required, or 

fo r  liqu id  nitrogen again i f  temperatures down to only 77°K were needed. 

This inner chamber ran the whole length o f the t a i l  and had a volume o f 

5Cmi,. I t  was screened iron the outside by a copper radiation  shield 

cooled by the refrigerant in the outer chamber. This enabled the t a i l  

to  be made narrower and the magnetic f i e ld  in ten sity , which could be
r

achieved with th is  narrower t a i l  by closing  the pole pieces o f the 

electromagnet, was therefore correspondingly higher.

Access to  the chambers was by in le t  and exhaust tubes as shown in  

the diagram. The in le t  tube leading to  the bottom o f the can and the 

exhaust from the top. By th is method any refrigerants or condensation 

could be removed from the cans by applying an overpressure via the 

exhaust tube. F a c ilit ie s  were available fo r  a glass dewar to  be used 

on the outside o f  the cryostat to reduce heat inflow  when temperatures 

down to  4.2°K were required.

The liqu id  nitrogen and helium refrigerants were introduced via 

vacuum jacketed transfer siphons. The nitrogen was transferred by
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using an overpressure o f about two atmospheres o f  air from a pressurised 

a ir  lin e . The liqu id  was allowed to  b o il o f f  in to  the atmosphere.

The helium was transferred by employing an overpressure o f  i t s  own 

vapour and a l l  evaporated helium was co lle c ted  ani recycled for  

liqu efaction  in  the liqu id  helium plant. Condensation o f air or water 

from the atmosphere into the two cans was reduced by employing bunsen 

valves on the in le t  and ou tlet tubes.

The sample space in  the cryostat was evacuated using the rotary
-2pump o f  the vacuum system to obtain pressures down to  10 torr (see 

f i g .  5.2) I f  exchange gas was required helium was introduced via the 

in le t  valve. The exchange gas allowed thermal equilibrium to  be 

reached more quickly and therefore improved temperature s ta b il ity  in  

the specimen. I t  was a lso  possib le  to  introduce exchange gas in to  the 

main vacuum space in the cryosta t. This was useful fo r  coolin g  down 

the helium can rapidly to  77°K before introduction o f the liqu id  helium. 

The exchange gas pressure was monitored on a Bourdon gauge c lose  to  the 

in le t  valve (see diagram). Helium gas was contained in  a bladder 

f i l l e d  from a gas cy lin d er .

The main vacuum space and the vacuum jacket between the helium can 

and the sample space were evacuated by the high vacuum lin e  leading to the
-5

d iffu s ion  pump. Vacuum pressures down to 10 torr were possib le  in  the 

main vacuum space. Cryopumping was also u t il is e d  when liqu id  helium was 

present in the inner can to  improve the vacuum. Under these conditions 

temperatures o f 4.2°K could be maintained fo r  about 20 mins with exchange 

gas in the jacket or fo r  about l*j hours with the jacket evacuated.
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5.1 .2  Specimen Holders

A specimen holder was designed to  allow e le c tr ic a l contact between 

the input/output o f the sing around system and the transducers bonded 

onto the specimen. The main consideration was to allow the sample 

temperature to  be controlled  and measured as accurately as p oss ib le .

To fa c i l i t a t e  th is  the main body o f  the specimen holder was made as 

small as p ossib le  out o f  good thermal conducting m aterial, in  this case 

copper. Heat leaks in to  the specimen were minimised by supporting the 

holder on a long hollow rod o f sta in less s te e l, which i s  a poor 

conductor.

A heater c o i l  o f 150ft o f chromel wire was wound on the main body 

o f  the specimen holder (see f i g .  5 .4 ) . Two thermocouples junctions 

were embedded c lose  to the specimen fo r  temperature measurement. The 

supports fo r  the two electrodes were o f  copper and were in  good thermal 

contact with the main body o f  the sample holder. Electrodes and 

supports were insulated e le c t r ic a l ly  from each other by thin layers o f  

mica, which was also a good heat conductor so that thermal equilibrium 

was quickly achieved.

The complete specimen holder and support is  shown in  f i g .  5 .3 .

The sample space in  the cryostat was 15mm in diameter by about 90cm in 

length which imposed immediate re str ic tio n s  on s iz e . Two P.T.F.E. 

spacers are shown on the support rod in f i g .  5 .3 . These were designed 

to  maintain the holder central in the sample space and prevent good 

thermal contact between specimen and the walls o f  the sample space while 

the temperature was being raised. A third spacer is  present on the 

lower end o f the holder.

The cap o f the specimen holder was made o f  aluminium and when 

bolted in to  p os ition  on top o f the cryostat i t  formed a vacuum tight
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seal to the sample space, allowing i t  to  be evacuated and exchange gas 

to be le t  in  to any desired pressure.

A ll input/output points in  the cap were glass to  metal sealed 

vacuum lead-throughs. They could be made vacuum tigh t by allowing 

melted wax to  s o l id i fy  inside the 1mm diameter brass tubes o f  the lead 

through. Wires to  the specimen holder were passed down the hollow 

centre o f the sta in less stee l support tube.

5 .1 .3  Vacuum System

The vacuum system employed is  shown in f i g .  5.2 which used a

rotary pump as backing pump to  an Edwards Oil D iffusion  pump
-5enabling pressures down to  10 torr  to  be achieved on the high

vacuum lin e . This was used fo r  the main vacuum space and the vacuum

jacket in  the cryosta t. The r.ough vacuum lin e  a lso  shown was

evacuated only by the rotary pump and achieved a pressure o f  down to  
-210 torr which was used to evacuate the sample space. An exchange 

gas in le t  is  shown on the righ t o f  the diagram, the pressure o f  gas 

being registered  by the Bourdon gauge.

The pressures were monitored by a Plrani gauge in the rough
t

vacuum lin e  and a Penning gauge in  the high vacuum lin e . The gauge 

heads and measuring equipment were also supplied by Edwards. 5

5. 2 High Pressure Apparatus'

5 .2 .1  The Hydrostatic Pressure C ell

The purpose o f  this apparatus was to allow the specimens to  be 

subjected to  a con trolled  hydrostatic pressure in  the range 1-80 kg/cra 

(8 x 10^ Pascal or 80 b a r ). The design o f the equipment is  shown in  

f i g .  5 .5 . The c e l l  was supplied by the Department o f Physics at the 

University o f Southampton.
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The pressure c e l l  was constructed o f  thick walled / ,  " brass.16
At one end was the pressure in le t  consisting o f  a P.T.F.E. sealed 

high pressure copper tube 3/  "O.D. At the other end the

sample space was closed by a brass l id  sealed by nine s tee l b o lts .

An 'O' ring o f  neoprene which was o f  the "completely surrounded" type, 

to  prevent blow outs, maintained the high pressure. E lectrica l 

input/output ports fo r  the sing around were located in the lid  and 

secured by P.T.F.E. sea ls . The specimen holder consisted o f  a brass 

p late  joined to  the lid  which supported two spring loaded adjustable 

probes fo r  maintaining e le c tr ic a l contact with the transducers bonded 

onto the specimen.

The c e l l  was connected via  high pressure copper tubing to  a 

nitrogen gas cylinder which could supply pressures up to  180 bar.

The pressure in the chamber was measured by a Bourdon gauge located 

c lose  to  the c e l l  which gave readings o f pressures in the range 0-80 bar 

with an accuracy o f 'v 1%. An exhaust valve was included as shown both 

fo r  regulating pressure and a lso  as a sa fety  precaution against over 

pressurising the equipnent. The exhaust valve lim it was 1200 p .s . i .  or

80 bar.
r

The gas in le t /o u t le t  valve from the gas cylinder was o f  the type 

supplied by Air Products Ltd. which d iffe red  iron the conventional 2 bar 

gas regulator normally used with gas cylinders in that i t  allowed fu l l  

b o tt le  pressure to  be achieved. This was connected to  the chamber by a 

length o f  f le x ib le  high pressure copper tubing.

The pressure c e l l  and most o f  the associated pipework was enclosed 

in a shielded box o f th ick  aluminium a lloy  as a safety precaution

against explosion. The box was always sealed using V  stee l b o lts  

before pressure was introduced into the chamber.
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5 .2 .2  Uniaxial Pressure Apparatus

A uniaxial pressure apparatus was a lso  supplied by Southampton
2U niversity. This allowed uniaxial stresses o f  up to  100 kg/cm to  be 

applied by using a lever arm with 5:1 ra t io  connected on one side to  a 

sta in less s tee l pushrod which compressed the specimen and on the other 

side , to  suspended weights in units o f 0.25 kg. The apparatus is  

shown in f i g .  5 .6 .

A b a ll and socket jo in t  was introduced at the bottom o f the push 

rod to  ensure that the applied stress was normal to  the surface o f the 

specimen. The two surfaces o f  the specimen were made p a ra lle l by 

lapping to within 5 °. By th is  technique any deviation  between the 

d irection  o f  motion o f the push rod and the normal to  the specimen plate 

was compensated fo r .

The push rod was constrained to  move v e r t ica lly  by three tu fnel 

rings along the length. Tufnel was used because o f i t s  low c o e ff ic ie n t  

o f f r ic t io n  with sta in less stee l [ l ] .  F riction al fo rces  acting against 

the applied stress were thereby minimised.

The specimen plate was made to sp ec ifica tion s  at th is U niversity.

I t  consisted o f  a plate o f  1" th ick  duralumin a llo y  to  support the

specimen under forces o f  up to  100 kg.wt. I t  contained two movable
*

e le c t r ic a l  probes mounted in  insulating tufnel on slid in g  spring loaded 

duralumin supports. The probes were o f 2 mm diameter brass rod o f 

about 4 mm length connected to  the input/output ports in the headpiece 

by copper wire running the whole length o f the apparatus. The specimen 

was placed on a raised platform in the centre o f  the specimen plate with 

transducers bonded on.

I t  was found that because o f  the s ize  o f specimens (3 mm height x 

6 mm diameter) the usual 6 mm diameter transducers could not be used 

since they would in terfere  with the application  o f stress by the push rod,
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or at best be shorted to  earth on the base p late. Therefore specia l 

miniature transducers were supplied to our sp ecifica tion s  by Gooch and 

Housego Ltd. which were o f 2 mm diameter. These were not fouled by 

either push rod or base plate and allowed measurement o f acoustic 

v e lo c ity  under the applied stress to  be measured.

The strains induced in the specimens under stress were measured by 

strain gauges supplied by Welwyn Strain Measurements Ltd.* The type 

o f gauge used was SK-09-015EH-120. These were also useful for 

ca librating  the apparatus since despite attempts to minimise fr ic t io n a l 

forces  along the push rod these would be lik e ly  to  occur at lea st to 

some extent.

The base p late  was held in p os ition  by three symmetrically placed 

sta in less s tee l rods and secured by three nuts. The specimen chamber 

was closed  by a brass can which could mate in to  position  on the base 

p late  and could be moved v e r t ica lly  along the sta in less stee l support 

rods. The chamber was connected to  the headpiece by a length o f  30 cm 

o f  V  thin  walled sta in less s tee l tubing through which a l l  lead wires 

passed.

The headpiece o f  the apparatus contained two tu fnel rings to 

p os ition  the push rod (see f i g .  5.6) and three input/output ports, two 

for  the sing around which had b .n .c .  sockets attached, mounted on P.T.F.E. 

support blocks and a third for  allowing strain gauge leads and thermocouple 

leads to  be passed in to  the sample space.

The lever bar had small holes d r il le d  v e r t ica lly  in to  each bearing 

to  allow i t  to  be o ile d , thereby ensuring that a l l  parts moved fr e e ly .

A counterweight could be attached to  the opposite end of the lever (not 

shown) to  compensate for  the weight o f the arm and thus allow a l l  

measurements to start from zero applied s tre ss . ,

*
Welwyn Strain Measurements L td ., Armstrong Road, Basingstoke, Hants.
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5 .2 .3  High Hydrostatic Pressure Equipment

High hydrostatic pressures up to  5 kbar were obtained using the 

S.R.C. high pressure f a c i l i t y  at Standard Telecommunications Ltd. (I .T .T .) 

o f  Harlow. The apparatus is  shown schematically in  f i g .  5 .7 . The 

pressure medium in  this case was castor o i l  in  a high pressure c e l l  and 

compressed by a sta in less s te e l p iston . Input and output leads . 

were connected via  high pressure sealed lead-throughs in the p iston .

A high pressure manganin-copper 'O' ring was used to  seal the chamber.

5.3 Specimen Preparation /

5 .3 .1  Crystal Growth

The crysta ls  were grown by workers at other un iversities*  or by 

Metals Research Ltd. The low purity Erbium and Terbium crysta ls from 

Metals Research were 98-99% pure, while the Gadolinium and high purity 

Terbium were 99.9% pare and were grown using the so lid  state e le c tro ­

transport method. The resistance ra tio  fo r  the Gadolinium was also 

supplied (P273/P 4 2 = * Crystals were in the form o f cylinders

o f about 2 -  3 mm length and 5 -  6 mm diameter. The axis p a ra lle l to the 

d irection  o f the unique axis o f  the cylinder was sp ecified  in  a l l  cases, 

and in  most one other axis was marked in the plane o f  the cy lin der.

5 .3 .2  X-Ray D iffra ction

In order to  determine the orientation  o f  crysta ls  whose 

crystallographic d irection s  had not been marked, Laue back r e fle c t io n  

photographs were taken using a 50 kV X-Ray set in the Physics 

Department. The photographs were then compared with known patterns fo r  

hexagonal crysta ls  to  find  the orien tation . Alignment o f  the axes 

could be made to  within ± 1°  by th is  method.

*
Department o f  M aterials Science, University o f Birmingham, B risto l Road, 

Birmingham B15 2TT.
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5.3 .3  Spark Machining

When further m odification o f the crysta ls  was necessary either 

planing more surfaces fo r  the application  o f stress or in the one 

case when a crysta l had actually  to  be cut from a boule the spark 

machining fa c i l i t i e s  at the University o f  Birmingham were used.

This method was chosen since at present i t  is  the best technique 

fo r  cutting a crysta l without damaging i t  (e .g . by introduction  o f 

dislocations) more than is  necessary. The machine used was an SMD 

made by Metals Research Ltd. The planing i s  achieved by spark 

discharges between a brass d isc rotating in  a horizontal plane and the 

specimen both o f which are immersed in  a bath o f p a ra ffin . This d is ­

charge voltage varies up to  ^ 250 v o lts  and this causes abrasion o f 

small .p artic les  o f the so lid  from the surface. By th is  method two 

surfaces o f  a crysta l may be planed f l a t  and p a ra lle l to  within ± 1 

micron.

5 .3 .4  Diamond Saw Cutting

In the instances when p o lycrysta llin e  specimens were used, fo r

example in  the preliminary testing  o f  the uniaxial stress apparatus,
/

there was no need to  try  to elim inate d is lo ca tion  damage. For these 

the cutting o f  faces in the specimens was achieved by using a c ircu lar  

diamond saw manufactured by Metals Research Ltd. to cut two p ara lle l 

surfaces which were then lapped and polished.

5 .3 .5  Lapping, Polishing and Etching

Lapping and polishing o f crysta ls  was on a hand lapping machine 

using abrasives and diamond polishing pastes supplied by Engis Ltd. 

Thickness and parallelism  could be checked using a s l ip  gauge.
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To remove oxide layers which formed on the surfaces o f  crysta ls  

an etching solu tion  o f 50% g la c ia l acetic  acid and 50% n itr ic  acid was 

recommended. Etching was fo r  3 0 -6 0  seconds at room temperature. To 

prevent or minimise the formation o f  oxide layers the purer specimens 

were stored under vacuum in glass tubes with greased ground glass jo in ts . 

Other specimens were stored in  a desiccator containing s e lf  indicating 

s i l i c a  ge l as a drying agent, which a lso  reduced the rate o f contamination.

5 .3 .6  Transducers and Bonding Materials

The most frequently used type o f transducer in th is  work was 

p ie zoe le ctr ic  quartz in the form o f thin d iscs  o f diameter 6 mm with 

opposite fa ces coated with gold f o i l  e lectrodes. These were supplied 

by Gooch and Housego Ltd. and had a resonant frequency o f  15 MHz.

The transducers were sp ecified  as shear or longitudinal wave generators 

depending on the axis o f the quartz crysta l which' is  perpendicular to 

the plane o f the surface. The shear wave transducers had the d irection  

o f displacement marked. In th is  work quartz or CdS transducers were 

used, although a large number o f  p ie zoe le ctr ic  m aterials are now 

available commercially.
t

In order to  generate acoustic waves in a so lid  a large energy

transfer between transducer and specimen is  needed. This can not be

achieved over a s o lid -a ir  in terface  and consequently a m aterial bonding

medium between transducer and specimen is  needed. The requirements o f

a good bonding medium have been reported elsewhere [ 2] .

Some bonding materials which were tried  were

(i) Nonaq Stopcock Grease
( i i )  Dow Corning S ilicon e Liquid DC200

( i i i )  Dow Corning Resin 276-V9
(iv) A raldite Epoxy Resin

(v) Rapid Araldite Epoxy Resin
(vi) Phenyl Benzoate

(v ii)  Vacuum greases and o i l s .
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The Nonaq grease was useful fo r  longitudinal waves fo r  temperatures 

down to about 140°K. Below th is temperature the bond was lia b le  to  

break due to  d iffe re n t ia l thermal expansion between the specimen and 

transducer. I t  was not found sa tis fa ctory  fo r  shear waves.

The Dow Corning flu id s  and resins were found useful fo r  temperatures 

below room temperature and down to  about 200°K. The resin  needed to  be 

heated to  reduce i t s  v is co s ity  before i t  could be used to  bond the 

transducer.

Phenyl Benzoate was recommended for  use with shear waves when both 

the Nonaq and Dow Corning resins proved unsuitable. Unfortunately 

th is  m aterial was im practicable due to  the fa c t  that the sing around 

requires two transducers to be accurately aligned both with respect to  a 

particu lar crystallographic d irection  and with each other. The a lign ­

ment was found to  be very d i f f i c u l t  to  achieve without either the phenyl 

benzoate c ry s ta llis in g  or the alignment being disturbed before the bond 

was made.

The A raldite epoxy resins were found to  be.by far the best bonding 

m aterials in  the present work. They could be used fo r  both shear and
rj

longitudinal waves, and for  temperatures down to  4.2 K without bond 

breakage. The Rapid Araldite was more convenient since i t  set forming 

a bond within about 15 minutes, whereas the other required up to  24 hours 

to  cure. The only disadvantage with ara ld ite  resins i s  when the 

transducer needs to be removed. For th is  overnight soaking in  chloroform 

is  recommended.

Vacuum greases and o i ls  were used only interm ittently fo r  bonds at

room temperature.
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5.4 Temperature, Pressure and Magnetic F ield

5.4 .1  Temperature Measurement

Temperature measurement was made mainly using thermocouples 

although instances did occur when platinum resistance thermometers 

were used, particu larly  in ca librating  the thermocouples, and a 

mercury in  glass thermometer was used to  obtain seme fixed  points 

above 273 K notably the b o ilin g  point o f  water.

For measurements o f temperatures down to 77°K, th e .liq u id  nitrogen 

point, a copper v . constantan thermocouple was used and fo r  temperatures 

between 4.2°K and 77°K a g o ld /iron  v . chromel thermocouple was preferred . 

The reference junctions were maintained at 273°K in  a mixture o f  ic e  and

water in  a dewar v e sse l. The other junction was embedded in  the body
• • * *

o f the sample holder as c lose  to  the specimen as p oss ib le .

5 .4 .2  Thermocouple Calibration * 3

Two types o f  ca lib ra tion  were used fo r  the thermocouples. The 

simpler method was due to  White [3 ,p l33] and depends on f i t t in g  a curve 

o f  the form,

3 2E(T) = AT + BT + CT + D . . . . 5 . 1  '

where E(T) is  the emf. o f the thermocouple at temperature T and A,B,C,D 

are the c o e ff ic ie n ts  o f the polynomial. The c o e ff ic ie n t  D i s  the 

residual emf. when both junctions are at the same temperature and was 

found by placing both junctions in  the ice-water mix. The term was 

found to  be less  than ± lpV and therefore considered n eg lig ib le .

The ca lib ra tion  therefore resolved in to  f i t t in g  the polynomial

3 2E (T) = AT + BT + CT . . . . 5 . 2

which may be found by measuring the emf. at three fixed  points other 

than 273°K and solving the three simultaneous equations exactly  fo r  A,

The values o f  temperature found using th is  ca lib ra tion  atB and C
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values lying within the range defined by the three ca lib ra tion  points 

should not be in  error (according to  White) by more than 2yV 

representing about ± 0 .1 - 0 .2  °K. This estimation would seen to  be 

rather optim istic when compared with the second ca libra tion  method. 

Readings outside the range defined by the three ca lib ra tion  points and 

273°K are not v a lid . I t  should be borne in  mind that the quoted error 

in  temperatures represents the error in  temperature o f  the thermocouple 

junction  as measured by the ca lib ra tion . The error in  temperature o f 

the specimen is  larger than th is and is  at best only within i0.5°K with 

the methods used here.

The second ca lib ra tion  method depends on the accurate determination 

o f  temperature using a platinum resistance thermometer. Measurements 

were .taken o f  thermocouple emf. against voltage across a platinum 

resistance thermometer o f nominal ( i .e .  at 273°K) resistance 100Q using 

a constant current source o f lOOpA. From the calculated value o f  the 

Z function (see 5 .4 .3) a t each point, the value o f temperature was read 

from tables o f Z against temperature [3 ,p l l 5 ] . . Interpolation  between 

tabulated values was made where necessary as described in  5 .4 .3 .

A table  o f  values o f thermocouple emf. against temperature, could 

then be made and a polynomial curve f i t  o f  the form,

5 4 3 2E (T) -  AT + BT + CT + DT + GT'+ K . . . . 5 . 3

could be made from the data using a lea st squares method.

The method [4] o f obtaining the temperatures from Z values which 

are intermediate between values available in tables is  outlined in  5 .4 .3  

and given in  d e ta il in  the appendix.

In both methods the data was handled by computer and the programs 

w ill be found in  the appendix. Tables o f  values o f  thermocouple emf. 

against temperature taken from the polynomial approximations were 

printed out at in tervals o f  0 . 2°K.
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That the second method was more accurate can not be doubted.

An assessment o f  the re la tive  performances o f the two methods confirmed 

th is . However, the s im plicity  o f the f i r s t  method and the fa ct  that 

the maximum discrepancies between the two methods corresponded to 

temperature o f less  than 1°K when errors o f  at least 0.5°K in  specimen 

temperatures were expected meant that in  p ractice  i t  was preferred.

5 .4 .3  Platinum Resistance Thermometer

A platinum resistance thermometer o f nominal resistance 100Q was 

used to  ca lib ra te  the thermocouples. The resistance o f  the thermometer 

was measured at 273°K and at the helium point 4.2°K. The resistance RT 

at any subsequent temperature was used to  ca lcu late  the value o f the Z 

function

Z
R4.2
R4.2

• • t *5.4

Tables o f values o f  Z against temperature are available [e g .3 ,p ll5 ] 

and any necessary in terpolation  was made by using polynomial 

approximations over four regions bounded by 23°K, 47°K and 150°K.

The Z function varies d iffe re n tly  with temperature over these four 

regions hence four separate approximations were made giving four 

independent polynomials, one fo r  use with in terpolation  in  each o f the 

regions. Again computer programs were used to  ease the ca lcu la tion .

A graph o f  Z against T obtained by th is  method is  shown in  appendix 6 .

5 .4 .4 Temperature Control

The temperature o f the specimen was con trolled  by application  o f 

an emf. to the heater c o i l  on the specimen holder. The heater was 

con trolled  by a commercial temperature con tro lle r  type 3010 Mkll supplied 

by Thor Cryogenics Ltd. The emf. o f  the thermocouple was compared to  a 

preset value determined by the experimenter. Any p os it iv e  d ifferen ce
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was am plified and the am plified emf. used to supply the heater, while 

ary negative d ifferen ce  was ignored. By th is  method i f  the temperature 

registered  by the sensing thermocouple was below the preset value the 

applied emf. to  the heater raised the temperature. I f  the temperature 

exceeded the preset leve l the heater was automatically set to zero.

A maximum o f 40 Watts was supplied to  a 150ii chromel resistance c o i l  

wound on the sample holder. Separate thermocouples were used fo r  

temperature measurement on a D.V.M. and for  the temperature co n tro lle r . 

The D.V.M. used was a Hewlett Packard 3490A multimeter with a 

se n s it iv ity  o f  lpV. The temperature o f the specimens was measured to 

an accuracy o f  ± 0.5°K, although temperatures below 15°K were expected 

to  be in more serious error due to the inaccuracy o f  the platinum 

resistance ca lib ra tion  below th is  temperature.

5 .4 .5  Magnetic F ield and i t s  Measurement '

An eleven inch commercial electromagnet was used to  apply 

magnetic f ie ld s  o f up to  2.5T to  the specimens. The current c o i ls  

o f  the magnet were supplied by a Mullard P recision  Current Controller 

type MS4113, which could be operated either manually or by an automatic 

e lectron ic  sweep unit MS4115. The magnet was water cooled using a 

closed  c ir c u it  water cooling  system to  minimise corrosion  o f  the 

coolin g  p ip es .

The magnetic f ie ld  attainable by the electromagnet could be varied 

by adjusting the gap between the pole p ieces . The f ie ld  was measured 

using a Scalamp Fluxmeter search c o i l  available from W. G. Pye & Co. Ltd. 

This consisted in  one case o f  100 turns for  measuring f ie ld s  less  than 

0.7T and o f 10 turns fo r  measuring larger f i e ld s .  The ca lib ra tion  was 

p lotted  as a function o f  c o i l  current.
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5 .4 .6  Measurement o f Deformation using Strain Gauges

In order to  measure the deformation o f the specimens under uniaxial 

stress strain  gauges available from Welwyn Strain Measurements were used. 

The gauges depend on the variation  o f resistance with stra in  o f a karma 

a lloy  grid  embedded in a glass fib re  rein forced  epoxy resin  backing 

m aterial. The gauge type found most su itab le was Gauge SK-09-015EH-120 

which had overa ll physical dimensions o f  about 3 mm x 2 mm.

5.4 .7  Strain Gauge Preparation Technique

The bonding o f strain  gauges onto the surface o f a specimen 

requires a detailed  technique o f  abrading and degreasing the surface 

and carefu l bonding. These may be found in the Micromeasurements 

B ulletin  B-129 (May 1976) concerning cleaning and Micromeasurements 

B ulletin  B-130-3 (May 1974) concerning bonding. The adhesive used was 

M-Bond 610 an epoxy resin  which must be stored at sub-zero temperature 

fo r  preservation . The specimen and bond were annealed at 200°C fo r  

two hours to allow the bond to 'c u r e '.

5 .4 .8  Measurement o f  Resistance using a Bridge Network

In order to  measure accurately the change in  resistance o f the 

gauge the Wheatstone bridge network shown in  f i g .  5.8 was constructed.

The gauge and dummy are remote being connected to  the main c ir c u it  by a 

length o f screened three core f le x  encased in  the usual p la s tic  sleeve 

with an additional thick P.V.C. cable sleeve to  reduce any thermal 

varia tion  in  the resistance o f the leads. By keeping the leads to  the 

gauge and dummy together in  this way," the e f fe c t  o f any thermal variation  

in  resistance o f  the leads which does occur, desp ite  the precautions, 

w ill  be minimised since the same change in  resistance w ill  occur in

both arms of the bridge.



CIRCUIT DIAGRAM FOR THE STRAIN GAUGE BRIDGE

STRAIN GAUGES

f i g. 5,8
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The dummy i s  placed as c lose  to  the gauge as p ossib le  and bonded 

onto a sim ilar material to  compensate fo r  any changes in  resistance 

due to  thermal expansion. By th is method i t  was expected that the 

only variation  in resistance detected by the bridge i s  due to  stra in  in  

the specimen.

The strain  gauge resistance under zero strain  is  120£2 ± 0.6%. The 

gauge fa ctor  G i s  defined as the fra ction a l change in resistance per 

unit stra in ,

R ds • • • 5.5

where ds is  the stra in , i . e .  ds = dS/i,. For the gauges used G * 2.05 

± 2.0% a t 75°F room temperature.

5.4 .9 Measurement o f  Strain

I f  the change in  voltage across the points B and C (see f i g .  5.8) 

from the balanced position  is  AV due to a change in  resistance o f  the

gauge dR̂  /R ̂  then

dR
AV = k •••«5*6

where k is  a constant. The voltage change is  thus proportional to the 

fra ction a l change in  resistance. The bridge may be ca librated  by 

making changes in  the coarse re s is to r  on the arm AC o f dR and measuring 

the corresponding voltage change across AB, AV

dR
k. AC

'AC
.5.7

and in  th is case both AVAB and dRAC/RAC are known, which allows k to  be 

found. , '

When the bridge is  in  operation th is  value o f k may be used in  the 

equation 5.6 to  g ive  the change in  resistance o f the strain  gauge. By
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d e fin itio n  dR /R  = G .d i/i, from equation 5.5 and hence 
9  g

ds * r —  AV . . . . 5 . 8

5.4 .10  Voltage Am plification

In order to  increase the out-of-balance voltage, AV, an ANCOM 15C-3a

am plifier with a gain o f  xlOOO was used. The sen s itiv ity  o f the bridge

network was ± O.lmV a fter  am plification , which meant that changes in

voltage across BC down to O.lyV before am plification  could be detected .

Changes in  R o f O.lfi gave changes in voltage AV^, o f ty p ica lly  15mV

a fter  am plification . Consequently, changes in  resistance down to

± O.OOlfi could be measured giving a lim it o f  se n s it iv ity  o f  about

0.15 mV. This meant that measurement o f  stra in  down to  a lim it  o f 
' -50 .5  x 10 or 5 y .s tra in  was p ossib le  with the existing bridge network.

5.4.11 Interference and S tab ilisation  o f  the Bridge Network

The stra in  gauge leads were found to  be picking up r . f . signals 

from the sing around leads which were unscreened inside the uniaxial 

pressure apparatus. Due to  the small s iz e  o f  the strain  gauge and i t s  

associated leads i t  was im practical to consider screening. Instead i t  

was found that i f  the sing around was switched o f f  ( i . e .  l e f t  in  'sing 

around mode' without supplying the in it ia l  pulse) while the strain  

measurements were made the resu lts were sa tis fa cto ry .

Capacitors o f  0.47yF (ceramic) were placed across the inputs from 

the gauge and dummy leads to eliminate any stray r . f .  pick up that did 

occur. A sim ilar capacitor was placed across the output from the 

am plifier. A ll leads outside the screened box were shielded. The 

bridge with these m odifications was found to  be stable to  ±  0.02 mV

compared with the previous -t 0.1 mV



5.5 Irradiation  o f Specimens

5 .5 .1  Problems Associated with the Measurement o f E lastic Constants 
under Stress

Uniaxial stresses large enough to  produce measurable changes in  

the tra n sit  time o f  ultrasound through single crysta ls  are also lik e ly  

to  cause movement o f d isloca tion s inside the s o lid . The d isloca tion  

m obility changes the observed v e lo c ity  o f  sound in  the cry sta l and 

a ffe c ts  the measured e la stic  constants and their stress d eriva tives.

The mechanism o f  th is process is  described in  the appendix.

The contribution  o f  these d isloca tion s to the e la stic  moduli may 

be linear or non lin ea r . I t  was hoped or ig in a lly  that the linear 

varia tion  o f e la s t ic  constant with stress , the th ird  order constant, 

could be extracted from non linear e ffe c ts  due to  d is loca tion s by 

making polynomial f i t s  to  the data and removing the non linear terms.

This was found to  be unsuccessful, and la ter  i t  was realised  that the 

technique had already been attempted [6 ] with the same re su lt . The 

fa c t  that the d is loca tion  contribution may be linear makes i t  d i f f i c u l t  

to  d istinguish  between la t t ic e  anharmonicity and the d is loca tion  e f f e c t s .

There are two possib le  solutions to the problem. One is  to  use 

small uniaxial stresses which do not give r ise  to  s ig n ifica n t d is loca tion  

m obility , in  conjunction with a method o f measuring very small changes in  

e la s t ic  constant. Another method i s  to  use some way o f  pinning the 

d isloca tion s to  prevent their movement contributing to  the e la st ic  

constant. The f i r s t  method is  not fea s ib le  at present and previous work 

has been concentrated on methods o f pinning.
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5 .5 .2  rinning o f D islocations

The problem o f d is lo ca tion  e ffe c ts  has been discussed by Truell 

et a l [7 ], The most successfu l methods to date have been neutron or 

gamma irrad ia tion  o f  the specimen or the use o f  prestressing techniques. 

Hiki and Granato [8 ] showed that the apparent e la stic  range ( i . e .  when 

stress is  proportional to  strain) can be extended by prestressing . They 

also observed in  the untreated specimens deviations from lin e a r ity  in  the 

graph o f  e la s t ic  constant against stress in  the in it ia l  parts o f  each 

measurement; that is  fo r  low stresses on a decreasing stress run. This 

was sim ilar to  observations made in the present work.

5 .5 .3  C riterion  fo r  Elimination o f D islocation  Contribution

Salama and Alers [9] were able to  show that a c r ite r io n  for

determining whether d isloca tion s e ffe c ts  had been eliminated was when 

uniaxial and hydrostatic pressure derivatives o f  the e la s t ic  moduli 

were compatible. Linearity o f  the graph o f  e la s t ic  modulus against 

stress was shown to  be an in su ffic ie n t  condition  fo r  determining the 

r e l ia b i l i t y  o f  resu lts  because, as mentioned abdVe, the d is loca tion  

contribution  may be linear or non linear.

t

5.5 .4  Pinning by Irrad iation  with Ganinas or Neutrons

Salama and Alers were a lso  able to  show that irrad ia tion  with a 

large flux  o f  gamma or neutrons produced no detectable change in  

attenuation o f  ultrasound with stress and gave a linear varia tion  o f 

e la s t ic  constant with stress which was in  good agreement with hydro­

s ta tic  pressure measurements. I t  was concluded that the d is loca tion  

e ffe c ts  had been adequately suppressed.

Their gamma irrad ia tion  was carried out fo r  28 hours c lose  to  a 

4000 Ci Cobalt-60 gamma source at a temperature o f 150°C. Neutron 

irrad ia tion  was in the core o f  a nuclear reactor producing a flux o f
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13 2 171.4 x 10 neutrons/cm .sec fo r  two hours giving a fluence o f  ^ 10

neutrons/cm^.

Thomas [6 ] a lso  used neutron irrad iation  to suppress d is lo ca tion

e ffe c ts  in sin g le  crysta ls  o f aluminium. He found the same c r ite r io n

fo r  elim ination o f  d is lo ca tion  contributions as reported by Salama and

Alers, although he had tr ied  to  eliminate non linear contributions from

his data without success. The c r ite r io n  was sa t is fie d  a fter  neutron

irrad ia tion . The energy o f  neutrons reported was lOOkeV.

In the present work the sin g le  crysta l specimens o f Erbium were

irradiated by placing them inside the core o f  the U niversities Research

Reactor at R isley Warrington for  24 hours at 120°C giving an integrated 
17flux  o f  about 10 fa st  neutrons per square centimetre.
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CHAPTER 6

The Magnetic Properties o f  Heavy Rare Earths

6.1 Introduction

6 .1 .1  E lectronic Structure o f  the Rare Earths

The rare earth elements Lanthanum to  Lutetium form a c la ss  o f 

m aterials which, although they have very sim ilar chemical properties, 

exh ibit a variety  o f d iffe re n t magnetic structures. The magnetic 

behaviour o f these metals can be explained at lea st qu a lita tive ly  in 

terms o f  two main fa cto rs , the exchange and crysta l f ie ld  in teractions. 

Other contributions to  the magnetic energy do ex ist and o f  these the 

most important is  the magnetoelastic e f fe c t .
2.. In a rare earth cry sta llin e  so lid  the outer 5d and 6s electrons 

migrate throughout and form the conduction electron  band. The 4f shell 

which is  f i l l e d  during the series , is  screened from the outside by the 5s 

and 5p sh e lls , and is  responsible fo r  the magnetic moment o f  the ions.

The e lectron ic  structures o f these elements is  given in  f i g .  6 .1 . It  

can be shown [ l ]  that the 4f e lectron  configuration  acted upon by the 

cry sta l f ie ld  and coupled by the exchange in teractions gives a reasonably 

simple explanation o f the complex magnetic properties observed throughout 

the Lanthanide series .

6 .1 .2  Crystal Structures

The crysta l structures o f  the lig h t  rare earths Lanthanum to 

Europium are mainly double hexagonal c lose  packed (dhcp), while the heavy 

rare earths Gadolinium to  Thulium are hexagonal c lose  packed (hep). A 

table  o f  the crysta l structures is  given in f i g .  6 .2 . The c /a  ra tios  

fo r  these crysta ls  vary from 1.591 in Gadolinium to  1.584 in  Lutetium 

passing through a minimum of 1.571 between Holmium and Thulium. This 

compares with the ideal value o f  1.632.



The Outer Electron Configurations o f the

Rare Earth Atoms La_,-Lu_,  ~~1 11 ------ --- ---------5 / ------- 71

r3+
Ionic

R Radius
oA

La _ 2 .  6 _,1 ,  2 5s ,5p .5d . 6s 5s2 .5p6 1.061

Ce ..2  .  2 .  6 ,  2 4f .5s .5p , 6s 4 f1 .5 s2 .5p6 1.034

Pr ..3  .  2 .  6 . 2 4f ,5s .5p . 6s ..2  .  2 .  6 4f ,5s ,5p 1.013

Nd ..4  .  2 .  6 _ 2 4f ,5s ,5p . 6s ..3  . 2 . 6  4f .5s ,5p 0.995

Pm 4f 3.5s2.5p8.6 s2 4 f4 .5s2 .5p6 0.979

Sm 4f8.5 s2 .5p6.6 s2 4 f5 .5s2.5p6 0.964

Eu ..7  2 -  6 - 2  4f ,5s ,5p . 6s . . 6 . 2 . 6  4f ,5s ,5p 0.950

Gd ..7  2 _ 6  .1 - 2 4f .5s .5p .5d ,6s ..7  . 2  .  6 4f ,5s ,5p 0.938

Tb 4 f9 .5s2.5p6.6 s2 4 f8 .5 s2.5p6 0.923

Dy 4 f10.5 s2 .5p6.6 s2 4 f9 .5s2.5p6 0.908

Ho 4 f11.5s2 .5p6.6 s2 4 f10.5 s2:5p6 0.894

Er ..12 .  2 .  6 . 2 4f .5s .5p . 6s 4 f11.5 s2.5p6 0.881

Tra . .13 . 2 . 6 . 2  4f .5s ,5p , 6s 4 f12.5s2 .5p6 0.869

Yb , .14 _ 2 c 6 - 2 4f ,5s ,5p . 6s 4 f13.5 s2 .5p6 0.858

Lu 4 f14.5s2 .5p6.5d1.6 s2 4 f14.5 s2.5p6 0.848

The inner e lectron  structure remains the same 
throughout the series

, 2 . 2 . 6 , 2 , 6  , , 10 . 2 , 6  .,10Is ,2s ,2p .3s .3p .3d ,4s ,4p .4d

f i g .  6.1



C rysta llograph ic Properties o f  the Rare Earths

Crystal
Structure

Density
g,cm~2

a
R

c
8

★
% Melting

Point
°C

La dhcp 6.166 3.772 12.144 1.610 920

Ce dhcp 6.771 3.673 11.802 1.607 798

Pr dhcp 6.772 3.672 11.833 1.611 931

Nd dhcp 7 . 0 0 3 3.659 11.799 1.612 1018

Pm 7.26 3.65 11.65 1.600

Sm rhom 7.537 3.626 26.18 1.605 1072

Eu bcc 5.253 4.580 822

Gd hep 7.898 3.634 5.781 1.591 1311

Ob hep 8.234 3.604 5.698 1.581 1360

Dy hep 8.540 3.593 5.655 1.574 1409

Ho hep 8.781 3.578 5.626 1.572 1470

Er hep 9.045 3.560 5.595 1.572 1522

Tm hep 9.314 3.537 5.558 1.571 1545

Yb fc c 6.972 5.483 824

Lu hep 9.835 3.505 5.553 1.584 1656 ,

< c /a  ra tios  o f dhex crysta ls are given as c/2a
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Removal o f the 5d and 6s electrons into the conduction band 

leaves a t r ip o s it iv e  ion ic  core located at the la t t ic e  s ite s . The 

rare earths therefore behave as tr ip o s it iv e  ions with highly loca lised  

magnetic moments due to  the t ig h t ly  bound 4f electrons. The to ta l 

moment o f each atom is  given by application  o f Hund's ru les as shown in 

the spectroscopic properties in f i g .  6 .3 . The spin o rb it  coupling is  

strong giving J = L -S  fo r  the lig h t rare earths and J == L + S fo r  the 

heavy rare earths.

6 .1 .3  E ffects o f the Crystal F ield on Magnetic Ordering

In the heavy rare earth crysta ls  the cry sta llin e  f ie ld  has an 

important e ffe c t  upon the detailed structure o f  magnetic ordering, 

however i t  is  s t i l l  o f secondary importance compared with the exchange 

in teraction  in  these m aterials, since i f ' i s  the la tte r  which determines 

whether or not ordering occurs. In the lig h t  rare earths the 4f sh ells  

are much larger and the e ffe c ts  o f  the cry sta l f ie ld  are correspondingly 

greater so that they can a ffe c t  the existence or otherwise o f magnetic 

ordering.

A phenomenological theory o f  magnetic ordering in the rare earths 

has been b u ilt  up in which the contribution  o f the conduction electrons 

to  the to ta l magnetic properties is  ignored. The behaviour only o f  a 

system o f loca lised  4f electrons with associated magnetic moments is  

considered, with various interacting fo rces  between these.

6.2 The Principal Magnetic Interactions

6 .2 .1  Contributions to  the Magnetic Hamiltonian

The existence o f  a particular type o f  magnetic ordering in the rare 

earths is  determined by the minimum magnetic free  energy under the given 

conditions. This magnetic energy may be derived iron the to ta l 

Hamiltonian and has the follow ing main contributing terms

2



Spectroscop ic Properties o f the Rare

Earth Series Larn -L u„, —* 1 " 1 5/""* m " " / 1

L S J \ g /j(J + l)

La 0 0 0 0 0.00

Ce 3 v 2 5/  2 6/7 2.56

Pr 5 1 4 V 5 3.58

Nd 6 3/ 2 9/ 2 V u 3.62

Pm 6 2 4 3/ 5 2 .68

Sta 5 V  2 5/ 2 2/7 0.84

Eu 3 3 0 - 0.00

Gd 0 7/ 2 7/ 2 2 7.94

Tb 3 3 6 v 2 9.70

Dy 5 5/  2 15/2 4/ 3 10.60

Ho 6 2 8 5/  4 10. 6p

Er 6 v 2 15/ 2 V 5 9.60

Ita 5 1 6 7/ 6 7.60

Yb 3 v 2 ? / 2 8/7 4.50

Lu 0 0 0 0 0.00

where g is  the gyromagnetic ra t io  and
y = g / j  (J -l) gives the e ffe c t iv e  B
magnetic moment o f the atom in Bohr 
magnetons

f i g .  6.3
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H -  H + H + H _ + H  + H ___ 6.1mag Iso .ex  an.ex c . f .  m.s. z

where the f i r s t  two terms are the exchange energy Hamiltonian , H is
C • I  •

the crysta l f ie ld  term, g is  due to  m agnetostriction and Hz is  the 

Zeeman energy in an applied magnetic f i e ld .

6 .2 .2  The Exchange Interaction

As explained in  section  3 .2 .3  and in  more d eta il in  Appendix 2 the 

exchange in teraction  arises d ire c t ly  from the Pauli exclusion p r in cip le .

A spin moment s^ located at and a spin moment s^ at £.3 9*ve an 

exchange energy o f

E *» -  J (r , - r _ )  s. , s .  . . . . 6 . 2
6 X  1  " f c  x  ~ 2

In the rare earths the amount o f d ire c t  overlap between 4 f o rb ita ls  on 

neighbouring la t t ic e  s ite s  is  negligible',' so that exchange between these 

electrons is  small. However, the 4f electrons do overlap with s electrons 

in the conduction band and the net resu lt o f th is  is  an in d irect exchange 

mechanism between the 4f o rb ita ls  by means o f the d ire c t  s - f  exchange.

The best known model o f th is  in d irect exchange is  the RKKY model [2 ,3,4] .  

which has the same general form fo r  the exchange energy between 4f o rb ita ls  

as in the d ire c t  exchange.

6.2 .3 The s - f  Exchange

The exchange in tegral between the bound 4f electrons and the free  

s conduction electrons w ill  have the form o f equation A2.10

2
-  I (|,4£(r^).TiS _ ^ t (r ik .)* 4 f (rMar ■

i  «—i  — t

/ /  spins 6 3

where the ij< are the wave functions fo r  s electrons and fo r  the 4f

electrons
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This energy favours para lle l alignment o f the s and 4f electron

moments in the rare earths, so that the conduction electron  moments add

to  the ion ic  4f moments [5 ] ,  In the RKKY theory the exchange in teraction

is  assumed to  be iso trop ic  and hence only a function o f ' |r^—r^|. In

practice  i t  is  necessary to  include a term due to  anisotropic exchange

[6 ,P.19] which is  the term H obtained in  the magnetic Hamiltonian.d n • 6X •

6.2 .4  The Indirect 4f -  4f Exchange

To a f i r s t  approximation the in d irect 4 f -  4f exchange has the same 

form as the d ire c t  exchange which i s

Hex “  I J W jj 'S i -S j  . . . . 6 .4
*13

where R .. = r . -  r . ,  the vector between the ith  and 1th electron .—l j  —a. —j J
The magnetic moment of the atom J is  a constant rather than s_ because 

o f strong sp in -orb it  coupling (s_-L).  The exchange may therefore be 

expressed in  terms o f J by p ro jection  o f  s_ in to  J, which is  (g -1)J^ so that 

equation 6.4 becomes

Hex "  - < 9 - H 2 I . . . . . 6 . 5
*13

f

The exchange energy is  consequently larger in the heavy rare earths 

than in the lig h t  rare earths because J is  generally greater in  the former, 

as can be seen from the table  o f spectroscopic properties in f i g .  6.3.

6.2 .5 The RKKY Model

For the heavy rare earths the mean radius o f  the t ig h t ly  bound 4f 

o rb ita ls  is  only one tenth o f  the interatomic spacing. D irect overlap o f 

the wavefunctions i s  therefore n eg lig ib le . The exchange in teraction  between 

the 4 f electrons which is  responsible fo r  the production o f  ordered magnetic 

states therefore proceeds via  a d ire c t  4f -  s exchange involving p o larisa tion  

o f the conduction s e lectron s.
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In the RKKY theory [2 ,3,4]  the exchange in tegral between the s and 4f 

electrons i s  assumed to  be isotop ic  and consequently depend only on the 

distance between the electrons.

. . . . 6.6Js f (5 i j 1

and further i t  is  taken to be constant, say J

s£.\ . . .  .6.7

So that the exchange in teraction  between a conduction s e lectron  s—g
at r and a bound f  e lectron  s^ at r_ is  

—s  - f  - f

Esf - J  s .  s o —f  —s . . . . 6.8

This w ill  cause p olarisation  o f the conduction electrons, since fo r  

example, i f  Jq is  p os itiv e  then conduction electrons whose moment i s  

p a ra lle l to s^ w il l  prefer to  be c lose  to  the ion since th is gives a 

minimum o f the exchange energy,-while conduction electrons with spins 

an tipara lle l w ill  be distant from the ion .

The exchange energy between the 4f electrons then has the same general 

form as in the d ire c t  exchange and resu lts in  an expression o f the form

J4f4f -  y . ) s . . s .. 4f4f  —i ]  —i  -g
*  # J

. . .  .6 .9

where now the anc* are not necessarily  the same.

The 4 f-6s exchange in tegral fo r  some rare earths has been calculated 

by M ilstein and Robinson [7] ,  In particu lar they were interested in  i t s  

varia tion  with interatomic spacing. Their resu lts  indicated that the 

4 f-6s  exchange in tegral was re la t iv e ly  in sen sitive  to  changes in  interatomic 

spacing a resu lt which might be expected in  keeping with the assumption o f 

equation 6.7 in the RKKY theory.
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6.2.6 The Crystal Field Interaction

The exchange interactions align magnetic moments in certain  

d irection s  re la tiv e  to  each other. This may cause a l l  moments to  be 

p a ra lle l or fo r  nearest neighbours to  be antiparallel as in a simple 

antiferromagnet, or fo r  moments in neighbouring hexagonal planes to  be 

inclined at a fixed  angle to  one another as in h e lica l antiferrpmagnetism. 

The exchange in teraction  can not however explain why the moments may 

favour a particu lar crystallographic d irection  to any other, for example, 

the alignment o f  moments along the c -a x is  in ferromagnetic Gadolinium 

between 240°K and 293°K, or alignment in the base plane b axis in 

ferromagnetic Terbium below 214°K.

In the heavy rare earths the next most important contribution to  the 

magnetic Hamiltonian is  that due to  the e le c tro s ta t ic  crysta l f ie ld  

experienced by the 4f e lectrons. The charges around any ion in a solid  

w ill give r is e  to an e le c t r ic  f ie ld  at the ion , and in the rare earths 

the t ig h tly  bound 4f electrons which are lo ca lised  at the ion ic s ite s  w ill 

experience th is  f ie ld .  The 4 f electron  charge; clouds are highly 

an isotrop ic and w ill therefore experience a torque which tends to  align 

their moments along particu lar crysta l d irection s .

The general form o f  the potentia l energy w ill then be given by [ 6]

V ( r .) /  p(R) .•
a l l  ILl -5.1

crysta l

dR . . . .  6.10

where is  the position  vector o f  a particu lar 4f e lectron  and p (Rj is

the charge density at the general point I*. I f  p (R) l i e s  en tire ly

outside the ion then the potentia l V(r . )  w ill be a solution  o f  Laplace's—i
equation as explained in Appendix 5 are! consequently th is  can be

expressed as a series solution

V (r, 0,<j>) = l  l  A® . i l  . ^<9,*> . . . . 6 . 1 1
£ m
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and when the symmetry o f the hexagonal cry sta l is  taken in to  account th is 

reduces to  the form

V (r^) = A °.r2 .Y°(0,<J>) + A °.r4 .Y°(0,$) + A°:r6Y(0,$)

+ A g.r6 [Yg(0,*) + y“ 6 (0,4>) ] ------6.12

where the Y1” (0 ,<f>) are spherical harmonics. This may be expressed in the 

form given in the Appendix 5 using Legendre polynomials

V(r,0,<f>) = K^PjfcosO) + K^.P°(cos0) + Kg.Pg(cos0) + Kg sin60.cos6<(i

/  . . . .6 .1 3

The expression favoured by the experimentalists may be derived from th is

by grouping together the powers o f  sin0 and th is  gives

V (r, 0 )  = kJ; s ia 20 + K^sin40 + K. sin^0 + sin^ 0cos 662 4 b  bb
. . . .6 .1 4

measurement o f anisotropy using th is equation necessarily includes any 

an isotropic exchange.

6.2 .7  Physical Meaning o f Terms in the Crystal F ield Expansion

The A™ terms in equation 6.12 represent the e le c tr ic  f ie ld

components o f  the appropriate symmetry in the crysta l while the r^ .Y ^ (0, 6)

are the various m ultiples o f the e lectron  d istr ibu tion . A ll matrix

elements with l  > 6 are zero fo r  hexagonal symmetry. The A ^  and A^

c o e ffic ie n ts  represent the axia l anisotropy in  a hexagonal crysta l while 
6the Ag represent the anisotropy in  the base plane. Since the minimum o f

the anisotropy potentia l represents the stable magnetisation d irection ,

negative values o f A,? , A.° and A^ favour c axis alignment, while p os itiv e2 4 b
values favour base plane d irection s .

The m agnetocrystalline anisotropy can be very strong giving energies 

equivalent to  f i e ld  strengths o f  100T and therefore making contributions to  

the magnetic Hamiltonian approaching the magnitude o f the exchange in ter ­

action . In heavy rare earths however the exchange in teraction  i s  s t i l l  the 

dominant e f fe c t .
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6 .2 .8  Magnetic Anisotropy in the Heavy Rare Earths

The re la tiv e  magnitudes o f the anisotropy co e ffic ie n ts  determines 

the fin e  d e ta il o f magnetic ordering in the heavy rare earths. The 

expression fo r  the anisotropy 6.13 and it s  regrouped form 6.14 were used 

by Rhyne and Clark [8] in their determination o f  the anisotropy

co e ffic ie n ts  o f Terbium and Dysprosium. For most o f the heavy rare
0 0 earths the which gives the axia l anisotropy corresponding to the

p oten tia l, is  the dominant term. The base plane is  about 100 times

smaller than K ®  while the other terms and IC? are intermediate in2 4 6
value. These la st  two are important in s ta b ilis in g  the con ica l magnetic 

structures in elements such as Erbium and Holmium.

The m ajority o f the magnetic properties o f the rare earths can be 

explained at least qu a lita tive ly  in terms o f these two major contributions 

to  the magnetic energy given by equations 6.5 and 6.13. The crysta l f ie ld  

gives a particu lar contribution  to the magnetic Hamiltonian o f  the 4f 

electrons due to  the presence o f a Coulomb f ie ld  o f  the neighbouring ion s. 

Therefore the crysta l f ie ld  can not give r is e  to  cooperative magnetic 

e ffe c ts  such as order-disorder tran sition s.

6 .2 .9  M agnetostriction '

The fin a l two terms in the magnetic Hamiltonian are the m agnetostrictive 

and Zeeman energies. The m agnetostrictive energy consists o f two 

components

H * H + H . . . .6 .1 5ms me e

where Hg is  the e la st ic  energy associated with homogeneous strain 

components and Hme is  the magnetoelastic energy which couples the spins to 

the strains [9 ].

Work has been done on the m agnetostrictive e ffe c ts  in the rare earths 

[ 10, 11] and on the magnetoelastic e ffe c ts  [12,13] and their re la tion  to  

the thermal expansion behaviour. According to  Bozorth a close
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relationsh ip  ex ists  between the magnetoelastic e f fe c ts  and the crystal 

anisotropy.

Greenough [13] suggests that the thermal expansion and Neel 

temperature o f  Dysprosium are dependent on the residual internal strain 

in the specimen.

6.3 Magnetic Ordering in the Rare Earths
«

6.3 .1  Phenomenological Theory

The phenomenological theory o f  rare earth magnetic ordering involves

a d istin ction  being made between the loca lised  magnetic 4f electrons and
2the outer 5d and 6s conduction electrons. The magnetic contributions 

of the outer electrons are ignored in favour o f the larger contributions 

due to  the 4 f sh e ll. This works exce llen tly  fo r  the heavy rare earths 

Gadolinium, Terbium, Dysprosium, Holmium and Erbium and gives a reasonably 

good explanation o f the properties o f  the lig h t  rare earths. I t  is  

however completely unsuitable for some o f  the more complex magnetic 

properties o f  Cerium and Ytterbium.

6 .3 .2  E ffects o f the Crystal Field on Ordering

Much o f the early work on the theory o f  rare earth spin structures 

approached the problem by considering the interactions of the 4f electrons 

with the crysta l f ie ld .  The crysta l f ie ld  fo r  the hexagonal la t t ic e  was 

determined in i t s  operator form by E ll io t t  and Stevens [14] as

V (r^) R2<r2>aj°2 A4<r4> S°4 *6<r6>YJ°6 + R6<r6>YJ°6

. . . .6 .1 6

where the various terms can be seen to correspond to  those o f  equation 6. 12. 

Calculations show that the e ffe c ts  o f the crysta l f ie ld  are dominantly 

through the potentia l. The sign o f the Stevens factor g ives the 

re la tion  o f the quadrupole o f  the 4f e lectrons to  the J d irection . The 

values o f  the crysta l f ie ld  potentia ls are s -3<X) cm \  A^ « -60 cm
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Â ? = 15 cm  ̂ and A^^= -90 cm  ̂ according to Taylor and Darby [5 ],

In Terbium, Dysprosium and Holmium the calculated are negative 

and the prediction  o f crysta l f ie ld  theory consequently tends to  a lign  the 

magnetic moments perpendicular to  the c ax is, which is  in agreement with 

the known magnetic structures o f these elements. In Erbium a isu
p os itiv e  hence predicting alignment p a ra lle l to the c ax is . The a n tiferro ­

magnetic state o f Erbium has magnetic moments aligned both p a ra lle l and
0an tipara lle l to the c ax is, in keeping with the A2 p oten tia l. However, 

in  the ferromagnetic phase and a lso  in  the antiferromagnetic regime between 

53° and 20°K i t  has a component in  the base plane which orders h e lica lly  

and corresponds to the e ffe c t  o f  the A 0̂ p oten tia l. The e ffe c ts  o f  the 

various terms were given by Taylor and Darby and are reproduced in  f i g .  6 .4 .

6 .3'. 3 E ffect o f the Exchange Interaction

Although the crysta l f ie ld  ca lcu lations were- able to  show whether

the magnetic moments would l i e  along the c axis or in  the base plane, and
6further, through the Ar  term which o f the base plane axes was preferred,o

they were unable to  explain why the magnetic moments in  successive planes 

should l i e  p a ra lle l or at a fixed  angle, the turn angle, to  one another.

That is ,  they were unable to  explain cooperative phenomena, at lea st  in 

the heavy rare earths.

The orig in a l attempt at using the exchange in teraction  to explain the 

magnetic structure o f Dysprosium was by Enz [15], Dysprosium has a 

h e lica l antiferromagnetic structure with the magnetic moments confined to  

the basal plane between temperatures o f 178°K and 85°K. Below 85°K i t  is  

ferromagnetic with moments aligned along an a ax is .

In the h e lica l antiferromagnetic phase each hexagonal layer or base

plane is  assumed to  be ordered ferrom agnetically with the orientation  

varying from plane to  plane. I f  the exchange in teraction  between the n th



The E ffect o f Various Crystal Field Terms on the easy
d irection  o f magnetisation. D irections are w .r .t .
the c axis except w .r .t .  a axis in base plane. 
Relative magnitudes o f the d iffe ren t terms are also 
given.
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a j*2 1 1 I I

N *« I I z I I

y £ I I z . z

yA 30°
to a axis

0°
a axis

0°
a axis

2a J2 Ü 0.73 0.71 0.29

h j  j4 1.27 4.48 3.36
/

16YjJ6 0.84 2.9 5.9

f i g .  6.4
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and (n+l)th planes is  denoted by ard between the n th  and (n+2)th  by 

J j e t c . ,  and i f  the angle o f the arbitrary orig in  is  0̂ , then the to ta l 

exchange energy o f the crysta l is  obtained by summing equation 6.9 over 

the whole crysta l.

E = -  J J J .cos (0 -0  ) . s 2 . . . . 6 . 1 7ex *• ** m m+n nm n
where the magnitude o f s is  independent o f m and n, and only i t s  d irection

is  dependent on m. I f  the interlayer turn angle is  then

6 0 = m (d . . . .  6.18n+m n

and further, assuming that the energy o f each plane is  the same, then the 

to ta l energy w ill be simply N times the energy o f  one plane, where N is  

the number o f planes.
E = -N. s2 Y Jl . cos (mm)ex . mm

• • • • 6.19

where the summation is  now over the number o f planes whose interactions

are being considered. Considering that in teractions from three or more

planes away w ill be n eg lig ib le  th is  leaves
2E * -N .s (J + 2J,cosy + 2J-Cos2m) . . . ,6 .2 0'ex o 1 2

Ignoring other contributions, the equilibrium condition  w ill g ive a

minimum value o f  the exchange energy E

^Eex = N.s2 (2J,sinm + 4J sin2m) , . . .6 .2 1
1 2

which w ill be zero when,

O = 2J^sinm + 4J2Sin2w 

The solu tion  o f equation 6.22 is  when

. 6.22

C O S  0)
- f l

4J'
The h e lica l spin antiferrcmagnetic structure is  

those conditions under which Jj/| $ 4. When J^

the ferromagnetic structure is  formed.

.... 6.23

therefore stable for  

becomes smaller than J^/4
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6 .3 .4  H elical Antiferromagnetism

In the antiferrcmagnetic phases o f the heavy rare earths the most 

commonly occurring order is  the h e lica l spin system governed by the 

conditions described above fo r  Dysprosium. The h e lica l base plane 

component may a lso  be accompanied by a c axis component which may be 

constant as in Erbium below 20°K, vary sinusoidally as in Erbium between 

53°K and 85°K or vary as a square wave as in the antiphase domain structure 

in Erbium between 20°K and 53°K. The turn angle oj in the base plane is  

a lso temperature dependent, decreasing as the temperature decreases.

Application o f a magnetic f ie ld  in the base plane o f th is  type o f 

structure gives a continuous d isto rtio n  o f  the helix u n til the f ie ld  

strength is  su ffic ie n t  to  cause rotation  o f  the spins with components in 

the reverse d irection  o f  the f ie ld ,  into the f ie ld  d irection . This 

resu lts  in it ia l ly  in a fan-type structure, and as the f ie ld  is  increased 

the fan angle becomes smaller, eventually closing  completely to  give 

a ferromagnetic alignment. Recently, however, Crangle [16] has expressed 

some doubt concerning the existence o f the fan state follow ing resu lts  

which show in one case only an increasingly deformed helix as the f ie ld  

strength is  ra ised . /
Landry [17] has given an explanation o f  the varia tion  in helimagnetic 

turn angle as a function o f interlayer spacing, suggesting that the resu lts  

are due to  the varia tion  o f  exchange in teraction  with interatomic spacing. 

This would appear to  be contrary to  the view held by Robinson and M ilstein 

[7] fo r  the RKKY in teraction .

6 .3 .5  Ferromagnetic Ordering

The existence o f long range period ic spin structures depends on the 

long range exchange in teraction . The exact d e ta ils  o f the structure, fo r  

example which crystallograph ic d ire ct ion  the moments point along, is  

determined by the cry sta l f ie ld  anisotropy. As the temperature is  reduced
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the energies due to  the crysta l f ie ld  increase. At low temperatures the 

crysta l anisotropy in the rare earths corresponds ty p ica lly  to a magnetic 

f ie ld  o f about 10T according to Mackintosh [18]. This resu lts  in a 

reduction o f the turn angle in  helimagnetic ordering. This e ffe c t  is  

therefore largely  responsible fo r  the eventual transition  from an tiferro ­

magnetic to  ferromagnetic ordering at the lower tran sition  temperature.

6 .3 .6  Description o f Magnetic Order

The magnetic structures o f  the heavy rare earths are notable fo r  

their long range p er iod ic ity  along the c ax is, which is  due mainly to  the 

form o f the in d irect exchange. The form o f ordering may therefore be 

expressed in  terms o f two basic structures [18] the helix and the 

longitudinal wave. In the helix  the components o f magnetic moments in 

the basal plane, corresponding to  the xy plane o f coordinates, may be 

expressed as

^ i m.J, cos Q.R. X — —i . . . .6 .2 4

£

II m.J. sin  Q.R. . . .  .6.25

in the case o f a longitudinal wave the c axis component varies as

m J ,̂ cos Q.R^ . . . .6 .2 6 ,

where in  both cases R  ̂ is  the p os ition  vector o f the i  th plane measured 

frcm some arbitrary o r ig in  plane and Q is  the Wave vector o f  the magnetic 

order which a lso  l ie s  along the z ax is. From th is  values o f Q may be 

p lotted  against temperature fo r  the d iffe re n t  rare earth elements.

Results from some neutron d iffr a c t io n  measurements o f  Koehler et a l [19] 

and D ietrich  and Als-N ielson [20] are given in f ig .  6 .7 . The wave 

vector has been converted into an angle which in the case o f Dysprosium 

and Terbium represents the interplanar turn angle m. For Erbium above 

53°K in which only a longitudinal wave along the c axis ex ists  the angle 

represents the phase angle between moments in  successive base planes since 

in th is  case the term 'turn angle1 would be meaningless.
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6 .3 .7  Present State o f the Theory

The present state o f the phenomenological theory is  one in which i t

has reached a level capable o f explaining broadly most o f the existing

resu lts . The magnetic properties can be explained in terms o f  the two

main in teractions, the exchange and crysta l f ie ld ,  together with the
»

m agnetostrictive coupling. The combination o f these three factors  and 

their variation , both from element to  element in the Lanthanide series, 

and in  a single element as a function  o f  temperature as fo r  example in the 

case o f Terbium [18] lead to  a wide variety  o f  magnetic structures.

Some progress has been made in calcu lating the exchange integrals 

from f i r s t  prin cip les although th is  has not included an isotropic exchange. 

Calculations o f  the crysta l f ie ld  e ffe c ts  are also lacking. On the whole 

therefore the analytica l theory o f rare earth magnetism is  at a very 

prim itive stage o f development.

6.4 Magnetic Structures o f the Heavy Rare Earths

6 .4 .1  Determination o f Structure

In order to  determine the exact magnetic structures o f the rare 

earths most o f the information has been obtained by neutron d iffra c t io n  

and magnetisation measurements on single crysta l specimens. Ffcan the 

analysis o f data obtained using these two techniques the magnetic con fig ­

urations shown in  f ig .  6.5 have been deduced. Early work on neutron 

d iffr a c t io n  by the heavy rare earths was carried out at Oak Ridge, Tennessee 

and magnetisation measurements at the Ames Laboratory at Iowa State 

University.

6 .4 .2  Variation o f Magnetic Structure with Temperature

The magnetic moment structures o f the heavy rare earths Gadolinium, 

Terbium, Dysprosium and Erbium are given in f i g .  6 .5 . As the 

temperatures o f the rare earth paramagnets are reduced a c r i t i c a l
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temperature is  reached at which the elements adopt one form or another 

o f ordered magnetic structure. These temperatures at which order- 

disorder transitions occur are marked by d iscon tin u ities  or anomalies 

in the e le c tr ic a l , thermal,magnetic and mechanical properties.

A ll except Gadolinium exhibit an antiferromagnetic state at some
%

point in  the temperature range. The antiferromagnetic states o f 

Dysprosium and Terbium are both h e lica l antiferromagnetic with the 

moments confined to  the base plane. Erbium however has an a n tiferro ­

magnetic phase in  the range 53°K -  85°K in  which the moments are confined 

to  the c axis but vary sinusoidally  in both magnitude and d ire ction .

Another antiferromagnetic phase o f Erbium a lso  occurs with ordering in 

the base plane.

A ll except Gadolinium have a lower tran sition  temperature from the 

antiferromagnetic to  ferromagnetic sta te . Gadolinium i t s e l f  a lso  has a 

lower tran sition  at which a component o f  magnetic moment appears in the 

base plane inclin ing the net moment to  the c axis so that i t  l ie s  on the 

surface o f a cone. The magnetic structure however continues to  be simple 

ferromagnet. Terbium and Dysprosium form base plane ferromagnets, while

the ferromagnetic tran sition  in Erbium occurs when the component o f moment
f

p a ra lle l to the c axis orders ferrom agnetically while the base plane is  

s t i l l  h e lica l, giving i t  a con ica l structure.

6.4 .3  Gadolinium

Results o f previous work on Gadolinium indicate that i t  is  a 

ferromagnet below i t s  Curie point o f 293°K down to  4.2°K [21,22], although 

there had been scxne speculation, notably by Belov [23] concerning the 

existence o f an antiferromagnetic h e lica l structure between 240°K and 293°K. 

I t  is  now well established that in th is  temperature range the moments l i e  

p a ra lle l to  the c ax is, and that below 240°K they deviate from th is  axis 

by the introduction o f a component in  the base plane. The maximum
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deviation  from the c axis occurs at 180°K when the moments l i e  on a cone 

o f sem i-vertica l angle 65°. This angle then reduces to  a value o f  about 

32° at 60°K and then remains fa ir ly  constant down to 4.2°K. The variation  

o f th is  cone angle as a function o f  temperature is  shown in  f i g .  6. 6, the 

resu lts  being taken from the neutron d iffra c t io n  work o f Cable and Wollan 

[21] and from the determination o f the magnetic easy axis by the magnetisation 

measurements o f Corner, Roe and Taylor [24] and la ter  Corner and Tanner [25]. 

An antiferromagnetic structure in Gadolinium in the temperature range 

240°K -  293°K has been reported under high hydrostatic pressure o f  30 k bar 

by McWhan and Stevens [26],

6 .4 .4  Terbium

The Ndel and Curie temperatures o f th is  element seem to  vary rather 

widely from sample to  sample. Terbium undergoes a tran sition  from the 

paramagnetic to  a base plane h e lica l antiferromagnetic structure at a N^el 

point o f 230°K, although some resu lts  seem to  indicate that th is  is  c loser  

to  225°K. The antiferromagnetic phase ex ists  only over a narrow temperature 

range o f about 10°K, and reported Curie points vary from 214°K -  220°K. 

Throughout the ordered state the moments are confined to  the base plane by 

large anisotropy f ie ld s .  Magnetisation measurements at high f ie ld s  show 

that the su scep tib ility  along the c axis is  fa ir ly  constant with applied 

f ie ld ,  and that the moments are l i f t e d  less than 9° out o f the base plane by 

f ie ld s  o f  up to  7 Tesla at 4.2°K.

Magnetisation measurements by Hegland et a l [27] indicate that the b 

axis is  the easy magnetic d ire ction  throughout the antiferromagnetic phase.

At about 5°K below the Neel point the tran sition  from a n tife rro - to  

ferromagnetic structure begins according to  neutron d iffra c t io n  measurements.

The turn angle in Terbium varies from about 20.5° at TN through a 

minimum o f about 17° and then r ise s  to.about 18,5° at T^. Results due to 

the early neutron d iffr a c t io n  work o f Koehler et a l [28] and la ter D ietrich
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ard Als-Wielson [20] are shown in f i g .  6 .7 . The la test  neutron 

d iffra c t io n  resu lts  o f  Crangle [29] using a recent high purity Terbium 

specimen do not show the existence o f  a minimum in the varia tion  o f turn 

angle with temperature, but rather give an almost linear varia tion  over 

the range.

The h e lica l antiferromagnetic structure can be completely destroyed 

in  Terbium by the application  o f f ie ld s  as small as 0 .1  -0 .2  Tesla along 

the easy b ax is, which again indicates a rather d e lica te  balance between 

the anisotropy and exchange forces  in  th is  phase o f  Terbium as mentioned 

by Macintosh [18],

At the Curie point the magnetic moments l i e  along the base plane b 

axis and th is  ferromagnetic structure is  stable down to  4.2°K.

6 .4 .5  Dysprosium

Below i t s  Néel temperature o f  180°K Dysprosium has a h e lica l magnetic 

structure sim ilar to  Terbium, in which the magnetic moments are again 

confined to  the base plane by large axial anisotropy fo r ce s . This 

antiferromagnetic phase ex ists  over a much wider temperature range than 

in Terbium, the helix  existing down to 90°K when the tran sition  to  the 

ferromagnetic phase begins, terminating at a Curie temperature o f between 

85°K and 88°K, depending on d iffe re n t purity o f  the specimens and 

d iffe re n t  methods o f  determination, when the moments a lign  along the base 

plane a ax is.

The interplanar turn angle varies from 43° at the N<Sel temperature 

to  26° at 90°K as shown in  f i g .  6 .7 . The c r i t i c a l  magnetic f ie ld  applied 

in the base plane that is  necessary to  convert the a n tife rro - to  the fe r r o ­

magnetic alignment varies lin early  from zero at Tc up to 1.1 Tesla at 160°K. 

Above 135°K the co llapse  o f the antiferromagnetic order is  not immediate 

when the c r i t i c a l  f ie ld  is  reached but rather passes through a series o f  

fan sta tes . The easy axis in th is  case is  the base plane a ax is, although
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some work on the changes in the easy axis during magnetisation have been 

indicated by Bly, Corner and Taylor [30] and la ter  again by Corner and 

Welford [31]. In the ferromagnetic state the moments l i e  along the a axis.

6 .4 .6  Erbium

Erbium undergoes an order-disorder transition  to  an antiferronagnetic 

sta te  at a Neel temperature o f  85°K. The 4f quadrupole moment is  rotated 

through 90° compared with Terbium and Dysprosium causing the zero f ie ld  

moments to  l i e  along the c axis.between 53°K and 85°K. Over th is 

temperature range the c axis components vary sinusoida lly , while no order 

has been detected in the base plane.

At 53°K another tran sition  occurs in which the base plane components 

order h e lic a lly  while the c axis components, modified by the anisotropy 

a lter  from sinusoidal to an antiphase domain type structure o f  four moments 

in  one d ire ction  followed by four moments in the other. Some Authors 

consider that a higher harmonic appears in the sinusoidal varia tion  causing 

the varia tion  to became more lik e  a square wave as fo r  example in a Fourier 

ser ies .

The Curie point o f  Erbium occurs at about 20°K at which point the c 

axis moments order ferrom agnetically to  give a cone o f  semi v e r t ica l angle 

30°. This equilibrium represents once again the resu lt o f competing 

anisotropy and exchange fo rces  on the lowest energy state.

The varia tion  o f , the wave vector o f  Erbium is  given in  f ig .  6 .7 . In 

the temperature range 53°K -  85°K th is  respresents the phase angle between 

successive c axis moments, and appears to  be constant at 51.5°. Between 

53°K and 20°K th is  represents the interplanar turn angle which decreases 

from 51.5° at 53°K down to  43.5° at' the Curie point o f  20°K when the 

ordering along the c axis becomes ferromagnetic and the turn angle 

s ta b ilis e s  at 43 .5°. The net e ffe c t  is  therefore a con ica l ferromagnetic

structure.
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Application o f a c axis f ie ld  to  Erbium closes  the cone angle in the 

ferromagnetic state. In the region between 20°K and 53°K th is  is  

preceded by a f i r s t  order tran sition  from the anti aligned cone structure 

to  the pure con ica l sta te . This means that the structure is  ordered 

ferroraagnetically and that the Curie point has been e ffe c t iv e ly  raised. 

A pplication o f a base plane magnetic f ie ld  resu lts  in  a phenomenon 

requiring a more complicated explanation. The cone appears to  collapse 

to  a fan state lying at an angle to  the c ax is . This appears as an 

abrupt change in  the base plane component of the magnetic moment at an 

internal f ie ld  strength o f  1.7T according to  Rhyne et a l [32]. The a 

and b axis moments remain iso trop ic  up to  an internal f ie ld  o f  4.5 Tesla 

which marks the collapse o f the fan sta te . At higher f ie ld s  the a and b 

axis components become anisotropic with fin a l base plane ferromagnetism 

not being achieved below 20 Tesla fo r  the b axis d ire ction .

6.5 Bulk Magnetic Properties

These are the macroscopic or average responses o f  the materials to 

the sum o f a l l  the m icrosccpic in teractions discussed above. The 

hexagonal crysta l structure o f the heavy rare earths leads to  large 

an isotropies in the cry sta l f ie ld  and in  most o f  the magnetic arid e la st ic  

properties.

6 .5 .1  Magnetisation Measurements

The magnetisation measurements on the heavy rare earths Gadolinium, 

Terbium, Dysprosium and Erbium have been described in d e ta il in section  6.4 

on the determination o f magnetic structure. The or ig in a l single crysta l 

magnetisation data on these heavy rare earths was due tc  Legvold, Speddirg 

and co-workers at the Iowa State University. The e a r lie s t  reported 

measurements for  Gadolinium were by Nigh, Legvold and Spedding [33], fo r  

Terbium by Hegland, Legvold and Spedding [34], fo r  Dysprosium by Behrendt, 

Legvold and Spedding [35] and fo r  Erbium by Green, Legvold and Spedding [36]
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Other important magnetisation measurements not mentioned in section  6.4 

include work on Terbium by Rhyne et a l [ 8] and on Erbium by Rhyne et a l [32] 

again and by Flippen [37],

6 .5 .2  Determination o f C r itica l F ields

The c r i t i c a l  magnetic f ie ld s  necessary to cause changes in the magnetic 

ordering from a n tife rro - to  ferromagnetic when applied along the magnetic 

easy axis have been reported by Coqblin [38] fo r  a l l  the heavy rare earths 

with the exception o f Gadolinium. The resu lts  were obtained from 

magnetisation measurements on single crysta l specimens by Feron [39] using 

applied f ie ld s  o f up to  4T. In most cases internal f ie ld s  o f no greater 

than 2.5T were su ffic ie n t  to  produce reorientation  o f  magnetic moments.

The Curie points o f  those heavy rare earths which have an 

antiferrcmagnetic phase represent the tran sition  from antiferromagnetic 

to  ferromagnetic alignment. In a l l  cases th is  tran sition  temperature has 

been found to  be f ie ld  dependent and approaches the Neel temperature as the 

f i e ld  is  increased. The c r i t i c a l  f ie ld  is  a lso  strongly temperature 

dependent. *

6 .5 .3  Magnetocrystalline Anisotropy Measurements
t

As indicated above the early magnetisation measurements on heavy rare 

earths showed evidence o f  large cry sta llin e  anisotropy. The anisotropy 

constants as given in  equation 6.14 may be determined by magnetisation or 

torque magnetometer measurements.

The variations o f the anisotropy constants o f Gadolinium have been 

measured by Corner et al [24] and were found to  be much larger than for 

other typ ica l hexagonal magnetic m aterials, fo r  example Cobalt. The 

prin cipa l term, K^', was found to  change sign ju st  below 240°K, 

corresponding to the movement o f moments away from the c axis at the spin

reorien tation  transition
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The anisotropy constants o f  Terbium and Dysprosium were measured 

as a function o f temperature by Rhyne and Clark [8 ] and a lso  by Bly,

Corner and Taylor [40 ,41 ], No re lia b le  measurement o f the anisotropy 

constants o f Erbium appears to  have been made because the exchange energy 

i s  f ie ld  dependent and i t  has so far eluded analysis.

The easy magnetic d irection s in the rare earths are given in f i g .  6 .9 . 

In the cases o f Terbium and Dysprosium the easy axis l ie s  in the base plane, 

while fo r  Erbium i t  i s  along the c ax is . This is  in agreement with the 

contributions o f the anisotropy constants as discussed in  section  6 .3 .2  

and as shown in f i g .  6 .4 . In the case o f Gadolinium the easy d irection  is  

variable  below the spin reorientation  tran sition .

6 .5 .4  M agnetostriction Measurements

’ Values o f  a l l  the single  crysta l m agnetostriction c o e ff ic ie n ts  o f  the 

heavy rare earths are now available [ l ] .  M agnetostrictive strains which 

are c lo s e ly  related to  the crysta l anisotropy through the e la s t ic  energy 

have been found to  be unusually large in  the rare earths.

6 .5 .5  Anomalous Thermal Expansion Measurements

The observed thermal expansion o f rare earths has a very anomalous
/

temperature dependence located c lose  to  magnetic tran sition  temperatures.

In those rare earths with h e lica l spin structures, such as Dysprosium and 

Terbium, a large c axis expansion anomaly o f exchange or ig in  is  observed.

L attice  d istortion s  in the rare earths are s u ff ic ie n t ly  large to  be 

determined accurately by X-Ray d iffra c t io n  techniques. Darnell [42,43] 

has studied the temperature dependence o f the a, b and c axes o f  Gadolinium, 

Terbium, Dysprosium and Erbium. The resu lts  are in  good agreement with the 

bulk thermal expansion data obtained using strain gauges in the paramagnetic 

and antiferromagnetic regions. Below T the average strain  observed by a 

stra in  gauge is  not unique because i t  depends on the demain structure that 

the crysta l forms. The strain  gauge data are therefore not re lia b le

below T .
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6 .5 .6  S pecific  Heat Measurements

S pecific  heat measurements have been made on a l l  the rare earths 

below 300° k, the early work being carried out between 1951 and 1960 by 

the group at Iowa State University [44,45 ,46 ,47]. The resu lts show 

lambda type anomalies in sp e c ific  heat at the ordering temperatures. In 

the h e lica l antiferromagnetic to  ferromagnetic transition  in  Dysprosium a 

sharp f i r s t  order anomaly is  observed.

6.6 E ffects o f  Pressure on Magnetic Properties

6 .6 .1  Variation o f Magnetic Ordering Temperatures

The varia tion  o f the Curie temperature o f  Gadolinium and the N^el 

temperatures o f  Terbium, Dysprosium, Holmiura and Erbium have been found 

as a function o f  pressure-by several groups o f  workers. Robinson and 

M ilstein [48] monitored the change in  su sce p tib ility  using Gadolinium as 

the core o f  a transformer up to  pressures o f  40 k bar. Bloch and 

Pauthenet [49] measured the weak f ie ld  perm eability using th eir  specimens 

at the centre o f two c o i ls  to  obtain a mutual inductance. McWhan and 

Stevens [26] used both X-Ray d iffra c t io n  and A.C. su sce p tib ility  measure­

ments sim ilar to Robinson and M ilstein . F inally Bartholin and Bloch [50] 

used magnetisation measurements under pressures o f  up to  6 k bar."

The tran sition  temperatures were found to  decrease with increased 

pressures in a l l  cases by ty p ica lly  1°K per k bar. The exact d e ta ils  are 

given in  f i g .  6 .10. Both T  ̂ and Tc were found to  decrease in  a linear 

fashion with pressure. The explanation o ffered  fo r  th is  is  that the 

exchange energy and cry sta l f ie ld  in teractions decrease with pressure, and 

in  particu lar are strongly dependent on the c axis parameter.

One exception tc th is  ru le has been found [48] in which the transition  

temperature o f a Gadolinium-Dysprosium a lloy  increased with temperature, 

but fo r  the pure metals a l l  tran sition  temperatures decrease.
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6•6•2 Variation of Exchange Interaction with Atomic Separation

The Curie point in Gadolinium or the Neel point in the other heavy 

rare earths gives some indication  o f the magnitude o f  the exchange in ter ­

action  energy since i t  is  approximately the point at which the exchange 

energy and thermal random energy are equal. An investigation  in to the 

varia tion  o f the order-disorder tran sition  temperature with pressure w ill 

a lso  y ie ld  information on the variation  o f exchange in teraction .

Results by Robinson [48] fo r  pressures up to  20k bar indicated the 

decrease o f T fo r  Gadolinium with pressure, and hence that the free  

energy o f the ferromagnetic state must increase with pressure and hence 

decrease with interatomic spacing. This would resu lt in  the paramagnetic 

phase being energetica lly  favoured at a lower temperature.

Results due to  McWhan and Stevens showed that the exchange
2

in teractions, in the form o f T / [ (g—1) J (J+1)], increased smoothly on 

passing through the series from Gadolinium to  Holmium, that i s  with 

increasing R/ r where R is  the interatomic spacing and r is  the average 

radius o f  the 4f o rb ita l .

6 .6 .3  Crystallographic Phase Changes with Pressure

Work by McWhan and Stevens up to  pressures o f  85 k bar showed that 

high pressure phase changes occurred approximately at Gd 25 k bar, Tb 27 k bar, 

Dy 52 k bar and Ho 30-40 k bar.

These higher pressure phases had lower c r i t i c a l  temperatures than 

the low pressure phases which is  in keeping with the idea that ordered 

magnetic states have a free  energy which increases with pressure. There 

a lso  appeared to  be the same sequence o f  crystallograph ic structure 

occurring fo r  a l l  the heavy rare earths, these being hep Sm type-* dhep -»• 

fee  as the pressure increased.
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6 .6 .4  Other Properties

Bloch and Pauthenet measured the spontaneous and saturation 

magnetisations o f the heavy rare earths Gd, Tb, Dy, Ho. Measurement o f 

saturation moments fo r  Gd and Dy at 77°K were consistent with the 

variation  o f conduction electron  polarisation , however the Terbium resu lts 

were completely d iffe ren t and indicated that the application  o f high 

pressures induces electrons to  transfer from the 4f sh ell to the conduction 

band. Spontaneous magnetisation o f specimens was found to decrease by 

ty p ica lly  0 .1% per k bar fo r  the heavy rare earths.

Neutron d iffra c t io n  work on Terbium and Kolmium [51] showed that the 

turn angle in the h e lica l antiferromagnetic state varies with pressures up 

to  5 k bar. This has a lso  been predicted th e o re tica lly . Results fo r  Dy 

[50] indicated the same.
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CHAPTER 7

E lastic Properties o f the Heavy Rare Earths

7.1 Variation o f  E lastic Properties with Temperature

7 .1 .1  E lastic Constants o f  P olycrystalline Rare Earths

The low temperature e la stic  properties o f p olycrysta llin e  specimens 

o f  the heavy rare earths were measured by Rosen [1] in 1968, over the range

4.2 -300°K. The re su lts , giving the varia tion  in longitudinal and trans­

verse sound v e lo c ity  in Gadolinium, Terbium, Dysprosium, Holmium and 

Erbium, showed anomalies corresponding to the loca tion  o f magnetic phase 

transitions in  the m aterials.

This work was followed by the complete set o f adiabatic second order

e la st ic  constants o f  Dysprosium by Klimker and Rosen [2] in 1970. In

th is  later paper the compressional constants C ^  and Ĉ  ̂ and the cross

coupling c o e ff ic ie n ts  C ^» were found to  give sharp minima in the

v ic in ity  o f the Neel temperature TN and the Curie temperature Tc . In

contrast the shear moduli C^  and C ^ , although giving anomalies at Tc>

were found to  be l i t t l e  a ffected  at T .N /

7 .1 .2  E lastic Constants o f  Single Crystal Specimens

Early measurements o f the adiabatic second order e la s t ic  constants 

(SOEC) o f single crysta l Dysprosium over the temperature range 298 -  900°K, 

and single crysta l Erbium over 60° -  300°K were made in 1967 by Fisher and 

Dever [3 ]. Their primary ob jectiv e  was however to  show a correla tion  

between the shear anisotropy ra tio  C^/C^g and the existence o f a 

m artensitic hep bcc crystallographic phase transformation. This is  

incidental to  the present work although their measurements appear to  be 

the f i r s t  complete set o f  single cry sta l SOEC o f any o f  the heavy rare

earths.
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Moran and Luthi [4] investigated the changes in longitudinal 

acoustic v e lo c ity  along the c axis (C ^) f ° r single crysta l Gadolinium, 

Terbium, Dysprosium and Holmium at temperatures down to  77°K again 

showing anomalies in e la st ic  constant c lose  to  the magnetic transitions.

The existence o f  a c r i t i c a l  external applied magnetic f ie ld  o f  1.2T 

along the a axis o f Dysprosium at 167°K was shown from the e la stic  

constant and similar behaviour in  Gadolinium and Terbium was indicated.

The SOEC o f  single crysta l Terbium were reported by Salama et al [5] 

over the range 77 -  300°K, the behaviour o f showing an unusual 

maximum at T = 221°K. The authors concluded that the separation o f the
v

Curie and Neel points o f  only 8°K may cause some overlap o f the magneto­

e la s t ic  e ffe c ts  o f  the paramagnetic to  antiferromagnetic and a . f .  to  f .  

transitions. The behaviour o f the e la s t ic  constants in  the region o f the 

phase transitions in  Terbium was also investigated by Jensen [6],

7 .1 .3  Systematic Investigation o f the SOEC o f Single Crystal Heavy Rare 
Earths

The varia tion  o f the f iv e  SOEC o f single cry sta l Dysprosium and 

Holmium with temperature over the range 4.2 -360°K was reported by Palmer 

and Lee [7] and o f Gadolinium, Terbium and Erbium by Palmer et a l [8 ] over 

the same range. Measurements were made in f ie ld s  o f zero and 2.5T applied 

along the easy axis where possib le . The moduli showed marked anomalies 

again in accordance with Klimker and Rosen [2 ].

D ifferences in the moduli in zero and 2.5T f ie ld s  o f Dysprosium, 

Holmium and Terbium were considered to  be due to  domain wall rota tion  

e ffe c ts  since the f ie ld  caused, as far as possib le , magnetic saturation 

and converted the crysta ls  into single domain ferromagnets. This change 

in  the e la stic  moduli, termed the Ac e ffe c t , was considered to  be analogous 

to the AE e ffe c t  in p o lycrysta llin e  magnetic m aterials. The theory behind 

th is  AE e ffe c t  has been discussed by Bozorth [9 ] ,  B rie fly , i f  a
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p olycrysta llin e  magnetic material is  subjected to stress the observed 

strain w ill have two component contributions. One is  the normal 

e la stic  strain o f  the material while the other is  due to  the reorientation  

o f  domains caused by the applied stress . The value o f  the Young's 

Modulus, defined as the ra t io  o f  stress to  strain , w ill therefore appear 

to  be le ss  than would be expected in a non-magnetic s o lid . The AE 

e ffe c t  is  thus always p o s it iv e . However, in  the heavy rare earths the 

large m agnetostrictive strains can allow the 'Ac' e f fe c t  to  be either 

positive  or negative as explained by Palmer and Lee [7 ], The AE e ffe c t  

was found to  be greater in annealed crysta ls  by Koster [ 10] who therefore 

considered that the e ffe c t  decreased with internal stra in .

For Erbium and Gadolinium i t  was considered by Palmer et al [ 8] that 

the f ie ld  strength o f 2.5T would not be s u ff ic ie n t  to  convert the crysta l 

in to  a single  domain ferromagnet, and hence that the observed d ifferen ce  

between the e la st ic  constants in zero and 2.5T applied f ie ld s  would not 

be the to ta l 'Ac' e f fe c t .  The magnetic f ie ld s  were applied along the 

magnetic easy axes as given in  f ig .  6.10 whenever th is  was orthogonal to 

the d irection  o f propagation o f the acoustic waves. In the case o f 

Gadolinium the f ie ld  was aligned p ara lle l to  the c axis where possib le , 

although the easy axis in  th is case varies over the temperature range 

4 .2 °K - 240°K as indicated by Corner et a l [ i l l .

Magnetic remanance was observed in the e la stic  constants o f Holmium 

at 4 .2° k. That is  a fter  application  and removal o f a magnetic f ie ld  o f 

2.5T along the easy ax is , the e la s t ic  moduli did not recover their 

or ig in a l zero f ie ld  values. I t  was found necessary to heat the 

specimen above i t s  Curie point and recoo l before the orig in a l value was 

regained.

In the case o f Erbium the e la st ic  moduli were found to  be 

s ig n ifica n tly  lower than the resu lts reported by Fisher and Dever [3] by
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a fa ctor  o f  up to  4% for  at 300°K, which could not be attributea to  

experimental error. Results o f  the single crysta l e la s t ic  moduli o f 

the heavy rare earths Gd, Dy, Er and Tb o f various workers are summarised 

in f ig s . 7.1 and 7 .2 .

7 .2 .1  Variation o f E lastic Moduli under Constant Applied Field

The variation  o f the f iv e  SOEC o f single  crysta l Erbium under constant

external applied m agnetic*fields o f up to  3.9T has been investigated by

du P lessis  [12], although their isothermal magnetic dependences were

not studied. The temperature range covered was from 10°K-300°K. in

the case o f the application  o f a magnetic f ie ld  led to  extreme

softening o f the modulus near 53°K instead o f  restoring i t  to that

expected fo r  a non-raagnetic m aterial.

• The temperature varia tion  o f  the two'moduli C-- and C ,, for33 44
Gadolinium over the range 77°K-330°K was reported by Long et a l [13].

They a lso  measured the behaviour close  to  the spin reorientation  transition  

at 225°Kin constant applied magnetic f ie ld s  o f up to  0.8T. The work was 

based on the behaviour o f  th is  spin reorientation  anomaly under d iffe ren t 

f ie ld s .  The anomaly was found to  disappear completely in f ie ld s  greater 

than about 0.5T. Theoretical in terpretation  o f  the resu lts  was'given by 

Levinson and Shtrickman [14].

7 .2 .2  C r it ica l F ields from Location o f  Magnetoelastic Anomalies

Moran and Luthi [15,16] showed in a series  o f  experiments on Gadolinium,

Terbium and Dysprosium that the c r i t i c a l  change in sound v e lo c ity  near the

Neel temperature obeys the re la tion  Av/v a online where e is  the reduced

temperature (T -T  )/T  and <a is  the angular frequency o f the acoustic 
N N

vibrations. The anomaly was found to  be independent o f the frequency fo r  

the three values 30MHz, 50MHz and 70MHz used. The existence o f  such 

anomalies has already been noted as the AE or Ac e f fe c t .



Comparison o f  the re s u lts  o f  s in g le  c r y s ta l  SPEC o f  Gadolinium and Terbium from Various Workers

Gadolinium Terbium

oTemp K Palmer
[8 ]

Long
[15]

Moran
[4]

4.2 7.90
C33 77 7.80 7.8 7 .2

300 7.12 7.3 6.6

4.2 7.68
C11 77 7.59

300 • 6.78

4.2 2.38
C44 77 2.35

300 2.08

4.2 _

C12 77 —

300 2.56

4.2 1.91 •

C13 77 1.93
300 2.07

oTemp K Palmer
[8]

Salama
[5]

4.2 8.24
C33 77 8.18 7.98

300 7.44 7 .225

4.2 — _

C11 77 5.89 6.56
300 6.92 6.79

4.2 2.52 _

C44 77 2.49 2.39
300 2.18 2.14

4.2 _

C12 150 - 1.85
300 2.50 2.43

4.2 — —

C13 150 - 1.99
300 2.18 2.30

Units are 10^° N.m ^ „ _ ,„1 0  „ -2Units are lO N.m

F ig . 7 .1



Comparison o f  the r e s u lts  o f  s in g le  c r y s t a l  SPEC o f  Erbium and Dysprosium
from V arious Workers

Erbium Dysprosium

Temp°K Palmer
[ 8]

Fisher
[3]

du P less is  
[14]

4.2 8.12 «H»

C33 77 8.51 8.73 8.6
300 8.45 8.55 8.43

4.2 8.70 T-,

C11 77 8.81 9.10 8.85
300 8.37 8.63 8.39

4.2 2.76
C44 77 2.90 2.98 2.83

300 2.75 2.81 2.65

4.2 «

C12 77 2.92 3.09 2.90
300 2.93 3.05 2.93

4.2 2.31 _

C13 77 2.22 2.26 2.34
300 2.22 2.27 2.42

Temp°K Palmer
[7]

Fisher
[3]

Rosen
[2 ]

4.2 8.51 8.52
C33 77 8.38 - 8.4

3CO 7.81 7.87 7.90

4.2 8.01 7.72
C11 77 - - 6.80

300 7.31 7.47 7.07

4.2 2.68 2.70
C44 77 2.61 - 2.65

300 2.40 2.43 2.48

4.2 _ 2.50
C12 77 — - 1.75

300 2.53 2.61 2.53

4.2 1.86 1.97
C13 77 — - 1.99

300 2.23 2.23 2.08

Units are 10^° N.m-  ̂ Units are lcA ° N.m- ^

f i g .  7 .2
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The variation  o f  the compressional modulus o f  Dysprosium as a 

function o f both magnetic f ie ld  and temperature was investigated by 

Is c i  [17] who also reported sim ilar properties in the intra-rare earth 

a lloys Gd-40%Y and Ho-50%Tb. Is c i  and Palmer [18,19] were able to  

draw conclusions concerning the magnetic phase diagrams o f their 

specimens from the location  o f minima in the e la st ic  constants associated 

with magnetic phase tra n sition s. This followed sim ilar conclusions from 

experiments to  locate  maxima in  u ltrason ic attenuation in specimens o f 

rare earths by Treder et a l [20,21], and a lso  from magnetisation measure­

ments by Behrendt [22] and Jew and Legvold [23] and from magnetoresistance 

measurements by Akhavan [24],

7 .3 .1  Application o f Hydrostatic Pressure at Room Temperature

. The e ffe c ts  o f  hydrostatic pressures o f up to  5 kbar on single crysta l 

SOEC o f Gadolinium, Dysprosium and Erbium in  their paramagnetic states at 

298°K was reported by Fisher et a l [25]. The f iv e  SOEC were found to  

vary lin early  with pressure and the derivatives are reproduced in  Table 7 .3 . 

The s ize  o f the pressure derivatives o f the adiabatic SOEC indicated 

according to  Fisher that a small ion core model could be used fo r  in ter ­

preting the data th e o re tica lly . The resu lts  could a lso  be useful in

testing the v a lid ity  o f the central force  Born model, (cp = /  m + / *
x  '  r

and ca lcu lations along these lin es were performed by Ramji Rao [28].

Griineisen parameters were calculated from the experimental data 

obtained (see section  2 .5 .3 ) and were found to  be in poor agreement with 

those obtained from thermal expansion data. This was explained in  terms 

o f  the change in  /  ra tio  of the crysta ls  with volume. Calculation o f 

Griineisen parameters frcra th eoretica l la t t ic e  potentia ls by Ramji Rao et 

a l [29,30,31,32] were in  good agreement with the corrected data o f Fisher.



Hydrostatic Pressure Derivatives o f the SPEC o f Gadolinium, 
Dysprosium and Erbium as reported by Fisher et a l [25]

Gd Dy Er

C11 3.018 ± 0.02 3.092 ± 0.006 4.768 ± 0.02

C33 5.726 ± 0.05 5.331 ± 0.008 5.448 ± 0.018

C44 0.185 ± 0.012 0.434 ± 0.001 0.949 ± 0.005

C66 0.377 ± 0.002 0.408 ± 0.002 0.853 ± 0.012

C12 2.26 ± 0.02 2.277 ± 0.006 3.062 ± 0.044

C13 3.53 ± 0.05 3.32 ± 0.1, 2.16 ± 0.04

Ks 3.320 ± 0.039 3.214 ± 0.054 3.302 ± 0.02

3.228 ± 0.044 3*. 256 ± 0 .2 5

f ig 7.3
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7 .3 .2  Application o f Hydrostatic Pressure at Low Temperature

The e ffe c t  o f high hydrostatic pressure on the single crysta l 

moduli o f Gadolinium over the temperature range 180°K-340°K was 

measured by Klimker and Rosen [26]. Isobaric measurements only were 

made using pressures up to  6 kbar and employing a high hydrostatic 

pressure c e l l  which was temperature con tro llab le  down to  the cryogenic 

region . The authors suggested that i t  could be used down to  4.2°K at 

pressure, however no resu lts appear to  have been obtained down to  such 

temperatures. The ob ject o f the work was to  investigate the e ffe c t  o f 

pressure on the magnetoelastic anomaly at the spin reorientation  

transition  at 225°K. and at the Curie point 294°K. Pressure dependence 

o f  the transition  temperatures from the loca tion  o f the anomalies were 

a lso  determined iron these measurements and were broadly in  agrément with 

those o f other workers as reported by E llio t t  and. shown in f i g .  6.11.

7 .3 .3  E ffects o f  Internal Strain o f Transition Temperatures

Greenough et a l [27] showed that the existence o f internal stra in  in

specimens o f 50%Ho-Tb a lloy  a ffected  the p osition  o f the Néel temperature 

as determined by e la s t ic  constant measurements by up to  4°K. After
f

thermal cycling th is  e ffe c t  appeared to  be irrev ers ib le  in the particular 

crysta l used.

7 .4 .1  Theoretical Calculation o f Third Order E lastic Constants

The second and third order e la st ic  constants can be calculated 

th eore tica lly  as reported by Srinivasan and Ramji Rao [33,34] using either 

a central fo rce  model or via  Keating's approach [35,36]. Attempts to 

compute the third order e la stic  constants o f the heavy rare earths were 

made in a series  o f papers by Ramji Rao and co-workers fo r  Gadolinium [29], 

Erbium [30], Terbium [31] and Dysprosium [32]. They investigated not 

only third order e la stic  constants but a lso the Gruneisen parameters o f
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these m aterials. The method o f  ca lcu lation  was based on the Keating 

approach except in the case o f Erbium for  which a Born type central force  

potentia l was used. This was found to  be less  accurate than Keating's 

method when compared with the experimental resu lts o f Fisher [25],

From anharmonic parameters yielded by Keating's method the ten TOEC 

were calculated and using these the hydrostatic pressure derivatives o f 

the fiv e  SOEC were found and compared with the experimental re su lts . The 

calculated TOEC are given in  Table 7.4 and the hydrostatic pressure 

derivatives are compared with the measured values in  Table 7 .5 .

7 .4 .2  Thermal Expansion and Gruneisen Parameters

The Gruneisen parameters y may be calculated from a knowledge o f  the 

TOEC as outlined by Srinivasan [33], From these generalised parameters 

th e ’ e ffe c t iv e  Gruneisen parameters y^ and y^ , perpendicular and p ara lle l 

to  the unique axis, may be found. In the same series o f publications 

Ramji Rao et a l [28 e t .s e q .] calculated the e ffe c t iv e  Gruneisen parameters 

fo r  Gd, Tb, Dy, Er as a function of temperature and thereby derived the 

related  thermal expansions. The thermal expansion behaviour o f  crysta ls  

o f the hexagonal class had been expounded by Munn [37] and i s  given in  

section  2 .5 .2  where expressions fo r  the derived Gruneisen parameters w ill

be found
k.



Calculated Third Order E lastic Constants o f Gadolinium/ 
Dysprosium, Terbium and Erbium from Ramji Rao et al 

[28, 29, 30, 31, 32}

Gd Dy Tb Er

C1U -50.3 -53.2 -48 .0 -79.6

C112 -13.3 -16.4 -16.2 -18.7

C113 +0.4 -0 .8 - 1.1 -5 .0

C123 -6 .3 -6 .9 -5 .4 -7 .0

C133 -9 .7 -12.4 - 11.1 -16.7

C144 -3 .9 -4 .6 -4 .3 -5 .4

C155 - 2 .0 -3 .1 - 2.2 -6 .6

C222 -55.1 -62.0 -57.1 -87.8

C333 -76.2 -73.5 -73.7 -74.7

C344 -9 .7 -12.4 - 11.1 -16.7

Units are 1010 N.m 2



Comparison o f Hydrostatic Pressure Derivatives o f SPEC o f 
Gadolinium, Dysprosium and Erbium as measured by Fisher [25] 
and calculated by Rao (28 et seq]

GADOLINIUM DYSPROSIUM ERBIUM
FISHER

[25]
RAO
[29]

FISHER
[25]

RAO
[32]

FISHER
[25]

RAO
[28]

c n 3.018 3.019 3.092 3.094 4.768 4.77

C33 5;726 5.726 5.331 5.336 5.448 5.45

C44 0.185 0.183 0.434 0.432 0.949 0.95

C66 0.377 0.379 0.408 0.409 0.853 0.85

C12 2.26 2.261 2.277 2.276 3.062 3,06

C13 3.53 - 3.32 - 2.16 2.00

f i g .  7.5
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CHAPTER 8

Results ( I ) : Performance o f  the Sing Around

In th is chapter some preliminary resu lts  using the new sing around 

system are presented. As indicated in  chapter four there were two 

possib le  modes o f data output, the rep etition  rate o f the sing around 

averaged over a period o f  about a second was displayed on a frequency 

meter, or the values o f individual sing around periods were obtained 

using a fa st  sampling mode o f about ten m illiseconds and the data 

recovered on punched tape.

The rep etition  rate o f the sing around was used to  investigate 

variations o f the SOEC o f Gadolinium and Erbium as a function o f 

temperature, the resu lts  o f  which are presented in  section  8 .2 . The 

fa s t  sampling mode was used to  measure the variation  o f  the compressional 

modulus o f  Terbium as a function o f a rapidly swept magnetic f i e ld .  

These resu lts  are compared with rep etition  rate measurements which were 

taken simultaneously and are given in section  8 .3 .

8.1 Determination o f  Absolute V elocity■” ... 1 ... . —■ " ' /

The absolute values o f  v e lo c ity  and hence the actual values o f  the 

e la s t ic  constants can not be measured very accurately using the sing around 

technique. Therefore the values o f  e la stic  constants have been calculated 

where possib le from absolute v e lo c ity  determinations on the same specimens 

by other workers. In cases where th is  was not p oss ib le , fo r  example with 

new samples, the absolute v e lo c ity  determination was made using a spike 

generator to obtain an approximate value o f  the tran sit time through the 

specimen and bond to within ± 0 .02yisecs, and then a pulse echo overlap, 

driven by a frequency synthesizer, used to  measure the tran sit time to  

within ± O.OOlysecs. This allowed the v e lo c ity  to be measured to  within
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about 0.5%. The error in the v e lo c ity  at points other than the 

ca libration  point i s  then dependent upon the poin t-to -p o in t accuracy o f 

the equipment used to  determine Av/v. The values o f the e la s t ic  

constants calculated in th is  way in the present work are not expected to 

be in error by more than 2%.

8.2 Measurement o f Av/v from Repetition Frequency

The fraction a l change in acoustic v e lo c ity  Av/v may be related

d ire c t ly  to  the fraction a l change in the rep etition  frequency A f/f  o f

the sing around. As indicated in section  4 .2 .3  th is  instrument gives a
6precision  o f about ± 2 parts in 10 fo r  Av/v. As a demonstration o f  

the sen s itiv ity  the behaviour o f  o f Gadolinium has been investigated 

c lose  to  i t s  Curie point, T , o f 293°K.

8 .2 .1  Variation o f C.., o f Gadolinium close  to T

The variation  o f  o f Gadolinium c lose  to Tc  has been investigated

by several previous workers, the e a r lie s t  o f which appears to  be that

reported by Long et al [ l ]  using a pulse echo overlap technique. Later

measurements on similar purity specimens were made by Moran and Liithi [2]

and by Palmer et a l [3 ]. F inally measurements were carried out on some/
o f  the la test  high purity Gadolinium by Savage and Palmer [4 ], A com- 

parision of the resu lts  o f these various workers is  given in f ig .  8. 1 , 

showing d ifferen ces in the quoted values o f the e la s t ic  constant o f  up to 

7% iron specimen to specimen.

In f ig .  8.2 the fra ction a l changes in e la s t ic  constant A c/c compared 

with the quoted values at 300° k are plotted against the reduced 

temperature, (T-T )/T  in each case, for the same resu lts . These show
v  W

that the depth o f the anomaly compared with the value at 300°K is  about 

4% according to Palmer et a l , while according to  the other three reports 

i t  is  about 2.5%. In these cases the temperature control was to  within 

± 0 .1°K.
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In the present work the temperature control was to  within ± lmK 

with an accuracy o f ICtnK using a sp ecia lly  designed thermostat made 

available by the Department o f Physics at the University o f  Southampton.

The temperature o f  the specimen was varied at a rate o f  2°K per hour 

using th is  equipment and the resu lts  provided a usefu l indication o f  the 

sen s itiv ity  and s ta b ility  o f the e lectron ic  c ircu itry .

The resu lting variation  o f the e la s t ic  modulus of Gadolinium on 

either side o f i t s  Curie.point is  shown in f ig . 8.3. This may be com­

pared with the variation  reported by Savage and Palmer on the same 

specimen. The e la s t ic  constant appears to  have reached a certain degree 

o f  s ta b il ity  at about 294.5°K, however resu lts could not be continued 

much above th is  due to  a fa ilu re  in the equipment. The depth o f the 

anomaly as shown in the figure again appears to  be about 2%.

Each reading represents a d ifference in temperature o f ty p ica lly

lQmK. The change in acoustic v e lo c ity  Av/v which would arise from such a
5change in temperature is  3 parts in 10 ju st below T and about 2 parts in 4

410 just above T . These are both rather greater than the actual 

resolution  o f  the instrument, however the performance o f  the equipment 

over the f l a t  region o f the curve c lose  to  T gives scane indication  o f i t s
v

s ta b il ity , at least over a period o f an hour or so. Here the d ifferen ce  

between successive readings was approximately equal to the resolution .

8 .2 .2  Variation o f the SPEC o f Erbium with Temperature

The variation  o f  the SOEC o f  Erbium as a function o f temperature has 

also been investigated by several groups o f  workers. The f i r s t

measurements o f the single crysta l moduli o f  Erbium were reported by 

Fisher and Dever [5 ]. However these resu lts were taken over the range 

6O-300°K. Rosen et al [6 ] and Palmer e t  a l [3] both measured the fu l l  

set o f SOEC over the range 4.2 -  300°K in zero m agnetic"field and the la tte r



fig. 8.3
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work a lso  in a constant applied magnetic f ie ld  o f  2.5T. F inally 

du P lessis  [7] investigated the behaviour o f  the SOEC with temperature 

under several constant applied magnetic f ie ld s  o f up to 4T. The 

resu lts o f  these d iffe re n t investigations are shown.

In f ig .  8.4 the variations o f with temperature over the range 

4 .2 -1 0 0 °  IC are compared. A ll workers report rapid changes in the 

modulus at the phase transition  temperatures o f  20°K, 53°K and 85°K, 

giving a ch aracteristic  's te p -l ik e ' appearance to  the modulus. Because 

o f  the w ell-defined location  o f these changes the values o f have 

a lso  been used to  compare the transition  temperatures in f ig .  8. 6. The 

discrepancy in the values o f between the various samples corresponds 

to  about 1.5% at 10°K and about 1% at 100°K, the resu lts o f  du P lessis 

being consistently  higher than those o f the other two.

The resu lts  o f the present’ work on C ^ , using the same sample as 

Palmer et a l , are given in f ig .  8 .5 . This shows good agreement with 

the general form o f the resu lts  o f the other workers, although the 

resolution  o f  the present equipment has allowed ^far more d e ta il to  be 

shown.

The resu lts  o f previous work on C are given ir. f ig .  8 .7 . Here thereXX t

is  s ig n ifica n t disagreement between the resu lts  in particu lar concerning the 

depth o f  the anomaly at about 45 -  50°K. The resu lts  o f du P lessis 

indicate that the depth o f the anomaly is  about 12%, while the resu lts  o f  

Rosen suggest a value nearer 7%. The resu lts  o f  Palmer et a l could not 

be continued in th is  region due to  excessive attenuation o f  signal in the 

sample. Otherwise the discrepancy between the various resu lts  does not 

exceed 2%. The present resu lts  fo r  C  ̂ are shown in f ig .  8. 8. Again 

the main feature is  a deep anomaly in the region between 2 0 -  50°K with a 

depth o f about 6% which is  in agreement with the resu lts  o f  Rosen. A 

sharp increase in the modulus at the Curie point o f  about 22°K is  present





fig
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Comparison o f the Transition Temperatures o f  Erbium according 
to the various d iffe re n t workers. The resu lts are based on 

the variations o f with temperature

Tc T* TN

Rosen [6 ] 22.5 52.5 85

Palmer [3] 19 54.5 85.5

du P lessis [7] 20 53 85

th is  work 22 54.5 84.5

t

f ig .  8.6
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and a lso  a small anomaly and a d e fin ite  change in slope at 84.5°K which 

does not appear in the work o f Palmer et a l or du P lessis , although the 

work o f  Rosen shows th is  behaviour.

A comparison o f the resu lts  fo r  -C is  given in f ig . 8.9. The main 

features are a sharp change in the modulus at the Curie point followed by 

a slower increase up to a maximum at a temperature o f about 50°K. A 

change in slope occurs at about 85°K. The maximum discrepancy between 

the resu lts  is  about 5% between the values o f Rosen et a l ,  and the values 

o f du P lessis . The resu lts  o f Palmer et al are intermediate.
«

The behaviour o f C  ̂ from the present work is  given in f ig .  8.10 

and is  in broad agreement with the ea r lie r  findings. A small but 

d e fin ite  change in slope o f the e la s t ic  modulus occurs at 56°K close to  

the phase transition . This was also present in the resu lts  o f Rosen but 

is  missing from the other reports. The change in slope at the Neel 

temperature occurs at 86°K.

F inally  the resu lts  o f previous work on C ,. are given in f ig .  8.11.
DO

Here the main ch aracteristic  is  a deep anomaly between 20 -  55°K similar 

to  that observed in C ^ , and corresponding to  the h e lica lly  ordered base 

plane magnetic structure with an antiphase domain type o f  c axis
f

modulation. According to  Palmer et al the attenuation below 53°K was 

too  great to allow resu lts to  be taken. Rosen et a l show an anomaly with 

a depth o f about 12% while du P lessis indicates a deeper anomaly o f  some 

28% reduction in the value o f th is  modulus and again resu lts  were not 

obtained over the whole range because o f severe attenuation. None of 

these resu lts show any abrupt changes in the modulus at either 20°K or 

85°K.

The present resu lts  fo r  are given in f ig . 8.12. The

ch aracteristic  softening o f  th is  mode between 25°K and 55°K is  again 

present. Results were not possib le  over a large region o f  the temperature
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range. The anomaly here had a depth o f 4.5% before readings became

impossible due to attenuation and consequently no upper lim it can be

given to  i t s  depth. Another feature not reported in the ea r lie r  work

was the pronounced increase o f Crei in the region o f T_ o f  about 1%

followed by the already reported anomaly above T .

Results fo r  the cross checking measurement *s(c gg + C ^) are shown

in f ig .  8.13 giving again a deep anomaly at about 50°K corresponding to
<•

the softening o f the Ĉ  mode. This has a depth o f  about 10% compared 

with the value o f the modulus at 60°K, and since the value o f C,„ does 

not vary much between 50°K and 60°K this would indicate that the anomaly 

in Cr r  which could not be observed because o f attenuation would be o f  a 

depth o f  about 20%. Also a change in shape occurs at about 84°K 

corresponding to the observed change in sLope o f C ^ . Those measured 

resu lts  are compared with the calculated values o f  + C ^ ) in f ig . 8.14.

8.3 Measurement o f Transit Time r

The transit time t o f acoustic pulses through a specimen o f  Terbium 

has been measured, using the internal memory store , as a function o f a 

rapidly swept applied magnetic f ie ld .  The raw data was converted into a 

time measurement in microseconds using equation 4 .1 , v iz .

■ \  m ° - l28(D + »  + “ loocT

where D is  the d ig ita l delay which controls the width o f  the delay gate 

and t^ is  the coded number from the punched tape.

8 .3 .1  Variation o f  o f Terbium as a Function o f  Applied Magnetic Field 

Some resu lts  o f transit times o f  three round tr ip s  through a sample o f  

Terbium, Tb(I),have been taken as a function o f  magnetic f ie ld  applied along 

the easy d irection  o f  magnetisation, the b ax is , in the antiferromagnetic 

regime. Application o f such a f ie ld  should cause in it ia l ly  a d istortion  o f 

the h e lica l structure and at higher f ie ld  strengths, according to  Nagamiya
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Comparison o f  values o f the mode  ̂(C + as measure<  ̂ l n fig« 8.15
and as calculated from the corresponding values o f  C and C ^

Temp° K Calculated Measured Discrepancy

15 0.28365 0.28370 0.176 x 10”3
20 0.28303 0.28271 -30.989 x 10
25 0.28926 0.28231 0.240 x lO"1

55 0.28789 0.28792 0.104 X 10"3
60 0.29402 0.29422

-3
0.680 x 10

65 0.29387 0.29395 0.272 x 10"3
70 0.29366 0.29348 0.613 x 10”3
75 0.29271 0.29282 0.376 x 10 3
80 0.29196 0.29237 1.404 x 10’ 3
85 0.29122 0.29281 5.445 x 10“3
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and Kitano [8] ,  a 'fa n ' state should be produced. (Crangle has 

recently  [9] suggested that in fact no such fan state ex ists  in Terbium).

At higher f ie ld  strengths s t i l l  the angle o f the fan closes  and f in a lly  

the alignment becomes ferromagnetic.

The behaviour o f  the e la s t ic  modulus in Terbium follow s a 

similar pattern to that in Dysprosium [10] when subjected to  a f ie ld .

An in it ia l  slow decrease, corresponding to  the d istortion  o f the h elix , 

is  followed by a rapid softening o f  the modulus when the fan state is  

formed and then a slow, and in some cases incomplete, recovery as the 

fan angle closes  to  form a ferromagnetic alignment.

The present resu lts are shown in f ig s . 8 .1 5 -8 .2 1 . The tran sit times 

from the fa st  sampling mode have error bars representing the uncertainty 

o f ± 3 nsecs in the timing as discussed in section 4 .2 .3 . Alongside these 

resu lts  the simultaneously measured repetition  rate frequencies o f  the 

sing around, as monitored on the frequency meter, are given in kiloherz.

As can be seen from the resu lts  the maxima in the transit times occur 

at the same f ie ld  strengths as the corresponding minima in repetition  rate , 

or v e lo c ity . These occur at f ie ld  strengths o f between 0.35 and 0.45 

Tesla according to  the temperature o f the specimen. The actual, location  

o f the minima in v e lo c ity  may be compared with the resu lting phase diagram 

o f  Tb(I) given in chapter nine, since the minimum v e lo c ity  w ill correspond 

to  the minimum value o f the e la s t ic  constant.

The general shape o f the curves o f  transit time T against f ie ld  and 

rep etition  rate against f ie ld  shown in f ig s .  8 .1 5 -8 .2 1  are also similar 

bearing in mind that T • For example the resu lts  at 214°K given in

f ig .  8.15 show the transit time and v e lo c ity  recovering much o f their 

orig in a l value a fter the maximum/minimum, whereas at 226.5°K which is  just 

in to  the paramagnetic region, the behaviour is  less  f ie ld  dependent a fter  

the maximum/minimum with the v e lo c ity  and tran sit time not recovering their

orig in a l values.
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8 .3 .2  Comparison o f Transit Time Measurements with Changes in V elocity  
as Measured from the Frequency Meter

Comparison o f  the transit times obtained using the fa st  sampling

mode and the reciproca l o f the sing around frequency, which i t s e l f

corresponds to  an averaged transit time, shows good agreement for  the

resu lts  presented. The fraction a l changes ( t  - t ) / t  and (f ' -  f  ) / f  . ̂ 3 max o o o min min
between the zero fie ld .v a lu es  f  , t and the values at the maximum/rainimumo o

«
f  . , t are shown in f ig .  8. 22, with the exception o f one case, within 10%. min max c

The reciproca l o f  the repetition  rate was taken to  be the 'c o r r e c t1 

value o f the sing around period. I ts  poin t-to -p o in t accuracy was nearly 

two orders o f  magnitude better than the transit time measurements made in 

the fa st  sampling mode. The values o f  the transit time t obtained from 

the fa st  sampling mode have been compared to  the reciproca l o f  the 

rep etition  rate for the zero f ie ld  values in f ig .  8.23. The values o f  t . 

w ill be seen to be correct to within ± 3 nsecs.

Comparisons o f  the transit times fo r  the f ie ld  sweeps at 216.5°K and 

225.5°K are shown in f ig s .  8.24 and 8.25 resp ective ly . Again the resu lts 

show agreement to within i  3 nsecs. The resu lts  therefore indicate that 

the fa st  sampling mode is  operating to  i t s  quoted sp ecifica tion s .
t



Comparison o f  Changes in Transit Time t  and Changes in Repetition Rate f
fo r  o f  Terbium Tb(I) at Various Temperatures in the 

Antiferromagnetic Region

Temp°K Field at which
x occurs max

Tesla

f  -  f  . o min T -  Tmax o
^min to

214 0.4 0.00452 0.00443

215 0.4 0.00563 0.00554

216.5 0.4 0.00629 0.00719

223.5 0.35 0.01138 0.00936

224.5 0.35 0.00908 0.00908

226.5 0.4 0.00908 0.01022



Results o f  Sing Around Frequency and it s  Reciprocal in Microseconds 
compared with the Transit Time T measured by the fa st sampling mode

Tb(I) -C 33 in zero applied f ie ld

Temp Sing Around l / f T
°K Frequency

f
KHz

y secs ysecs

212 276.448 3.617 3.616

214 276.687 3.614 3.612

215 276.868 3.612 3.612

215.5 276.721 3.614 3.612

216.5 276.618 3.615 3.614

223.5 275.193 3.634 3.634

224.5 275.339 3.632 3.633

225.5 275.716 3.627 3.628

226.5 276.103 3.622 3.620

f ig .  8.23



Results o f Sing Around Frequency and its  Reciprocal in Microseconds
compared with the Transit Time t measured by the fa st sampling mode

Tb (I) -C 33 at 216. 5C>K •

Applied Field .. Sing Around 
Frequency V £ T

(Tesla) KHz ysecs ysecs

0.00 276.618 3.615 3.614
0.045 276.451 3.617 3.616
0.067 273.318 3.619 3.618
0.089 276.160 3.621 3.620
0.156 275.646 3.628 3.626
0.178 275.579 3.629 3.628
0.222 275.333 * * 3.632 3.630
0.266 275.129 3.635 3.634
0.310 275.046 3.636 3.636
0.332 275.014 3.636 3.637
0.397 274.918 . 3.637 3.640
0.440 274.920 3.637 3.640
0.461 274.947 3.637 3.638
0. 504 275.029 3.636 3.636
0. 567 275.227 3.633 3.634
0. 609 275.409 3.631 3.632
0. 630 275.500 3.630 3.629
0.650 275.591 3.629 3.628



Results o f Sing Around Frequency and it s  Reciprocal in Microseconds
compared with the Transit Time t measured by the fa st sampling mode

Tb(I) - C „  at 225.5C>K

Applied Field Sing Around 
Frequency

V f T

Tesla KHz ysecs ysecs

0.00 275.716 3.627 3.628
0.067 275.522 3.629 3.630
0.089 275.326 3.632 3.632
0.111 275.124 3.635 3.636
0.134 274.992 3.636 3.636
0.156 274.779 3.639 3.638
6.178 274.517 3.643 3.641
0.222 274.094 3.648 3.648
0.244 273.880 3.651 3.649
0.288 273.515 3.656 3.656
0.310 273.372 3.658 3.657
0.354 273.227 3.660 3.658
0.397 273.219 3.660 3.660
0. 483 273.405 3.658 3.660
0.525 273.548 3.656 3.660
0. 567 273.653 3.654 3.656
0. 588 273.685 3.654 3.654
0. 650 273.830 3.652 3.652

f ig .  8.25
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CHAPTER 9

Results ( I I ) ; E lastic Properties as a Function of 
Temperature and Magnetic Field

9.1 Introduction
»

In th is  chapter resu lts o f the variation  o f  the e la s t ic  moduli o f  

Gadolinium, Terbium and Erbium as a function o f temperature and applied 

magnetic f ie ld  are presented. In particular attention has been 

concentrated on the regions in which the materials undergo phase 

transitions.

The modulus o f Gadolinium has been investigated over the range 

180 -  300°K as a function o f  magnetic f ie ld  applied in the base plane.

The location  o f  f ie ld  and temperature dependent anomalies has been 

plotted  and c r i t ic a l  f ie ld s  determined from these. Tentative proposals 

are put forward for  the underlying mechanisms behind the e la s t ic  behaviour 

under these conditions. Corrections fo r  demagnetising f ie ld s  in the 

sample have been made and a magnetic phase diagram o f the material 

obtained.

Similar work has been performed on Terbium with the f ie ld  applied 

along the easy d irection , the b ax is, over the range 200 -  235°K with the 

main in terest centred on the behaviour o f the antiferromagnetic phase.

In Erbium the modulus C^ has been studied as a function o f f ie ld  applied 

along the b axis below 20°K. Above 20°K the modulus C ^ lias been 

investigated with the f ie ld  applied along the easy d irection , the c axis.

9.1 .1 Previous E lastic Constant Measurements

Previous measurements on the e la s t ic  moduli o f  Gadolinium and Erbium 

in zero f ie ld  have been reported in chapter eight. Some measurements o f 

the e la s t ic  properties under constant applied magnetic f ie ld s  have been 

performed on Gadolinium by Long et al [ l ] ,  reference to  which is  made in
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f ig .  9.11 o f  section 9 .2 .3 , and on Erbium by du P lessis [2 ]. Some 

resu lts  on the zero f ie ld  behaviour o f o f Terbium have been reported 

by Salama et al [3] and by Palmer et al [4 ], D istinct minima in th is  

modulus are seen to  occur at the N^el and Curie temperatures. The 

behaviour o f the e la s t ic  moduli o f Terbium in a constant applied f ie ld  

o f 2.5T along the b axis was also reported by Palmer et a l.

9 .1 .2  Determination o f  C r itica l F ields

C ritica l magnetic f ie ld s  may be found by studying one or more o f 

several magnetically dependent properties o f a m aterial, fo r  example 

magnetisation, magnetoresistance, magnetostriction or sp e c ific  heat.

In Gadolinium c r i t ic a l  f ie ld s  have been found from magnetoresistance 

measurements by Hiraoka arid Suzuki [5] for some temperatures in the 

range 77 -400°K although the measurements were not exhaustive. S pecific  

heat and r e s is t iv ity  measurements close to  T have been made by Simons and 

Salamon [ 6] in f ie ld s  o f up to 0.17T. Magnetisation measurements have 

been carried out by Nigh et al [7] and by Feron [8 ,9 ].

In Terbium magnetoresistance measurements in fie ld s  o f up to 8T over 

the range 4.2 -  20°K have been made by Singh et a l [10] although no
t

measurements o f  th is  property over the temperature range o f  in terest in 

the present work have been reported. Magnetostriction measurements by 

Belov et a l [11] in f ie ld s  o f up to 1.5T for  the range 215 -  230°K, have 

enabled c r i t ic a l  f ie ld s  near the two phase transitions to  be obtained. 

Magnetisation measurements have been made by Hegland et a l [12] and by 

Feron [9 ,13 ], This la tter  work has also included magnetisation measure­

ments in low f ie ld s  close  to the transition  temperatures from which 

c r i t ic a l  f ie ld s  have been determined over the temperature range o f 

in terest in the present work.
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In Erbium magnetisation measurements have been made by Green et al 

[14] and by Feron et al [15]. Also magnetisation work has been 

performed by Flippen [16] which has yielded c r i t ic a l  f ie ld s  in th is 

m aterial.

Determination o f c r i t ic a l  f ie ld s  and magnetic phase diagrams via 

e la s t ic  properties has been made on Dysprosium and the intra rare earth 

a lloys  Holmium-50% Terbium and Gadolinium-4c% Yttrium by Isc i and Palmer 

[17 ,18 ,19 ], although no such determinations for  any o f  the other rare 

earths appears to  have been reported to  date. The present study o f  the 

properties o f  Gadolinium, Terbium and Erbium has attempted to  provide 

knowledge o f the behaviour o f  their e la s t ic  properties under applied 

f ie ld s  and to  deduce from such resu lts the magnetic phase diagrams o f the 

m aterials. I t  is  a lso hoped that the resu lts  w ill help to  complement 

the findings o f  workers using d iffe ren t methods.

9.2 Gadoliniuro

As mentioned in chapter six  Gadolinium orders ferrom agnetically 

below a Curie point o f  293.5°K with magnetic moments aligned along the 

c axis. Between 240°K and 225°K a second transition  occurs when the 

moments rotate away from the c axis and l ie  along the generators o f  an 

easy cone. Evidence for  th is structure has been obtained independently 

by the neutron d iffra ction  work o f  Cable and Wollan [20] and the 

magnetisation measurements o f  Corner e t  a l [21,22].

The modulus C ^  is  strongly coupled to  the magnetic structure in 

Gadolinium and d ist in ct  minima occur in th is mode at the two transition  

temperatures. The dependence o f  th is  modulus upon temperature and 

magnetic f ie ld  has been studied in the present work to investigate the 

behaviour o f  the e la s t ic  properties under these conditions and also to  

gain some insight into the magnetic structure.
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9 .2 .1  Zero Field Temperature Dependence and C r itica l Behaviour

The temperature dependence o f o f the Gadolinium specimen used 

in the present work has already been investigated in zero f ie ld  by Savage 

and Palmer [23]. The orig in  and purity o f  th is  sample have been 

discussed in chapter fiv e . The present measurements over the range 

200 -  325°K are shown in f ig . 9 .1. A deep anomaly occurs at the.Curie 

point and a rather shallower minimum at the spin reorientation 

temperature. This is  in agreement with the findings o f  Savage and Palmer 

who reported that the anomaly at the spin reorientation transition  in th is  

high purity material is  less pronounced than had been reported for much 

lower purity specimens by earlier  workers [ l ,4 ,2 4 ] .

A more detailed investigation o f the behaviour close  to T̂ , has 

also been conducted to  enable the c r i t ic a l  variation  o f v e lo c ity  to  be 

studied. A Curie point o f 293.7°K was found by locating the minimum 

v e lo c ity . The variation of acoustic v e lo c ity  in th is  region has been 

compared with the re la tion  recommended by Moran et a l [25,26] for  c r i t ic a l  

changes in v e lo c ity  ,

Av—  ot me . . . . 9 . 1

where e is  the reduced temperature (T -T )/T

change in v e lo c ity . This is  shown in f ig .

the expression
Av „ .

which derives from

Av
V k e'

and Av/v i s  the fraction a l 

9.2 together with a p lo t o f

9.2

• • • •9.3

where 8 is  the c r i t ic a l  exponent and k is  a constant. Comparison o f the 

graphs shows that 9.1 only applies to  the data over a lim ited region. 

Reference to a sim ilar comparison made by Moran and Liithi [25] shows that 

the derivation from the re lation  9.1 only occurred very c lose  to Tc , for
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Jlne < -5 .0 , which was an expected lim itation since ine tends rapidly 

towards - »  as e decreases. Such deviations are therefore not due to an 

in judicious choice o f T^. However the present resu lts  for  Gadolinium 

show that the re lation  does not seem to  hold very well fo r  Jlne > -2 .5 . 

either which is  surprising since the reported resu lts fo r  Dysprosium hold 

to the re lation  for values o f  Jlne up to about -1 . Reported resu lts  on 

Gadolinium [26] show that the lin ea r ity  of the relation  holds for 

Gadolinium for  Jlne > - 2 .5  as far as Jlne = -1 which is  outside the range 

o f the resu lts  quoted here. I t  may be concluded that the relation  9.1 

does not hold for  the high purity specimen of Gadolinium used in the 

present investigations further than Jlne = -2 .5  iron the Curie point, or 

closer than Jlne = -4 .25.

’ The re la tion  9.2 is  also shown plotted in f ig . 9 .2 , using the right 

hand ordinates, to  enable a comparison to be made. This gives a much 

closer agreement with the true behaviour of Gadolinium close  to  i t s  

Curie point, and from th is  a c r i t ic a l  exponent o f $ = 0.82 has been 

extracted. •

The resu lts  presented are fo r  the ferromagnetic phase o f Gadolinium, 

The variation o f v e lo c ity  in the paramagnetic region does not appear to  

fo llow  either relation . Robinson and Lanchester [40] have observed 

sim ilarly  unsual behaviour in the c r i t ic a l  sp e c ific  heat and thermal 

expansion o f Gadolinium in the paramagnetic phase.

9 .2 .2  Field Dependence o f  the Modulus c lose  to T^,
IT-, , •— in" ■ m, r „ „  i  »i . 'I...... - - - - -  '«> "  "OXX

At temperatures well below the spin reorientation region the e la s t ic  

modulus is  almost f ie ld  independent for  applied f ie ld  strengths o f up to 

0. 4T in the base plane. At a f ie ld  o f between 0 .4 5 - 0 .5T a small 

maximum occurs as shown in f ig .  9 .3 . This is  followed by an equally 

shallow minimum before the modulus r ise s  towards saturation above 0 .6T.



fig
. 9.3

GADOLINIUM-C33
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As the temperature is  raised the location  o f  the maximum moves at

f i r s t  slowly towards lower f ie ld  strengths and a lso  grows in size as can

be seen from f ig .  9.4. At 214°K the maximum occurs at a f ie ld  strength

o f about 0 .4T, but above this temperature i t  moves rapidly to  lower

f ie ld s  and increases in magnitude very quickly at temperatures above

220°K. Above 226°K i t  has moved to  zero f ie ld  and completely swamped

the previous low f ie ld  behaviour.«

The location  o f  the minimum remains c lose  to  0.5T throughout th is 

temperature range and i t  becomes more pronounced as the low f ie ld  

maximum gains in strength. Above 225°K the minimum appears as the most 

noticeable feature, as fo r  example at 229° k as shown in f ig .  9.6. Above 

th is  temperature the location  o f the minimum moves very slowly to  lower 

f ie ld  strengths.

. The low f ie ld  values o f the e la stic  constant above 226°K show

behaviour ch aracteristic  o f  the low f ie ld  maximum below T _ .  At higherSR
temperatures, f ig .  9 .7 , the behaviour is  sim ilar to  that at 229°K except 

that the value o f  the e la s t ic  constant at higher f ie ld s  (> 0 .61 ) decreases 

more rapidly than the zero f ie ld  value.

9.2.3 Field Dependence o f  the Modulus close to  T '

The sharp minimum in as a function o f f ie ld  occurring at about 

0 .38T for  a temperature o f  257°K becomes gradually less  well defined as 

the temperature is  increased, f ig .  9 .8 , although fo r  a l l  temperatures up 

to i t s  ordering point o f 293.5°K the value o f recovers much o f  i t s  

orig in al zero f ie ld  value for f ie ld s  greater than about 0.6T, As Tc  is  

approached' the location  o f the minimum gradually moves to  lower f ie ld s , 

from 0.4T at 252°K to  about 0 .2T at 293°K.

Above Tc , in f ig .  9.10 the behaviour is  rather d iffe re n t, A 

minimum value o f  the e la s t ic  constant s t i l l  ex ists  but the softening 

occurs very soon a fter the f ie ld  is  applied, for example at 296°K noticeable
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changes in the modulus have occurred at f ie ld s  below 0.05T. When the 

broad minimum has been reached the modulus becomes much less f ie ld  

dependent and does not recover to  its  zero f ie ld  value for the f ie ld  

strengths used. Further into the paramagnetic region the minimum 

sh ifts  to  higher f ie ld s , occurring at about IT at 298°K.

9 .2 .4  Temperature Dependence o f  the Modulus in Constant Applied Fields
close  to  T -----------------SR

The temperature dependence o f  in constant applied fie ld s  o f  up

to  0 .8T in the base plane o f  Gadolinium has already been investigated

some years ago by Long et al [ l ]  on a low purity specimen. These

resu lts  are shown in f ig .  9.11 and attention is  drawn to  the reported
*

depth o f the zero f ie ld  anomaly.

, Results o f the present investigations are shown in f ig .  9.12 et seq. 

The location  o f the minimum in zero f ie ld  is  at 225°K and as the f ie ld  

is  increased the minimum moves, at f i r s t  slowly to  lower temperatures.

At a f ie ld  strength o f 0 .27T the minimum occurs at 207°K, at 0 .38T i t  

occurs at 201°K both o f which are in agreement with the work o f  Long.

At higher f ie ld s  o f 0 .56T and above no minimum was observed above 180°K. 

The resu lts o f Long in fa ct suggest that the deep zero f ie ld  anomaly had 

disappeared in f ie ld s  greater than 0 .5T and that a change in slope 

occurred at 175°K which probably corresponded to  the location  o f the 

transition . Present resu lts indicate that the in it ia l ly  shallow anomaly 

had disappeared for  f ie ld s  greater than about 0 .4T.

9 .2 .5  Temperature Dependence o f  the Modulus in Constant Applied Fields 
close  to  T„
n 1 1 w

The anomaly at the Curie point shown in f ig .  9.16 appears to be very 

weakly f ie ld  dependent and possib ly  f ie ld  independent. For f ie ld s  up to 

a strength o f 0 .74T in f ig .  9.17 the location  has sh ifted by less than one 

degree Kelvin. The most notable e f fe c t  in th is  region was that the 

anomaly became less  well defined as the f ie ld  increased. Comparison o f
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the sharp zero f ie ld  minimum in f ig .  9.16 with the very broad minima 

exhibited at higher f ie ld s  in f ig .  9.17 shows that the transition  fran 

ferromagnetism to  paramagnetism becomes broad and in d istin ct at high 

f ie ld s .

9 .2 .6  Interpretation o f  Results and Phase Diagrams

The phase diagram o f th is  sample o f Gadolinium as a function o f
«

temperature and applied magnetic f ie ld  is  given in f ig . 9.18. The .

Curie and Spin reorientation temperatures have been taken to  correspond 

to the minima in the e la s t ic  modulus sim ilar to those observed at zero 

f ie ld . At f ie ld s  greater than 0.3T the spin reorientation temperature 

can be seen to be strongly f ie ld  dependent.

From the isothermal measurements in the range 225 -  293°K the 

location  o f the minimum of the modulus as a function o f f ie ld  has been 

taken to  indicate the existence o f  a c r i t ic a l  f ie ld  (Hc ) . Above Hc 

the moments l i e  in the base plane, (phase I I I ,  using Feron's terminology 

[8]) and below the moments are a l l  aligned at an angle 6 to the c axis, 

phase I I .  In zero f ie ld  the moments l i e  along the c axis (0 ** 0 ).

At temperatures below the spin reorientation  point T , thedK
rapidly r is in g  part o f the peak observed in the isothermal f ie ld  sweeps 

has been taken to mark the transition  between the phase below T__, phase I ,bK
and that above, phase II. The minimum has been taken to  correspond to

the same transition between phases II and III  as the minimum which occurs

for  temperatures above T . This phase boundary appears to  be verybK

weakly temperature dependent in th is  region.

9.2 .7  Magnetic Structure in the Three Phases

From the phase diagram o f  Gadolinium tentative proposals are made 

fo r  the magnetic behaviour in each o f  the phases. In phase I i t  is  

known from previous work [20, 21, 22] that in zero f ie ld  the moments l i e  at
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an angle 0 inclined to  the c axis which varies with temperature. The 

moments therefore l i e  on the surface o f an easy cone, with the axis o f 

the cone along the c axis o f  the cry sta l. A ll moments in a particular 

danain are p a ra lle l. Referring th is  to  polar angles in f ig .  9.19 at 

any particular temperature the angle is  the same for  a l l  domains while 

the angle <J> varies from domain to domain.

Upon application  o f  a low f ie ld  i t  is  thought that some domain wall 

movement occurs so that those domains with components aligned favourably, 

p a ra lle l to the f ie ld ,  grow at the expense o f  unfavourably oriented 

domains [27], Another p o s s ib ility  is  that application  o f  the magnetic 

f ie ld  causes some d istortion  o f the con ical structure so that the axis 

o f  the cone no longer l ie s  along the c axis but starts to  move into the 

.fie ld  d irection . The magnetic moments, although remaining in a conical 

structure w ill then exhibit various angles 6’ to the c axis from domain 

to  domain. In general the 0' would then be larger for those domains 

aligned with components para lle l to the f i e ld ,  as shown in f ig .  9.19.

At higher f ie ld  strengths a domain reorientation  would be lik e ly  to  

occur in either o f  these two cases, corresponding to  a bulk rotation  o f 

the d irection  o f  moments in unfavourably aligned domains. This would mark 

the phase boundary between phases I and I I ,  since a fter the rotation  a l l  

domains would have the same values o f  0 and <J>. The f i r s t  phase boundary 

below T is  therefore thought to  correspond to  a ' sweeping out' o fdR
domain in the conical ferromagnetic structure.

At higher fie ld s  s t i l l  the moments are thought to collapse into the 

base plane which characterises the boundary between phases II and I II .

This transition  is  the only one to occur at temperatures above in

phase II at zero f ie ld  the moments l i e  along the c axis but as the base 

plane f ie ld  i s  increased the moments move away to  l i e  at an angle 0 to the 

c ax is , with a component para lle l to the f ie ld  in a l l  domains.
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9 .2 .8  Demagnetising Field Corrections

In order to ca lcu late the demagnetising f ie ld  inside the specimen 

resu lts  fo r  the demagnetising fa ctors  N given by Osborne [28] and by 

Bozorth [29] fo r  the generalised spheroid were employed. The sample 

was then compared with the spheroid whose shape it  most c lo se ly  

resembled and the demagnetising fa ctor  fo r  th is  spheroid used. The 

sample was in the form o f a cylinder o f axial length 2.5mm and diameter 

•3.5mm.

The demagnetising fa ctor  o f  th is  particu lar Gadolinium sample was 

found to  be N = 3.52. The internal magnetic f ie ld  could then be 

calculated from

H, = H -  N.J.p ___ 9.4
X  cl

•where H is  the internal f ie ld  and H the applied f ie ld  both measured,
X cl

in th is  case in Oersteds, J is  the magnetisation in emu./g and p is  the 
3 *density in g/cm . The magnetisation measurements o f  Nigh e t  a l [7] 

were used to  calcu late the magnetisation as a function o f applied f ie ld  

for various internal f ie ld s  fo r  a sample with N *= 3.52. A p lot o f  

internal against applied f ie ld  was then made for th is  sample and is  shown 

in f i g .  9.20. <■

The phase boundaries obtained in f ig .  9.19 were then replotted as a 

function o f  internal magnetic f ie ld  and the fin a l phase diagram is  shown 

in f i g .  9.21. The c r i t i c a l  f ie ld  fo r  the transition  from phase I to 

phase I I ,  below 225°K is  seen to be much reduced at about 0.Q075T over the 

temperature independent portion o f the curve. The c r i t i c a l  f ie ld  from 

phase II  to phase III  is  by contrast reduced less  at higher temperatures, 

and appears to  increase almost lin early  with temperature over most of the

* c .g .s .  un its have been resorted to  because previous data o f  magnetisation 
and demagnetising fa ctors  were in c .g .s .
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range. For temperatures ju st below V the resu lts  were not detailed 

enough to  show whether the c r i t ic a l  internal magnetic f ie ld  showed a 

decrease, similar to  that observed in Dysprosium [30,31,32].

Certainly the c r i t ic a l  applied magnetic f ie ld  showed such a decrease. 

However, a fter  transforming to  internal f ie ld ,  the resu lts  were not 

conclusive. A c r i t ic a l  applied f ie ld  o f below 0 .18T at 290°K would 

indicate a decrease in the c r i t ic a l  internal f ie ld .

9.3 Terbium ^

Measurements o f the variation  o f  the compressional modulus have 

been made on two samples o f Terbium. One sample, T b (I ) , was obtained 

from Metals Research L td ., and had been grown by f lo a t  zoning techniques. 

The fin a l purity  o f  th is  specimen was expected to  be o f  the order o f 99%. 

The other sample, T b (I I ) , was a high purity  specimen which had been grown 

by the solid  state electrotransport method at the Department o f  Materials 

Science at the University o f  Birmingham and was expected to  have a purity 

o f  99.9% proof against a l l  impurities. Results on a third specimen which 

were reported recently [33] have not been included here.

The variation  of the e la s t ic  modulus as a function o f temperature 

and applied f ie ld  along the easy b axis has been investigated in the 

temperature range 200-235°K which includes the whole o f the an tiferro ­

magnetic phase. The two samples exhibited d iffe ren t Curie and N^el 

temperatures, but the c r i t ic a l  f ie ld s  in the antiferromagnetic phase were 

found to  vary in a similar fashion although they were numerically d iffe ren t

9 .3 .1  Zero Field Temperature Dependence o f the Modulus of Tb(I)

The zero fie ld  temperature dependence o f  o f  Terbium has been 

studied by several previous workers including Salama e t  al and Palmer et a l 

the resu lts  o f  which are shown in f ig .  9.22. Work on th is  modulus has 

also been performed by Jensen [34]. However in th is case the behaviour
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was unusual in that i t  seemed to  indicate two Neel points. This was 

attributed to two 'domains' in the crysta l. I t  is  lik e ly  that the 

sample consisted o f two c ry s ta llite s  each of which ordered at a d iffe ren t 

temperature.

Results o f the present investigation into the e la s t ic  modulus of

Terbium under zero f ie ld  are shown in f ig .  9.23. The two runs

represent temperature increasing and decreasing. Hysteresis was

observed in the Curie point, which is  a f i r s t  order tran sition , so

that when the temperature was increasing from the ferromagnetic phase

Tc  occurred at 219°K, while when decreasing from the antiferromagnetic

phase i t  occurred at 214°K. The hysteresis does not always seem to
ooccur, since at least one instance occurred when T was at 214 K during

v

warming; however, such an observation as hysteresis may help to explain 

the diverse values o f reported Curie temperatures fo r  Terbium.

9 .3 .2  F ield Dependence o f  the Modulus fo r  Tb(I)

In the ferromagnetic region at 212°K application  o f a f ie ld  along 

the b axis causes a decrease in the modulus resu lting in a small but 

quite d e fin ite  minimum at a f ie ld  o f  0.38T as shown in f ig .  9,24. As 

the temperature is  raised the depth o f the minimum decreases faster than 

the decrease in the zero f ie ld  value o f  the e la s t ic  modulus. On 

entering the antiferromagnetic phase at 214°K the nature o f  the minimum 

changes and i t  becomes much broader. Also the appearance o f  a shoulder 

is  evident at 214°K, although i t  is  le ss  prominent at higher temperatures 

The shoulder occurs at f ie ld  strengths o f 0 .1 5 - 0 .2T throughout the 

antiferroraagnetic regime.

As the temperature is  raised in the antiferromagnetic phase the 

minimum becomes lower. The f ie ld  at which the minimum occurs also 

decreases slowly as a function o f temperature from 0 .42T at 213°K to 

0.35 at 225°K. At higher f ie ld s  the modulus recovers most o f i t s  zero
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f ie ld  vaj.ue, although no indication o f saturation is  observed in the 

f ie ld  strengths used.

Above the Neel temperature the behaviour is  somewhat d iffe ren t.

The minimum s t i l l  e x is ts ; however, i t  moves to higher f ie ld  strengths 

as the temperature increases. The high f ie ld  behaviour is  much less  

f ie ld  dependent than below the Neel poin t, similar in th is  respect to 

the observations o f paramagnetic Gadolinium.

9 .3 .3  Temperature Dependence o f the Modulus in Constant Applied F ields 
fo r  Tb(I)

The temperature dependence under constant applied f ie ld s  o f up to 

0.35T resembles the zero f ie ld  behaviour in f ig s . 9.30 and 9.31. The 

Neel point at the minimum does not seem to  vary much with f ie ld  while the 

.Curie point at the shoulder o f  the curve is  weakly f ie ld  dependent. 

However above 0 .35T the behaviour is  en tire ly  d iffe ren t with a minimum 

occurring where the Curie point would be expected (f ig . 9 .33). I t  is  

thought that th is  represents the transition  from a ferromagnetic a lign ­

ment to either a fan state, i f  such a state e x is ts , or e lse  to  a badly 

d istorted  h e lica l structure in which there ex ist  large ferromagnetic

regions which have grown from dcmain walls aligned p a ra lle l to  the f ie ld
/

d irection .

9 .3 .4  Zero F ield Temperature Dependence o f  the Modulus o f  Tb(II)

The variation  o f  the e la s t ic  modulus o f  the high purity specimen o f 

Terbium, T b (II ), as a function o f temperature is  shown in f ig .  9.35.

This d i f fe r s  from the observed behaviour in the other sample, T b (I), in 

several respects. The Neel temperature characterised by the deeper o f 

the two anomalies occurs at 230°K instead o f 226°K, while the Curie 

temperature is  at 220°K. Further the behaviour at the Curie point also 

exh ibits a minimum instead o f ju s t  a change in slope.
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9 .3 .5  Field Dependence o f  the Modulus o f  Tb(II)

In the ferromagnetic region the variation o f e la s t ic  modulus with 

f ie ld  shows a minimum between 0.15 and 0.2T, the existence o f which can 

be c lea r ly  seen in f ig . 9.36. Similar behaviour is  shown in f ig . 9.38 

where the minimum is  seen to  become broaier. In th is  region, despite 

the existence o f  the minimum the e la s t ic  modulus is  only weakly f ie ld  

dependent.

Above the Curie point a sharp minimum appears at f ie ld s  decreasing 

from about 0. 44T at 221°K to  0 .38T at 226° k. The depth o f the minimum 

in the e la s t ic  constant decreases with temperature u n til the N^el point 

is  reached. Above TN the fam iliar paramagnetic f ie ld  dependence is  

again in evidence, with the e la s t ic  constant not recovering s ign ifica n tly  

'a fter  passing through the minimum.

9.3 .6  Temperature Dependence o f the Modulus in Constant Applied Fields 
for Tb(II)

The temperature dependence o f the modulus fo r  various constant

applied magnetic f ie ld s  is  shown in f ig s . 9.42 and 9.43. At 0. IT the

variation is  similar to that at zero f ie ld ;  however, the depth o f  the

minimum at T_ is  shallower. The behaviour at 0 .2T shows the same Neel C *

temperature but i t  has two shoulders occurring at 226°K and 220°K.

At higher f ie ld s  the Curie point minimum has disappeared and the 

shoulder at 220°K becomes progressively less  well defined as the fie ld  

increases. The N^el point remains the same in a l l  o f those cases but 

the minimum here becomes broader as the f ie ld  is  increased.

9.3.7 Interpretation o f  Results and Phase Diagrams

The phase diagrams o f the two specimens of Terbium are shown in 

f ig s . 9.34 and 9.44. The main d ifference between the two is  in the 

location  o f  the Curie point which in Tb(I) occurs at 214°K, while in 

Tb(II) i t  i s  at 220°K.
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Application of a weak f ie ld  along the b axis in ferromagnetic 

Terbium is  lik e ly  to cause a growth o f domains with moments oriented 

favourably, that is  along the b axis lying p ara lle l to  the f i e ld ,  and a 

decline o f  those domains with components against the f ie ld . This 

w ill resu lt in small wall movements. At higher f ie ld s  there w ill be 

a 'sweeping out' o f domains aligned unfavourably either by bulk rotation  

o f magnetic moments or by irreversib le  domain wall movement. The 

resu lt is  that a single domain crysta l is  formed at high fie ld s . It is  

thoughtthat the c r i t i c a l  f ie ld  at which the production o f the singledomain 

is  formed corresponds to  the minimum o f  the e la s t ic  constant as a function 

o f f ie ld . Such e ffe c ts  occur at a f ie ld  strength o f 0 .3 5 -0 .4 T  in Tb(I) 

and at a lower f ie ld  o f  0 .1 5 - 0 .3T in T b (II ), depending on the temperature 

o f  the sample. This may be expected since the less  pure sample would be 

lik e ly  to  contain more pinning s ites  fo r  domain w alls, resulting in a 

higher c r i t ic a l  f ie ld .

In the antiferromagnetic phase the application o f a base plane 

f ie ld  to  the h e lica l magnetic structure should cause d istortion  o f the 

helix at low f ie ld s . According to Nagamiya and Kitano [35,35] at 

higher f ie ld s  the moments aligned with components an tipara lle l to the 

f ie ld  rotate and form a fan state at a c r i t ic a l  f ie ld . However,

Crangle [37] has found no evidence o f  a fan state in either Dysprosium or 

Terbium and suggests that the c r i t ic a l  f ie ld  corresponds to the point at 

which there is  a rapid growth of regions with moments aligned para lle l to 

the f ie ld ,  fo r  example favourably aligned domain walls between h elica l 

domains in the antiferromagnetic phase. I t  is  thought that the c r i t ic a l  

f ie ld  corresponds to the location  o f  the minimum in the e la s t ic  constant 

and that at higher fie ld s  one o f  the two possib le structures discussed 

above ex ists . The recovery o f the modulus at higher f ie ld s  corresponds 

then to  the saturation o f the magnetisation caused by either the closing
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o f the fan angle or the complete destruction o f the d istorted  helix in 

favour o f a ferromagnetic alignment. Until the matter o f the existence 

o f  a fan state is  resolved i t  i s  not possib le to make a d e fin itiv e  

statement concerning the nature o f  the magnetic structure at higher 

f ie ld s . Publication of neutron d iffra ction  data by Crangle [38] is  

anticipated and would give further insight into th is  problem.

Application of a b$se plane magnetic f ie ld  to  the paramagnetic phase 

o f Terbium causes a rotation o f the in it ia l ly  randomly oriented moments 

into the f ie ld  d irection . There appears to  be a minimum in the e la s t ic  

modulus at a certain  f ie ld  strength which increases with temperature.

Above th is f ie ld  the sample has appreciable short range order, Maekawa [41] 

has in fa ct c la ss ifie d  i t  as ferromagnetic, although i t  is  s tr ic t ly  

•paramagnetic. The transition  from ferromagnetic to  paramagnetic at high 

f ie ld s  shows no evidence o f  an anomaly.

9 .3 .8  Demagnetising Field Corrections

The demagnetising fa ctors  for Terbium were found in a similar way 

to  that indicated for Gadolinium. The fa ctors  were found to  be N = 5.15 

fo r  Tb(l) which was a cuboid o f  dimensions 3mm x 3mm x 5.5mm and N «* 4.02 

for  Tb(II) which was a cy lin d er .o f height 4 .5ram and diameter 5mm. From 

the magnetisation data o f Hegland et al [12] and particu larly  the low 

f ie ld  magnetisation data o f Feron [9] the variation  o f  applied 

magnetic f ie ld  with temperature fo r  various internal magnetic f ie ld s  was 

found for  samples with the given demagnetising fa ctors . The dependence o f 

applied f ie ld  upon internal f ie ld  for  various temperatures, as shown in 

f ig s . 9.45 and 9.47, were then plotted fo r  the two samples. Conversions 

from applied to  internal magnetic f ie ld s  were made and the phase diagrams 

as a function o f  temperature and internal f ie ld  were plotted as shown in 

fig s . 9.46 and 9.48.
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Both phase diagrams show that the c r i t ic a l  internal f ie ld  in
-2antiferromagnetic Terbium is  ty p ica lly  ^ 10 T which is  much smaller 

than the c r i t ic a l  f ie ld s  reported for Dysprosium [17,30,31,32]. However 

the resu lts  are broadly in agreement with the c r i t ic a l  f ie ld s  of Terbium 

reported by Feron [39] from magnetisation measurements and by Belov [ l l ]  

from magnetostriction measurements. The present resu lts , however, show 

the c r i t ic a l  f ie ld  decreasing to  zero within experimental error, c lose  to 

the Curie point. The features o f  the c r i t i c a l  f ie ld  curve are otherwise 

qu a lita tive ly  similar to  Dysprosium.

9.4 Erbium

Erbium orders antiferrom agnetically with a c axis modulated 

structure below i t s  N^el point o f  85 K. A further transition  occurs at 

about 53°K below which ordering in the base plane occurs. The Curie
4

point is  at 20°K below which the c axis components order ferrcm agnetically. 

These structures are discussed in more d e ta il in chapter six .

The moduli C ^  and heen studied as a function o f applied

f ie ld  here. Because o f the arrangement o f  the apparatus i t  was only 

possib le  to  measure acoustic v e lo c it ie s  in d irections at right angles to  

the f ie ld .  Therefore when the d irection  o f  applied f ie ld  was changed 

from the b axis to the c axis the modulus was changed from C ^ to  C ^ . 

Behaviour o f  the moduli as a function o f temperature in zero fie ld  has 

been given in chapter eight. The samples used were the same ones as in 

Palmer et al [4] and are expected to  be about 98% pure at the very worst. 

Results on the temperature dependence o f the moduli in constant applied 

f ie ld s  up to 4T have already been published by du P iessis [2 ].

9 .4 .1  Field Dependence o f C^  below 20°K

The variation o f C ^  with a magnetic f ie ld  applied along the b axis 

fo r  several temperatures below 20°K is  shown in f ig .  9.49. The behaviour
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at a l l  o f these temperatures is  very sim ilar. For f ie ld s  o f  up to

about 1 .5T the modulus is  almost f ie ld  independent. I t  then undergoes

a fa ir ly  rapid decrease resulting in a 2% reduction in the value o f the

e la s t ic  constant. The modulus then leve ls  o f f  at i t s  lower value.

A more detailed example is  given in f ig .  9.50. The c r i t ic a l  f ie ld  was

taken as the middle o f the rapidly changing part o f the curve giving a

value o f  H = 1.85T. This c r i t ic a l  f ie ld  appears to be almost temperature c
independent.

9 .4 .2  Field Dependence o f in the Range 20 -  100°K

Above 20°K the variation o f with a c axis f ie ld  has been 

studied. At 20°K the behaviour is  similar to  that shown by below 

20°K. The modulus is  almost f ie ld  independent at low f ie ld s  and then 

decreases at f ie ld s  greater than 1.5T. At higher temperatures, f ig .  9.51, 

the high f ie ld  behaviour shows an increase instead o f  a decrease in 

e la s t ic  constant. I t  seems lik e ly  therefore that the sample was s t i l l  

ferromagnetic at 20°K and that the Curie point l ie s  somewhere between 20 

and 24°K. (See for  example the resu lts in chapter e igh t). Also a 

shallow minimum occurs at a f ie ld  o f 1.0T fo r  temperatures ju st above T .

As the temperature is  increased further, f ig .  9.52, the behaviour 

i s  more uniform showing an in it ia l  f ie ld  independence at low f ie ld s , 

followed by a rapid r ise  which appears to  reach saturation for f ie ld s ' 

greater than about 1 .5T. This behaviour continues up to 50°K in f ig .  9.53, 

then at 55°K, close to the transition  temperature, the zero f ie ld  value o f  

the e la s t ic  modulus increases, becoming almost equal to the high fie ld  

values o f  e la s t ic  modulus below 55°K. The e la s t ic  properties therefore 

appear to  be only weakly f ie ld  dependent. However, f ig .  9.54 shows that 

the modulus is  in fa ct s t i l l  increasing with f ie ld ,  although i t  no longer 

appears to  saturate at high f ie ld s .
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Above the transition  temperature the modulus is  much less  f ie ld  

dependent and in fa ct decreases s lig h tly  with f ie ld  as shown in f ig .  9.56. 

Further increase in the temperature shows similar behaviour. Fig. 9.59 

shows that although the decrease with f ie ld  is  s ligh t i t  is  is till c le a r ly  

detectable at 80°K.

9.4.3 Interpretation o f  Results

The behaviour o f  below the Curie point shows a rapid decrease 

at a f ie ld  strength o f 1.85T. This is  considered to  be the c r i t i c a l  

f ie ld  at which either the h e lica l structure collapses into a fan state, 

or at which a rapid growth o f favourably oriented domain walls occurs, 

causing a destruction o f  the base plane helix in either case. Demagnet­

isin g  f ie ld  calcu lations using the magnetisation data o f  Feron et al [L5] 

indicate that th is  applied f ie ld  corresponds to  an internal f ie ld  o f 1.72T 

at 20°K. This resu lt is  in agreement with the published resu lts  o f the 

c r i t ic a l  b axis f ie ld  o f  Erbium below 20°K by Feron [39] and Flippen B-6] 

both o f  whom indicate that the c r i t ic a l  f ie ld  i s  temperature independent 

in th is  region.

The c r i t i c a l  f ie ld  above 20°K has been taken as that corresponding
f

to  the rapidly rising portion o f the curve. Demagnetising f ie ld  

corrections have been made, f ig .  9.61, and the c r i t i c a l  internal magnetic 

f ie ld  p lotted  as a function o f temperature in f ig . 9.62 where the resu lts  

are compared to the findings o f  other workers using magnetisation 

measurements.

The two samples were approximately cuboids with dimensions 4.5 mm x 

5.0  mm x 2.2 mm for  the measurements o f  C ^ , and 5.5 mm x 3.5 mm x 2.2 mm 

for  the measurements o f C ^ .
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9.5 Summary o f Results

Results o f the variation o f o f  Gadolinium with temperature over 

the range 180-300°K and magnetic f ie ld s  over the range 0 - 0 .9  T have been 

presented. The,behaviour as a function o f  f ie ld  below 225°K showed the 

existence o f three magnetic phases, while above 225°K only two phases 

appeared to  be present. Demagnetising f ie ld  corrections have been made 

and a fin a l phase diagram o f the specimen suggested.

Results on two specimens o f Terbium o f d iffe ren t purity are 

reported. The two samples appeared to  have d ifferen t Curie points, and 

hysteresis in the Curie point o f  one o f  the specimens was found, although 

such an e f fe c t  was not investigated in the other. Magnetic phase 

diagrams o f  the two samples in the temperature region around the antiferro 

magnetic phase have been constructed and are in agreement with published 

resu lts  o f earlier  workers.

An investigation o f the magnetoelastic behaviour o f  Erbium using 

the modulus C^ below 20°K showed fie ld  independence at low magnetic f ie ld  

A c r i t ic a l  internal magnetic f ie ld  o f  1.72T was,found to  be almost 

temperature independent in th is  region. The behaviour o f C ^  with a c 

axis magnetic f ie ld  in the range 20 -  100°K has a lso  been reported. Ther

resu lts  show markedly d iffe ren t behaviour o f  the modulus above and below 

55°K. C r itica l f ie ld s  have been deduced with some d i f f ic u l ty  from the 

resu lts  and after demagnetising f ie ld  corrections the resu lts  have been 

shown and compared with those o f Other workers. Although the agreement 

is  not en tire ly  satis fa ctory , particu larly  at higher temperatures, the 

variation  o f c r i t ic a l  f ie ld  with temperature up to 50°K is  qu alita tively  

in agreement with ea r lie r  findings. At higher temperatures the requited 

c r i t ic a l  magnetic f ie ld  could not be achieved with the electromagnet used 

in the present investigations.
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CHAPTER 10

Results ( I I I ) : E lastic Properties as a Function o f  Pressure

10.1 Introduction

In th is chapter the e ffe c ts  o f hydrostatic pressure on the e la st ic  

moduli o f Erbium, Dysprosium and Terbium are reported. High hydro­

s ta tic  pressures o f up to  500MPa (5 k bars) were employed using the 

S.R.C. High Pressure F a c ility  at S.T.L. Ltd. o f  Harlow*. D etails o f 

the equipment have been given in chapter f iv e . Also the behaviour of 

the second order e la s t ic  moduli o f  Erbium under uniaxial pressures applied 

along certain crystallographic d irection s have been investigated, and 

from these resu lts  and the hydrostatic pressure derivatives a complete set 

o f third order e la s t ic  constants o f Erbium has been calculated.

10.1.1 Previous Measurements o f  Third Order E lastic Constants

As mentioned in chapter seven there has not yet been a determination 

o f  the third order e la s t ic  moduli o f any o f the rare earths from 

experimental measurements reported to  date. Some theoretica l work on the 

TOEC on the heavy rare earths has been conducted by Ramji Rao et al [ l ]  

and these have been discussed in chapter seven.

The most notable experimental work on the e ffe c ts  o f  pressure on the 

e la s t ic  properties o f the rare earths has been that o f Fisher et al [2] 

who investigated the hydrostatic pressure derivatives o f  the SOEC o f 

Gadolinium, Erbium and Dysprosium with pressures up to 300MPa (3kbar)t at 

298°K.

* Standard Telecommunication Laboratories (ITT) L td ., London Road,
Harlow, Essex.

t Private communication indicates that the measurements were up to 3 kbar 
not 5 kbar as reported in [2]



-  146 -

10.1.2 Measurements o f Third Order E lastic Constants o f  Other 
Hexagonal Materials

Some measurements o f the third order e la stic  moduli o f other 

hexagonal m aterials have been made by Swartz and Elbaum [3] for  Zinc, and 

by Naimon [4] for  Magnesium. The techniques for  determination o f single 

crysta l third order e la s t ic  moduli are fa ir ly  well established [5 ,6 ,7 ,8] 

in particular the need for pinning o f  d islocations to suppress m obility 

during uniaxial stress measurements. Some methods o f achieving th is  

have been discussed in chapter fiv e .

10.2 Calculation of Gruneisen Parameters from Hydrostatic Pressure 
Derivatives

10.2.1 Calculation o f  Compliances s^  and C om pressibilities

The re la tion s between the e la s t ic  moduli c . .  and the compliances s . .
i j  i j

fo r  a hexagonal material are given in f ig .  10.1. From these the values 

o f  the compliances given in f ig .  10.2 have been calculated using data 

from Palmer et a l [9 ,lo ] .

The volume com pressibility o f  a hexagonal crysta l is  related to  the 

compliances by

Pv = 2slx  + s33 + 2 (s i2 + 2si 3 ) . . . . 1 0 . 1

The general expression fo r  the linear com pressib ilities o f a 

hexagonal crysta l is ,  according to Nye [ l l ] .

(SU  + S12 + S13 )  +  l 2 +  l 3 > +  <a33 +  s 13 -  s u  -  = 12H 3

. . . .  10.2

where the s are the d irection  cosines along the three principal axes. 

When resolved into component linear com pressib ilities para lle l and 

perpendicular to  the unique ax is, th is  gives

3// ** 2s13 + s33 . . .  .10.3

"  S11 + S12 + S13 . . . .  10.4

The com pressib ilities are given in f ig .  10.3



Relationship between the Compliances S. . and 
E lastic Moduli C^Y for Hexagonal C rysH ls

12
'13

33
Cll + C12

44 '44

66

11 2 C
1 C33 = -{~ -  +

'66

1
C11 " C12

12
1 ,C33 1
2 Co " Cl l - C12

where

C33<CU  + Cl2 > -  2C13'

f ig ,  l o . l



Values o f  the Compliances o f Erbium, Terbium and Dysprosium

( Units are 10-11 Pa-1

si j
Er Dy Tb

S13 -0.2587 -0.3341 -0.3546

S33 1.3186 1.4720 1.5503

S44 3.6245 4.1667 4.5850

S66 3.6643 4.1754 4.4903

S11 1.4088 1.6262 1.7335

S, „ -0.4234 -0.4614 -0 . 511612

Values calculated from room temperature e la s t ic  constants 
given by Palmer and Lee [9] and Palmer et a l [10]



Linear anu Volume Com pressibilities as Calculated from the Compliances S
13-

Units are lo “ 11.Pa‘ 1 for  8's  and 101:LPa for  K's

Er. Dy Tb

2.255 2.465 2.576

h 0.801 0.804 0.841

h 0.727 0.831 0.867

$// -  Pj_ 0.033 - 0.011 -0.010
0v .

V 0.444 0.406 0.388

K 0.455 0.411 0.405S

f ig .  10.3
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10.2.2 Method o f Calculation o f  Gruneisen Parameters

The method of calcu lation  o f the Gruneisen parameters from the 

pressure derivative o f  the e la s t ic  moduli o f a hexagonal single crysta l 

has been discussed in chapter two. The equation 2.105 is  u t il is e d , v iz .

Yp (q) 1 + 1 1
3Cp (q)

2 2 3yCp (q) * 3P • • • • 10. 5

where yp (q) is  the mode Gruneisen parameter associated with acoustic

vibrations propagated along the q d irection  with polarisation  along the

P d irection . 3 . (q) is  the relevant linear com pressibility and 3 the 
' * 3Cp (q)

volume com pressibility. C (q) is  the e la s t ic  constant and -r ——ir , 0 *
it s  pressure derivative.

The fin a l terms on the right hand side o f  the equation may be 

replaced by a single expression, follow ing Fisher [2 ], so that,

3p(q) !  " *
= . -  ;r(l + IT. .) . . . . 10.6P y “

where

V<3>

3£nc

i j
11

3£n V ••••XO•7

?3C

:ij*  pv
i l

3P ••••XO•s

' 3C,
Values o f the u. . calculated from the measured values o f —i j  3P

in f ig . 10.12 are lis ted  in f ig .  10.13 together with F isher's results 

for  Erbium and Dysprosium.,

10.2.3 Hydrostatic Pressure Derivatives

The resu lts  o f the hydrostatic pressure variations o f the 

d iffe ren t second order e la st ic  moduli o f  Erbium are shown in 

f ig s . 10.4 -  10.7. Pressures up to 500 MPa have been employed.

The resu lts seem to  show some deviations from lin ea r ity  in particular the
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slopes ac low pressure are in some cases noticeably larger than the 

slopes at higher pressures. The derivative obtained at low pressures 

( < 50MPa) from f ig .  10.5 is  approximately 13.0 which compares favourably
scuwith the resu lts o f  — o f  Erbium in appendix seven where the low pressure 

derivatives were markedly larger. Despite th is the behaviour under 

increasing and decreasing pressures appears to  be fa ir ly  reproducible as 

evidenced by f ig .  10.5.

The temperature variation  o f the sample throughout the measurements 

was monitored using a chromel-alumel thermocouple. The change in 

temperature upon application o f  pressure, which was typ ica lly  increased 

in steps o f 25MPa ( ^ 0.25 k bar) was found to  be less  than 0.25°K. A

period o f 1 5 -2 0  mins was allowed after each increase in pressure to 

enable the temperature to return to  i t s  equilibrium value. Over the whole 

range o f the measurements the temperature variation  was found to  d r i f t  by 

less  than 1°K (typ ica lly  i t  was -  0.5°K). Each experimental run took 

between six and eight hours.

The resu lts  o f the measurements on Dysprosium and Terbium under 

similar conditions are presented in fig s . 10. 8 - 10.11 and the pressure 

derivatives obtained in f ig s . 10.12 are the arithmetic means of the
f

increasing and decreasing pressure derivatives which were obtained by a 

least squares computer f it t in g  procedure. These have been compared with 

the reported resu lts  o f Fisher.

From the pressure derivatives the values o f  the i t ^ 's  given by 

equation 10.4 have been calculated for  each mode of the three specimens 

and in the cases o f  Erbium and Dysprosium have been compared with those 

obtained by Fisher.

The various mode Gruneisen parameters y  (q) have been calculated
P

from the resu lts using the method indicated, and the average Gruneisen 

parameters Ty , and T derived from them ( f ig .  10.14),



f i g .  1 0 . 8



VARIATION OF THE MODULI C u  AND C 66 OF 

DYSPROSIUM WITH PRESSURE

fig.10.9





VARIATION OF THE MODULI Cu  AND C 55 OF 

TERBIUM WITH PRESSURE

a
cl c  

I d

X

U
C . U ( I I )

66

0-2190

0-2186

0-2182

0-2178

° 0 ° CUIIÍ)

o o 
o o

o o o
O O o

o  O .. O
0 O o

0 o o
o  O o

o o
o

'66

o o 
o

o o 
o

, I , „ ...- , I,

X

■■«fe
o

u
D

0-2235

0-2230

0-2225

100 200 300 400 500 M.Pa

fig. 10.11



-  149

10.2.4  Discussion o f Results

The measurements o f  the variation  o f e la stic  moduli with hydrostatic 

pressures up to 500 MPa (5 k bars) presented here indicate that there are 

some deviations from lin earity . In particular the derivatives at high 

pressures ar smaller than those at low pressures. This can not be 

attributed entirely  to a temperature change in the sample, since a

variation  o f 1°K over the whole range o f the measurements would case a
AC -5variation  in —  for  o f Erbium for  example o f 5.9 x 10 whereas the

AC -2actual variation  —  caused by such a change in pressure is  2.07 x 10

fo r  the same modulus ( f ig . 10 .4). Therefore temperature dependence

could only account for  a very small part o f th is  deviation.

The temperature variation  of the moduli could therefore not be the

cause o f the discrepancy between the present resu lts and those o f Fisher,

the only other notable work. In  fa c t , taking again as an example the

ccmpressional moduli o f  Erbium in f ig .  10.4, the slopes o f  the graphs at

pressures up to 200MPa (2 k b a rs ), using a straight lin e  f i t  to  the data by

eye, y ie ld  pressure derivatives o f 4.8 fo r  C33 and 4.5 fo r  C ^  which are in

good agreement with F isher's  resu lts .

Recent resu lts by Gerlich and Kennedy [12] on the variation  o f  e la s t ic
t

moduli o f polycrysta lline  copper with hydrostatic pressures up to 2000MPa

have also shown n on -lin earities , beginning at pressures o f 600MPa. The 
dCchange in slope (— ) was found to be from 1.8 at the lower pressures to  

0.9 at the higher pressures, a factor o f  exactly two. Similar deviations 

from lin ea r ity  in the rare earths might be expected to occur at lower 

pressures simply because the second order e la s t ic  moduli are smaller than 

copper ( 'll 0 .8 x 1011 Pa compared with 1.7 x lO^1 Pa).



Hydrostatic Pressure Derivatives o f the E lastic Moduli o f  Erbium,
Dysprosium and Terbium

•>

\

Erbium Dysprosium Terbium
This work Fisher [2] This work Fisher [2] This work

aC33
3P 3 .20±0.28 5 .448±0.018 3.58 +0.01 5.331±0,008 3 .31±0.22

3C11
?P 3.31+0.05 4.768±0.020 2.50 ±0.30 3.092±0.006 2 .48±0.66

i C 4 4 (I)
3P 0 .72±0.04 0 .949±0.005 0.49 +0.04 0. 434±0.001 0.25±0.03

3C4 4 a i )
3P 0.77±0.01 0.949±0.005 0.50 ±0.15 0.434±0.001 0 ,23±0,03

SC66
3P 0. 67 ±0.09 0 .853±0.012 0. 245±0.01 0 .408±0.002 0. 27*0.03

t

2 £ p .s .
ap 0. 69±0.05 - - - -

3P 3.22±0.91 - - -

Errors quoted are externally consistent [16]

f ig .  10.12



Comparison o f the Calculated Values o f n- i j -

ErlDium Dysprosium Terbium

This work Fisher [2] This work Fisher [2] This work

n33 -1 .68±0.15 -2 .89±0.04 -1.86±0.06 -2.78±0.03 -1.73±0.11

*11 -1.75±0.03 -2.51±0.03 -1 .39±0.17 -1.70±0.02 -1.39±0.37

*44<d -1.16+0.06 -1 .54±0.02 -0.83+0.07 -0.73±0.01 -0.45±0,05

W 111 -1.24+0.02 - -0.85 ±0.25 - -0.41±0.05

*66 -1.09 ±0.15 -1 .39±0,03 -0.42 ±0.02 -0.69 ±0.01 -0.47+0.05

f ig . 10.13



Calculated Values o f the Grüneisen Parameters

Yp(q) *ij Er Dy Tb

V c) Y33 0.69510.08 0.75610.03 0.69210.06

V c) Y44(I1 0.43510.03 0.241*0.04 0.05210.03

Y, (a)a Y11 0. 697 ±0.02 0. 53210.08 0.53210.19

Yb (a) Y66 0.367+0.08 0.04710.01 0.07210.03

Yc (a) Y44(II) 0.44210.01 0.262*0.12 0.042*0.03

r H ^ 3 3 + 2^44(I )) 0.52210.05 0.41310.04 0.26510.04

Tl 3 (Y11 + Y66 + y44(II )) 0.50210.04 0.28010.07
f

0.215*0.08

r I lrn + 2ri> 0. 509 ±0.04 0.324*0.06 0.232*0.07
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10.3 Uniaxial Pressure Derivatives and TOEC

10.3.1 Methods of Determination of TOEC

Previous methods o f determination of the third order e la s t ic  constants

o f  hexagonal single crysta ls  have involved a combination o f uniaxial and

hydrostatic pressure measurements on the second order constants. The

hydrostatic pressures in the measurements o f Swartz and Elbaum [3] and

Naimon [4] were applied by using a gas pressure c e l l  connected to a cylinder

o f nitrogen gas. This method was also used fo r  some o f  the resu lts

obtained in the present work, which however are not presented in th is chapter.
_2

A pressure lim it o f  5 MPa (50 kg.cm ) was found to  be su ffic ie n t  to  allow 

determination o f  the pressure derivatives in th is  work and also in that o f 

Swartz and Elbaum.

Methods o f application o f uniaxial stress f a l l  broadly into three 

categories, the hydraulic press used by Swartz and Elbaum, the mechanical 

system operated by a screw press and calibrated by a proving ring as 

employed by Brammer [13], and the mechanical lever system used by Salama
4

and Alers [ 6] ,  Sarma and Reddy [ 8] and Hames [14], The lever system was 

also used in the present work to  apply uniaxial stress.

I
10.3.2 Method o f Calculation '

The method o f calcu lation  o f  the third order e la s t ic  constants from 

pressure derivaties o f  various modes o f a hexagonal crysta l have been given 

by Brugger [15], A set o f at least four hydrostatic pressure derivatives 

and at least six linearly  independent uniaxial derivatives are needed to 

calcu late the ten TOEC. The measurements used in the present determination 

have been summarised in f ig .  10.15.

The hydrostatic pressure derivatives may be expressed by an equation 

o f  the form,

SS 1 + 2(P V2)F' + Go .... 10.9



Stress Derivatives required to  Calculate the Third Order 
E lastic Constants o f a Hexagonal Crystal

after Brugger[l5]

NO. Propagation
Direction

Polarisation
Direction Stress E lastic

Modulus

1 MQaL c c hydro C33
2 V T2 c b hydro C44
3 • V T2 b a hydro C66
4 M0YL ' b b hydro C11
5 M2aL c . c b C33
6 m2yl a a b c u
7 m3yl b b c C11

" 8 m2yt2 a b
•

b °66
9 m2yt3 a c b C44

10 M2aT2 c b b C44
r

f ig .  10.15
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and the uniaxial derivatives by

3<p V2) o 2(P0V2) f ' + G . .  10.103P
These have been further sim plified to  an equation o f the form,

= F + G .. . .1 0 .1 1

where the values o f the terms F and G, expressed in products o f the

compliances and elafetic constants are given for  the various cases in

f ig .  10.16. From these ten simultaneous equations the various TOEC,

C"ijk can be extracted when the pressure derivatives are known.

10.3.3 Results o f  Uniaxial Pressure Derivatives

Some preliminary uniaxial pressure measurements o f the e la stic  

moduli o f Erbium halre been made and the resu lts  are given in f ig .  10.17,

The resu lts  are just su ffic ie n t  to allow the third order constants to  be 

calculated. •

These resu lts should only be considered preliminary on several 

counts. The actual changes in e la st ic  constant were so small that they 

were only ju st detectable above the fluctuations in the sing around frequency, 

and the resu lts  were obtained by averaging several experimental runs.

Further, no cross checking measurements have been made, simply because these 

would only be useful to calcu late whether the uniaxial measurements were 

consistent with previous hydrostatic pressure derivatives. As seen in 

section  10 .2 .3 , the values o f the hydrostatic derivatives have not been 

fin a lly  resolved yet. Doubt has been raised concerning the uniformity of 

the applied uniaxial stress and although e ffo r ts  have been made to correct 

th is the p o s s ib ility  remains as a source o f error. F inally , although 

attenpts were made to thermally iso la te  the system, i t  was not temperature 

controlled  and therefore thermal fluctuations remain a further possib le

source o f error.



R elations between the variou s pressure d e r iv a tiv e s  and th e TOEC, Cjjjc

sl'pv2’ F + G

f ig ,  10.16



f Ì g , 1 0 , 1 7
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The contributions o f d isloca tion  m obility to inherent stress 

provided another problem; however, irradiation  by neutrons, as discussed 

in chapter fiv e , was thought to have suppressed th is . The behaviour o f 

the uniaxial derivatives before irradiation  were c learly  non linear.

A fter irradiation  stresses o f up to only 3 MPa were applied in order to 

cause as l i t t l e  d isloca tion  motion as possib le , and the derivatives were 

then linear as far as could be discerned.

10.3.4 Calculation o f TOEC from Results

The resu lts  o f the uniaxial pressure derivatives are given in 

f ig .  10.18. Using the numerical values given in f ig .  10.19 and grouping 

together the two equations involving C133 and C333 , the three equations 

involving C ^^, C155 an<̂  C344 anc* ^ ve equations involving C ^ 3 , C123# 

C222' C112 and Cl l l '  thiS leaves three matrix equations whose solution 

gives the ten TOEC

| 1.45 0.80 \ ,C 133

\ 0.99 -0.26 /  \ C333

-5.55 \ 

-2 .59 /

( 0.73 0.73 0.80 \

1.41 -0.42 -0.26

-0.42 1.41 -0 .26 /

C144\ /  - 2.12

C155 J -0.63

l  C344/ +0.99 j

I 0.40 -0 .40 0.36

0.80 0 0

-0.26 0 0

. 1.32 0 0

\ -0.13 -0.13 -0.67

-0.36

0.73

1.41

-0.26

-0.25

° \
0.73

-0.42

-0.26

+0.92/

/c113

'123

'222

'112

'111

10.12

. . . .1 0 .1 3

I -2.08 \

-5.53 

-3.11 

1.49 ■ , 

\ -2 .93  /  

. . . .1 0 .1 4

Fran these equations the values o f  the third order e la st ic  constants 

given in f ig .  10.20 have been found.



C oefficien ts o f  the Various Terms given in  f j g .  10.16 as calculated from the SPEC

units are lO^Pa

No. See f ig . 
10.15 C133 C333 C144 c 155 C344 C113 Cl23 °222 C112 Cl l l Constant

Term 3P
1 M0aL 1.45 0.80 2.35 = -  3.2010.28

2 M0aT2 0.73 0.73 0.80 1.40 = -  0.7210.04

3 M0YT2 0.40 -0 .40 0.36 -0.36 1.41 = -  0.6710.09

4 m0yl 0.80 0.73 0.73 2.22 = -  3.3110.05

5 M2aL 0 .99 -0.26 -0.44 = -  3.0310.61

6 **2YL -0.26 1.41 - 0 .42 -0 .71 = -  3.8210.76

7 Mj Y^ 1.32 —O. 26 —0 .26 -0 .43 = ♦1.0610.42

8 «'2YT2 • —0.13 -0.13 -0.67 -0 .25 O. 92 0.79 = -  2.1410.27

9 M 2YT3 1.41 -0.42 -0 .26 - -0.14 = -  0.7710.21

IO M2aT2 -0.42 1.41 -0 .26 - 0.78 ■ ♦1.7710.35

equations read horizontally , e .g . 1 .4 5 € ^ 3  + 0.80C333 + 2.35 = -3 .20

f ig .  10.18



Uniaxial Pressure Derivatives o f  Erbium

Mode E lastic
Modulus

dCi j
dP

M2aL C33 3.03 ± 0.61

• V L C11 3.82 ± 0.76

m3yi. C11 -1.06 ± 0.42

m2^T2 C66 2.14 ± 0.27

M2YT3 C44 0.77 ± 0.21

M2aT2 C44 -1.77 ± 0.35



Values o f  TOEC o f  Erbium

c ijk This Work Ramji Rao [ l ]

C133 -3.01 ± 0.33 -1.96

C333 -1.49 ± 0.11 -7.83

C144 -0.79 ± 0.07 -0.49

C155 0.095 ± 0.09 -0.49

C344 -2.02 ± 0.03 -1 .96

C113 -0.299 ± 0.021 -0.38

C123 7.11 ±0.02 - 0.60

C222 -0.95 ±0.06 -9 .1

C112 -3.41 ±0.10 -2.57

Cl l l -3.84 ±0.08 -7.47

units are 1011 pa

f ig . 10.20
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Agreement with the calcu lations o f  Ramji Rao is  fa ir  with only the 

moduli C333, C123 and showing sign ifican t discrepancy.

10.4 Summary of Results and Discussion

Some resu lts o f the e ffe c ts  o f  hydrostatic pressures up to  500 MPa

(5 k bar) on the e la stic  moduli o f  Erbium, Dysrposium and Terbium have been

presented. The resu lts show deviations from lin ea r ity  which do not seem
%

to be due to temperature variations. The derivatives obtained by making 

a least squares straight line f i t  to  a l l  the data points are s ig n ifica n tly  

smaller than those reported by Fisher for  Erbium and Dysprosium, although 

the derivaties over the lower parts o f the range give fa r i ly  good agreement 

in at least one case taken as an example. The measurements on Terbium are 

believed to  be the f i r s t  determination of the pressure derivatives o f  th is  

material.

GrSneisen parameters have been calculated from the data and again

disagree with the Fisher calculations. Further both sets of calcu lations

disagree with the Griineisen parameter * obtained from thermal expansion data,

being in both cases too small. However i f  there are higher order

contributions to  the pressure derivative then th is  would help to  explain

the disagreement. The resu lts  o f  the non linear behaviour o f  dc/ ' have
dp

been compared to similar findings on copper by Gerlich.

Some preliminary measurements o f the uniaxial pressure derivatives o f 

Erbium have been made and from these the fu l l  set o f  third order e la s t ic  

constants calculated. The resu lts are in surprisingly good agreement with 

the calcu lations o f Ramji Rao.



CHAPTER 11

Conclusions

11.1 Summary of Results

In th is work some m odifications to a new ultrasonic sing around 

system have been reported and the performance o f  the fin a l instrument 

investigated by measuring the variation  o f the second order e la st ic  

moduli o f Gadolinium, Erbium and Terbium. The resu lts were compared 

where possib le  with previous measurements o f e la s t ic  moduli o f  these 

materials and the system was found to be operating to  it s  quoted 

sp ecifica tion s.

The in it ia l  resu lts  on C33 o f Gadolinium close  to it s  Curie point 

o f T = 293.5°K gave considerably more d e ta ils  o f  the c r i t ic a l  behaviour 

than had previously been achieved. The measurements o f  the e la stic  

moduli o f  Erbium over the range 4.2 -  100°K gave once again much fin er 

d eta il .than the earlier resu lts . The variation  o f  the moduli were 

nevertheless broadly in agreement with earlier  resu lts .

The behaviour o f C33 of Terbium as a function o f  magnetic f ie ld  

applied'along the b axis has also been investigated. The resu lts 

obtained.from the internal memory store agreed with the repetition  frequency 

to within the quoted error o f  ± 3nsecs. although the loss  o f resolution 

experienced with th is  mode o f output was rather lim iting. The general 

form of the f ie ld  dependence was rather as expected and similar in some 

respects to that o f Dysprosium under sim ilar conditions.

A detailed study o f  the variation o f the e la st ic  moduli o f  Gadolinium, 

Terbium and Erbium with magnetic f ie ld  and temperature has been made and 

from the resu lts the magnetic phase diagrams o f  Gadolinium and Terbium 

have been constructed. The resu lts  for  the variation o f  the spin reorientation 

temperature o f  Gadolinium in constant applied f ie ld  in the base plane compare 

with earlier  published work. The resu lts fo r  Terbium have yielded the
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variation  o f the c r i t ic a l  f ie ld  with temperature and agreement with 

earlier  published work is  good.

The resu lts for  Erbium gave a c r i t ic a l  b axis f ie ld  which was almost 

temperature independent below 20°K. The c r i t ic a l  c axis f ie ld  above 20°K 

was qu a lita tively  in agreement with earlier  work, although the present 

resu lts  indicated that i t  did not increase quite so rapidly with temperature.

Dependence of the e la stic  moduli o f  Erbium, Dysprosium and Terbium 

with hydrostatic pressures up to 4.5 MPa showed serious discrepancies with 

earlier  published resu lts fo r  pressures up to 300 MPa. Later resu lts with 

pressures up to 500 MPa showed that deviations from linear pressure 

dependence occurred. In particular the pressure derivaties o f  e la s t ic  

constants decreased with increased pressure. These changes in the 

pressure derivative could not be attributed to  temperature variations in 

the sample as had been suggested in it ia l ly .

The derivatives obtained in the present work fo r  pressure ranges 

covered by the previous work, 300 MPa, were in reasonable agreement with 

the published resu lts . I t  would appear from th is  that the pressure 

derivatives o f the e la st ic  moduli are not constant over the range 0 -  500 MPa 

as had previously been suggested.

F inally some preliminary measurements o f the dependences o f  various 

e la stic  moduli o f  Erbium with uniaxial stresses along selected cry s ta llo ­

graphic d irection s have been made. From these a complete set o f  third 

order e la s t ic  constants has been obtained, although no cross-checking 

measurements have been made to test the se lf-con sisten cy  o f  the resu lts .

11.2 Future Work

The lo ss  o f resolution  when measurements were made using the internal 

memory store were found to be severely lim iting in some cases. I t  would 

therefore be useful to try  to improve the accuracy o f th is  mode, particu larly  

since the improved speed o f  measurement would be useful for  measuring changes
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in e la st ic  constants in pulsed magnetic fie ld s  where the sampling rate 

o f even a second or so would be too long. Work is  being conducted in 

th is  department to improve the accuracy from ± 3nsecs to i  1.5 nsecs 

by using a 500 MHz o s c illa to r  as a clock instead o f  the 250 MHz 

o s c illa to r . However,an improvement o f  at least an order o f  magnitude 

would be ultim ately desirable.

Concerning the behaviour o f  Gadolinium under applied f ie ld  some 

resu lts  o f f ie ld  dependence o f  the e la s t ic  moduli below 180°K would be 

useful in order to  ascertain whether two or three phases ex ist there, in 

particular whether phase II  ex ists  righ t down to 4.2°K. Current opinion 

is  that probably i t  does not.

The resu lts o f the pressure dependences o f  the e la st ic  moduli seem to 

have uncovered more problems them they have solved. The low pressure 

derivatives, with pressures up to 4.5 MPa, and the high pressure 

derivatives, up to 500 MPa, gave in it ia l  disagreement. Further 

investigation showed that both appeared to  be non linear in a way that 

could be consistent, however the pressure changes using the 500 MPa press 

could not be adjusted in small enough steps to  allow the low pressure 

derivative to be measured accurately. Despite th is an attempt /to estimate 

the low pressure derivative from high pressure measurements was made and 

the resu lts  were encouraging. Plans have since been made to have the 

e la s t ic  constants measured over the intermediate range 0 -1 0 0  MPa so that 

the problem may be resolved.

Results o f the uniaxial pressure variation o f the moduli o f Erbium were 

only preliminary and in fa ct  further measurements along these lin es  should 

be made before a d e fin itiv e  statement o f the TOEC o f  Erbium can be made.

The TOEC of a l l  o f  the remaining rare earths have yet to be determined and 

therefore further progress in th is  d irection  is  needed.
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Appendix 1 Data Analysis

The data output from the sing around may be in either o f two forms. 

The sing around frequency may be read d ire c t ly  from the frequency meter, 

or the delay time between the opening o f  the e lectron ic  gate and the 

detection o f the next echo may be obtained on paper tape. In order to  

sim plify the data analysis two computer programs have been written to  

calculate the e la st ic  constants from the raw data.

Data Output on Paper Tape: Program 1

The form o f the data input fo r  th is  program consisted o f  the in it ia l  

value o f  the controlled  parameter, for example a thermocouple emf. or a 

c o i l  current' fo r  the electromagnet, the increment in th is  parameter 

between readings and the d ig ita l delay or gate delay as read d ire c t ly  from 

the preset switches on the sing-around. This la st reading may be con­

verted to  a delay time in microseconds as indicated in section 4.8. The 

format o f the data used was 

V AV D

- 100.0 
* * * *

where V was the in it ia l  value o f  the parameter, AV the increment between 

successive readings and D the d ig ita l delay. The "-100.0" was simply a 

terminating character.

The program then calculated the sing around period for each o f  the 

t^ in the data as governed by the equation 4.1

t  + 2
T *= (D + l ) . 0.128 + ------ —  visecs. A l.l
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and then produced a graph of x  ̂ against the corresponding temperature 

or magnetic f ie ld  which was found from the values o f  given by

V± V + U - D . A V  Al. 2

by using a calibrating subroutine.

Corrections were then made to the calculated periods x^ in the 

follow ing way. Since the frequency o f the acoustic waves was 15MHz the 

time intervals between corresponding points o f successive cycles  was the 

reciproca l o f  th is , i . e .  0.067ysecs. Starting from i  = 2 i f  the d ifference 

between two successive periods x^_  ̂ and x^ was greater than 0 .066ysecs., 

then a function A^, which was in it ia l ly  set to  zero, was incremented 

according to

A^_  ̂ ± 0.0667 ysecs. A1.3

whenever a lik e ly  change in the triggering cycle  was observed. The sign 

o f  the increment was determined by the re la tiv e  magnitude o f the two

functions 
, + | x± -  T x + 0.0667|

| Ti " Ti«i " °*0667 |

Al. 4 

Al. 5

I f  e+ were smaller then the positive  sign was used and v ice  versa. A new 

set o f corrected periods x^' was then calculated by

V  = Ti  + V

and frcm th is  the sing around frequency calculated from

A l.6

A1.7

The square o f sing around frequency was proportional to the e la s t ic  

modulus, and the e la s t ic  moduli as a function o f the controlled parameter 

were computed by finding one frequency f  fo r  which the e la s t ic  constant 

was known to have a particular value C . For example, in the magnetic 

f ie ld  sweeps the e la s t ic  modulus at zero f ie ld  was often known. The
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co e ffic ie n t  o f proportionality  k was then given by

C

and the other resu lts  were then scaled by multiplying by k, to  give a 

series of e la s t ic  constants against-the controlled  variable o f  temperature 

or magnetic f ie ld .

The data output was'then in the form o f  a graph o f e la s t ic  modulus 

against the controlled variable using the Computer Centre graph p lo tter .

Data Output from the Frequency Meter; Program 2

The form o f data input for th is  program consisted o f tabulated values 

o f the variable parameter V and the sing around frequency f  arranged in 

corresponding pairs in the format shown below

V fn n
100.0  - 100 .0
*  *  *  *

where again the "-100.0" is  a terminating character. The program then 

plotted a graph o f th is raw data on the lin e  printer to  show it s  general 

form. The program then corrected the data in the event o f  any changes 

in triggering point which would manifest themselves as abrupt breaks in 

the graph.

In order to  achieve th is  the moving average o f the slope o f  the 

curve was recorded, taking the la st  four data points in to consideration. 

That is ,  at the ith p o in t  i t  defined a slope function as
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and then calculated the slope between the current (i th point) and the 

( i - l ) t h  point.

' f . -  f ,i -1
Vi  -  Vi-l|

A1.10

I f  < 5 .Si then no action was taken and the program moved on to  

the next operation which involved a check o f  the change in d irection  of 

slope. However, i f  »  5 .Si or there was found to  be a change in 

d irection  o f slope between and then a correction  was made as outlined 

below. The factor 5 was determined em pirically.

I f  a correction  was to  be made to the i  th data point in conjunction 

with the conditions given above, then a function 6 was incremented such 

that 6  ̂ was set in it ia l ly  to zero and when a correction  was required,

pr si - (vt - v i-i> A l . l l

where pi  was simply the d irection  o f  the slope given by

f l - l  ~ f i-3  
fi - l  ” f i-3|

A1.12

and consequently was either ± 1. •

After a l l  the 6  ̂ had been evaluated the corrections were made to the 

data by defining a new function A  ̂ such that '

A/ = Ai - i  + 6i A1.13

The new function A  ̂ could then be added to the values o f frequency f^ to 

give the corrected frequency f ^

f  + A r i  i A1.14

When the program had completed i t s  run a new set o f corrected
2frequencies f^ ' were obtained and again the f^ were calculated. Using 

the same procedure as the other program a parameter for  which the
2e la st ic  constant was known to be C was found as the other values o f  f .o i

scaled accordingly to give values o f  e la s t ic  constants.
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The fin a l form o f output was then a graph o f e la s t ic  constant against 

the controlled  variable, either temperature or magnetic f ie ld ,  using the 

Computer Centre graph p lo tter .

Generation Function g
»

The generation function was introduced later to  show where corrections

had been made to  the data. The values o f  g^ were defined by
*

g 1 -  0 A1.15

g^ * * g^_i for  6  ̂ = 0 A1.16

g . = g + 1 for  6 . ^ 0  A1.17* i  i -1 i

so that each time the frequency is  corrected the value o f  the generation 

function g increases by one. This was used to  id entify  the corrections. 

These occurred ty p ica lly  about once every. 30 -  50 data points, although 

th is  was naturally dependent on how rapidly and how d ra stica lly  the 

attenuation changed.

t
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Appendix 2 Origins o f  the Exchange Interaction

Simultaneously and independently Dirac [ l ]  and Heisenberg [2] 

explained ferromagnetism using quantum mechanics shortly a fter Pauli had 

discovered his exclusion prin cip le . The exchange interaction was d is ­

covered as a consequence o f  th is  exclusion prin cip le  and the physical 

overlap o f  the wave functions o f the electrons concerned. This 

additional energy term appeared to  have no c la ss ica l analogue. .

The exclusion princip le was found to keep electrons with para lle l 

spins apart and thereby reduce the Coulomb repulsion interaction . The 

d ifferen ce  in energy between the p ara lle l and antiparallel spin config­

urations o f two electrons was ca lled  the exchange energy, although th is 

was favourable to ferromagnetism only under certain  circumstsinces.

Heitler-London Approximation for the Wave Functions o f Two Electrons in a 
Hydrogen Molecule

This model w ill be invoked since the resu lt is  useful in obtaining 

the wave functions o f two electrons on neighbouring atoms. In th is  

approximation electron repulsion is  considered to  be s ign ifica n t in 

a ffectin g  the motions o f  the electrons so that they w ill spend most o f
t

the time at opposite ends o f the molecule. The system w ill therefore 

resemble two separated hydrogen atoms. The wavefunctions o f the two 

electrons may then be approximated by using one electron functions, each 

o f  which is  localised  at one o f  the nuclei. Let these two functions be 

and loca lised  at nuclei a and b respectively .

The symmetrical and antisymmetrical wave functions are therefore:

W V  ’  +a(rl ’ * b (r2) + V V W

W r2> '  * a <rl ) * b lr2> -  V r 2, * b (rl> ...,A 2 .2
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so that <J> (r .) represents the separate wave function o f the f i r s t  a i
electron at nucleus a and <|> b (r2) represents the wave function o f  the

second electron at nucleus b. (r .) and <(> (r .) are the wavefunctionsb i  a  2

when electrons are exchanged between the nuclei.

E v a lu a t io n  o f  th e  T o ta l  E nergy

The tota l energy E o f the electrons may then be obtained by
«

E J /r -H . V dV1dV2 ... .A 2 .3 ,

where the wavefunction t¡i is  given by either o f  the forms A2.1 or A2.2.

The sign distinguishes corresponding sin glet and t r ip le t  states.

The tota l Hamiltonian for th is particular system may be sp lit  into 

i t s  constituent terms

H -  Hx + H2 + Ul  2 . . . ,  A2.4

where is  the energy of the f i r s t  electron in the absence of the second, 

and is  therefore dependent only on r^, and H2 i s  the energy o f the second 

electron in the absence o f the f i r s t .  The term H _ is  the energy due 

to  interaction o f the electrons, which was in cidenta lly  neglected in 

obtaining the approximate wavefunctions.

The evaluation o f  the energy integral A2.3 may then be obtained as 

fo llow s, where normalisation factors have been ignored.

E -  //<♦£<*!>♦£ <r 2> * V r 2l +b<rl ),H- !V r l>+b(r2l 1
X dvx dv2 . . . .  A2.5

-  / / ♦ i (ri )* b (r2)H* V r l )* b (r2) dVl  dV2

+ / / 'i ’a (r2)<i)b (ri )H,<i)a (r2)^b(r i ) dVl  dV2

± ’•'//♦ a (ri ) ♦£(r2} H’ ^a (r2} ^b(r l ) dVl  dV2 

■ ■ * / /♦ ¡< r 2)* £ (r l )H.*a (rl ) t b (rs ) dVjdVj

. , . . A2 ,6
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and reca lling  that y *  and H are symmetrical or antisymmetrical in r and
1

r2 , y ie ld s ,

E 2//<!>* (rx) <t>* (r2) H. *a (rx) *b (r2) d ^  dV2 

± 2//**(r1)**(r2)H.*a (r2)^b (r1) ^  dV2

. . . .A 2 .7

Separation o f  the operator H into i t s  constituent terms as indicated 

in equation A2.4 gives

1 + a dV l dV ; •••.A2. 8

E„

1 + a 2/ ^ a (rl ) *h(r2)H24>a (rl ) *b (r2) dVl  dV2 ••••A2*9

where Ex and E2 are the unperturbed energies o f  the electrons in their 

states a (rx) and 2 ( r w i t h o u t  any interaction . The factor a2 is  the 

exchange integral.

2_ a E,

a2E„

2 / I^ (  x^ * b (r2)Hl * a <r2)* b (xl ) dvx dV2 ....A 2 .1 0

2/J*Z (h ) ♦* (r2) H2^  (r2) *b {rx) dV;L dV2 . . . . A2.11

Therefore the sum o f  these terms g ives simply the unperturbed ( i .e .  

no interacting) energy o f the two electrons ^  + E2> This s t i l l  leaves two 

extra terras in the to ta l energy, which w ill be denoted by Q and J.

Q -  / /♦  a (rl ),},b (r2)Hl , 2<ia (ri H b (r2 ) dVl dV2

± J m ± / / <»,a (r1)<i,b (r2)Hl,2 ^ a (r2H b (ri )dVl dV2 ••••A2*13 So

So that the fu l l  expression for the energy of the system is

Eto t Ex + E2 + 2 (Q l  j ) • « «•A2«14
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where the terms and E2 are the energy.of the system when the two 

electrons are not interacting, for example i f  one nucleus and i t s  

electron were at in fin ity . Q and J are due to  the interaction component 

H12 o f the Hamiltonian and may therefore be ca lled  the interaction energy 

terms. Q may be interpreted as a Coulomb e le ctros ta tic  interaction 

between the electrons. However i t  is  the J term which is  particu larly  

in teresting.

J is  known as the exchange integral and appears because the Pauli 

p rin cip le  requires a correlation  between the quantum numbers defining the 

electrons. I t  owes i t s  existence therefore to  the fa ct  that the wave 

functions o f the two electrons have the form given in equations A2.1 and 

A2.2. The nature o f th is interaction is  therefore e le c tro s ta tic  and not 

a magnetic d ipole type o f  interaction . The exchange integral is  thus 

responsible fo r  regulating the spin configurations o f  electrons in atoms, 

molecules and on a larger scale throughout a so lid .
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Appendix 3 Magnetic Phase Transitions and Catastrophe Theory

Thermodynamic Equilibrium

In thermodynamics the state o f  a system is  defined by the parameters 

temperature T, pressure P, volume V, and entropy S. Additional 

parameters o f magnetic f ie ld  H and magnetisation M are also sometimes 

used. These may be c la ss if ie d  according to the conditions under which 

an experiment is  conducted, into those parameters which may be controlled  

by the experimenter, the control space, and those parameters which
s'

specify  the behaviour o f  the system, and are necessary together with the 

control parameters to  specify  the state o f  the system. These may be 

termed the behaviour or state space.

For example i t  often  happens that the temperature and pressure o f a 

system are varied in order to produce changes in volume. In this case 

the control space is  the two dimensional space o f P,T and the state 

space is  the one dimensional space o f V. In order to  obtain the 

equilibrium conditions in th is case the Gibbs free  energy is  found and a 

minimum obtained with respect to the state variables.

(
Catastrophe Theory

In catastrophe theory a theorem ex ists  which appears to  be analogous 

to  the description  o f  the specifica tion  o f state o f a thermodynamic 

system. This is  the main theorem o f  catastrophe theory and is  stated in 

a sim plified form here:
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Theorem:

I f  C is  a control space and Z is  a state space le t  <p be 

a snooth function on Z parametricised by C. Then M the set 

o f stationary values o f 4» with respect to the state variables 

is  a smooth surface in Cx Z. The only singu larities o f  the 

projection  o f  M onto C are elementary catastrophes ( see  [7] f o r  

d e f in i t io n ) .

This means that for  elementary catastrophes there ex ists  a smooth 

potentia l function <j> such that the equilibrium conditions o f  the system 

are given by

24.
3yi

where the

= o

y  ̂ belong to  Z.

i - 1, 2, A3 J1

Elementary Catastrophes and their C lassifica tion

Each o f  the catastrophes has a particu lar model and a general 

formula fo r  the potential function <j> ex ists  fo r  each type. The formulae 

are given in the table below although the signs o f  the c o e ffic ie n ts  here 

are arbitrary. In each case the a ,b fc,d  are parameters fo r  the control 

space C and x fo r  the state space Z ,

dim Z dim C ♦

Field 1 1 1 3T x -  ax
1 4  1 , 2Cusp 1 2 j  x -  ax -  j  hx
1 5  1 2  1 3Swallowtail 1 3 ■=-x -  ax -  — hx -  r  cx 
d 2 6
1 6  1 , 2  1 3 1 , 4Butterfly 1 4 — x - a x - p - b x  -  — cx -  — dx 6 2 3 4

Only those catastrophes with one dimensional state spaces Z have 

been included since these are the only ones with which the present work

is  concerned.



-  168 -

The Cusp Catastrophe

In the case when Z is  one dimensional and C is  two dimensional the 

set M o f stationary values o f <J> gives a surface o f the form shown below. 

This is  ca lled  the cusp catastrophe and is  particu larly  easy to 

v isu a lise .

The projection  of the fo ld  onto the control space C gives the 

Riemann-HugonJbt cusp which is  the reason for  the alternative name o f  th is  

case, the Riemann-Hugoniot catastrophe. The pptential function <j) has the 

form,
* 1 4  1 . 29 "  J  x -  ax -  -  bx A3.2

3<j>therefore the surface, governed by = 0 is ,

x3 = bx + a A3.3

and d ifferen tia tin g  again with respect to x to obtain the cusp points gives 

on elimination o f x the projection  o f the fo ld  onto the plane a b 

27a2 = 4b3 A3.4

the Rieraann-Hugoniot cusp.

Relevance to the Real Situation

In p ractica l situations two parameters are often varied to  give 

particular states o f  a system and the resulting phase diagram is  a 

projection  o f a particu lar behaviour parameter onto the control plane.
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In the present work th is  has been obtained by finding the magnetic state 

o f a solid  as a function o f temperature and magnetic fie ld .. i t  

therefore appears that this particular form o f elementary catastrophe 

has important applications.

I t  has been shown in chapter 3 that the general form o f  the potential 

function fo r  second order phase transitions with an ordering parameter n 

may.be given by equation^. 50

$ = <f>o ± An + cn4 . . . .  ¡31,50

and by application o f a magnetic f ie ld  to  prevent symmetry changes the

form o f the potential is
2 4<J> = <}>o ± An ± an + Cn . . . .3 .5 1

Hence by application o f Thom's theorem the equation 3.51 w ill 

generate a surface M in the space C(T,H)^ Z(n) which has the general form 

o f the cusp catastrophe. The equilibrium surface in th is case being 

given by

(? £ ]  = o A3.5

Note here than n as defined by 3.43 is  c lo se ly  related to  the 

entropy. In fa ct
N

S -  k in ( C )
P+N

A i . 6

where k i s  Boltzmann's constant and nCr is  the number o f  ways o f 

selecting r states from a to ta l number o f  n states.

I t  might also be expected that the c o e ff ic ie n t  a is  proportional 

to the applied magnetic f ie ld  H, and A to the d ifference between Curie 

temperature and the observed temperature o f the system ( i .e .  T -  T ).
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General Form o f the Gibbs Function in the Two Cases 

(i) When a = 0, i .e .  zero magnetic fie ld

♦

AJ»0
<j> = Cri** + Ari2

♦

A < 0
♦ -  cn**

( i i )  When cat is  non zero

4»
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The magnetic Gibbs potential function has the form 

dG = -S.dT + V.dP -  M.dH A3>7

and hence the equilibrium states are given by

( 8G >
av ' (3G » 

3S '
T,H P,H T, P

0 A3.8

In order that the behaviour o f  the system follow  that o f a 

Riemann-Hugoniot catastrophe there can be only two control parameters. 

Otherwise i t  is  necessary to invoke one o f  the elementary catastrophes 

o f higher dimension. In the particular cases o f the present work the 

two control parameters were T and H.

dG -  -S.dT -  M.dH A3. 9

The case o f  the general polynomial expansion for  the Gibbs function 

then y ie lds the forms shown in the diagrams above, depending so le ly  on 

the c o e ffic ie n ts  a o f magnetic f ie ld  and A o f temperature.

In those cases where A % O th is corresponds to  T -  T > O and the
la«

system is  paramagnetic. In those cases where A < O i t  i s  ferromagnetic. 

Form o f the Riemann-Hugoniot Surface for  a Ferromagnet

n A
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At the c r i t ic a l  point o f the transition Tc -  T = 0, H ** 0, r| = 0 .  

For ri = 0 there is  no net magnetic moment and for n > 0 there is  net 

magnetic moment p a ra lle l to the f ie ld  H,

Tc -  T is  the sp littin g  factor in Zeeman's defin ition  [2,P19] while 

H is  the normal fa ctor.

Ferromagnetic to Paramagnetic Phase Transition

There can s t i l l  be a ferromagnetic to  paramagnetic phase transition 

in which there is  no change o f symmetry [l,P432], This s t i l l  constitutes 

an order-disorder transition . Consider fo r  example a ferrcmagnet aligned 

antiparallel to a weak magnetic f ie ld . The fie ld  is  maintained constant 

but the temperature is  raised slowly.

TEMPERATURE
INCREASING

t4> t3>t2> t,

Transitions involving change o f Symmetry

Transitions involving change o f  symmetry have to proceed in general

via  a second order phase change, fo r  example the ferromagnetic 

paramagnetic transition  in zero f ie ld .

The symmetry of the lower symmetry state usually m odifies i t s e l f  

un til i t  equals the symmetry o f the higher symmetry state [e .g . LandauiD]

and hence such transitions are continuous, and do not exh ibit hysteresis 

or metastable states.
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Order-Disorder Transitions

It has been shown above that an order-disorder transition  can occur 

without change o f  symmetry, fo r  example the ferromagnetic to  paramagnetic 

phase transition in a weak magnetic f ie ld . In those cases where a  ̂ O 

th is implies a discontinuous change, in the ordering parameter n and hence 

in the entropy S to which i t  is  related.

I f  as the temperature r ise s  the degree o f ordering vanishes by a 

discontinuous jump from seme f in ite  value to  another value then the 

transition  w ill be f i r s t  order. I f  the degree o f ordering vanishes 

continuously then i t  is  a second order transition .

C ritica l and Isolated Points o f  a Second Order Transition

The potential <f> given by equation 3.51 seems to  give the simplest 

example o f  an isolated  point o f  a second order transition . When a = 0 

the transition  is  second order and when a^ o i t  is  f i r s t  order. In the 

case o f the control space being P,T instead o f T,H then the transition  

can remain second order throughout since by the symmetry argument given 

in section 3 .4 .9  the c o e ffic ie n t  a would be lim ited to  zero over the 

whole control space.

I t  has been shown by Landau [ l ]  and la ter by Schulman [4] that in 

order that a line representing second order transitions be able to reach 

a .c r it ic a l  point and become a locus o f f i r s t  order transitions the 

dimensions o f the control space need to  be increased. Since i t  

represents the boundary between phases o f d iffe ren t symmetries a second 

order phase transition curve in the control space can not simply stop at 

a point.

For the investigation o f such a point i t  has been shown by Landau [1] 

and confirmed by Schulman [4] on the basis o f  catastrophes, that such a
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system requires a four dimensional control space, i .e .  the "butterfly" 

catastrophe, rather than the "swallowtail" catastrophe which is  the 

next in dimensionality after the "cusp" catastrophe. The potentia l 

i s  in th is  case

<j> = <j>Q ± an ± An2 ± bti3 ± cri1* + g n6
A3.10

where the inclusion o f  the term Bn is  allowed by Landau and th is  

therefore forms the general equation of the potential for  the bu tterfly  

catastrophe.

The locus o f second order phase transitions requires

h ± "  O; Bi =s0'- C > 0 ;  “ = 0  A3.11

At the t r i c r i t i c a l  point we must have C = O since otherwise th is  

remains a second order transition  in a neighbourhood o f the point.

General Thermodynamic Behaviour o f an Antlferromagnet

In the case o f  a magnetic material which exhibits both an tiferro -

and ferromagnetic phases below the ordering temperature, there w ill be

a second order phase transition from paramagnetic to  antiferromagnetic

as the temperature is  reduced through the Ne'el point T . AlsoN
application o f a magnetic f ie ld  to  the antiferromagnetic phase w ill

(

produce a ferromagnetic alignment at su ffic ien t high f ie ld  in ten sities . 

Further reduction o f temperature in the antiferranagnetic phase w ill 

cause a transition  to ferromagnetic ordering below the Curie point T ,

At points in parameter space at which a second order transition  

changes to a f i r s t  order transition  i t  is  called  the c r i t ic a l  point o f 

the phase transition . In order to  investigate such a transition  

Landau [P.452] again uses a polynomial expression for the Gibbs function 

o f  the form

$ ** <j>Q + An + Bn2 + cn1* + on® A3.12

where A is  the applied f ie ld ,  and on the locus o f  second order transitions

B “  0 , C > O. At the c r i t ic a l  point at which the second order transition  

ends C *» O, D > O.
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This expression for  the Gibbs potential may be compared with 

Zeeman's expression[2p31] fo r  the potential function of the bu tterfly  

catastrophe
6 v. 2 3 , 4= x -  ax -  bx -  cx -  dx A3.13

where the constant c has been set to zero. Solving th is  potential

function to  give the phase transitions in (n,T,B) space where b = T -  TN

and a = H gives the solution surfaces in (a ,b ,x ) space in the

mathematical model fo r  various values o f  the parameters d. The two

o f in terest here may be found in Zeeman [ P.31] for c = 0 and either d< 0

or d > 0 .

For d < 0 this again gives the solution surface o f  an isotrop ic 

ferromagnet.

For d > 0 th is  gives a new solution surface for  the isotrop ic  

antiferromagnet.
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Appendix 4 The Contribution o f  D islocation M obility to  the E lastic 
Properties o f a Crystal

In studying the e la st ic  properties o f  crystals under an applied 

stress, and in particu lar in the present work measuring the third order 

e la s t ic  constants, contributions to the e la stic  moduli due to the motion 

o f  d isloca tion s (line defects) occur unless precautions are taken to  

minimise or eliminate the motion. I t  appears that the motion o f  these 

d isloca tion s is  the main cause o f  the defect contribution to the' observed 

e la s t ic  moduli.

C la ssifica tion  and Observation

The d isloca tion s in crystals may be divided into two broad categories, 

the edge d isloca tions and the screw d isloca tion s [8,P21-25] depending on 

the re la tiv e  orientation o f  the Burgers vector b and the d islocation  lin e  

vector ' K In a screw d islocation  b and are para lle l and in an edge 

d isloca tion  they are perpendicular. In rea l d isloca tion s the behaviour is  

generally a mixture o f the two basic types in which b _ lies  at some f in ite  

angle to  £. The d islocation  may then be resolved into components para lle l 

and perpendicular to  b and treated as a combination o f the resu lting screw 

and edge components. '

D islocations lin es can end at the surface o f  a crysta l or at a grain 

boundary but can never fin ish  at a point inside the crysta l. Therefore 

they form closed loops either upon themselves or by branching Into other 

d isloca tion s.

The existence o f  these lin e  defects  has been confirmed by surface 

methods, e .g . by preferentia l etching, by X-Ray d iffra ctio n  methods and by 

transmission electron microscopy.

Movement o f  D islocations

Two types o f  motion o f a d isloca tion  are p ossib le , g lid e  and climb. 

Glide occurs in the plane defined by b A and climb occurs in the d irection
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normal to th is plane. Movements o f  d islocations through the vector b 

in the g lide  plane require only a small rearrangement o f atomic bonds 

near the d isloca tion  and the energy is  therefore less  than would be 

required to deform a p erfect crystal in the same way.

General Case o f S lip

In the general case o f s lip  the boundary separating the slipped and 

unslipped regions is  curved, that is  the d islocation  lin e  is  curved (see 

f ig .  A4.1). The Burgers vector however remains constant along the length 

o f  the d islocation  line .

f ig .  A4.1

The curve ABC represents the d isloca tion  lin e  and b is  the Burgers 

vector o f  the d isloca tion . At the point C the d isloca tion  is  normal to 

the vector la and hence is  pure edge d is loca tion . At A the d islocation  

line is  p ara lle l to b and is  thus pure screw d is loca tion . The remainder 

o f the curve ABC has mixed edge and screw d isloca tion  characteristics . 

Resolution o f  the lin e  vector £  at any point into components para lle l and 

perpendicular to  b w ill allow analysis.
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C ritica l Stress and Stress Field

There is  a c r i t ic a l  stress, dependent on the properties o f the 

particular solid  under investigation which represents the onset o f  

p la stic  deformation required to  set the d isloca tions moving.

The displacement o f  a la tt ic e  required to produce a d islocation  

resu lts  in an e la st ic  stress f ie ld  being created round the d isloca tion .

As the d islocation  moves*so the stress f ie ld  moves through the solid  

[5 ,P7 2]. The d isloca tion s therefore move as i f  there were an e ffe ct iv e

force  acting upon them. Consider fo r  example a d isloca tion  moving in a 

s lip  plane under a uniform stress o. i f  an element d£ o f the d islocation  

lin e  moves through a distance dx then the work done w ill be

dW = d£.dx. o .b  A4.1

• * clFand consequently the force per unit length o f the d isloca tion  isdi.

I f  the d isloca tion  is  in the form of a closed loop then, since 1> is  

constant at a l l  points around the loop, under an applied stress the 

d isloca tion  moves para lle l or antiparallel to  b. This causes the loop 

o f  the d isloca tion  to expand or contract accordingly. ,

Bowing of D islocation Lines under Stress; Frank-Read Sources

When a crystal already contains a d isloca tion  network and is  

p la s t ica lly  deformed one method by which i t s  d isloca tion s multiply is  by 

a Frank-Read source as shown in f ig .  A4.2.

dF
d i o.b A4.2

L

f ig .  A4.2
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As the stress increases the radius o f curvature of the d isloca tion  

lin e  R i s  given by

R. a = C . b A4.3

where a is  the applied stress, C is  the shear modulus and b the Burgers

vector. (See for  example [4 ,P62l). When R reaches the value L/  the
2

bulge w ill continue to  expand without further increase o f stress and 

eventually a canplete g l i s s i le  loop detaches i t s e l f  and the process can 

repeat i t s e l f .

D islocation Contribution to E lastic Moduli

In a p erfect crysta l i f  0 is  the applied stress, u the strain and c 

the corresponding e la s t ic  modulus then

o = C.u A4.4

In a rea l crysta l however a contribution to  the shear strain must 

be added due to the bowing of the d isloca tion  lin es  under stress as 

described above

f ig .  A4.3
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Considering the case o f the bowed dislocation  as shown in f ig .  A4.3

where xAy is  the plane o f  the d isloca tion , the in it ia l  d isloca tion  length

is  L along the x axis. This is  displaced to  the arc shown. The force
dPF on an element o f  arc o f  length ds i s  given by integration of —  given 

in equation A4.2

F = c .b .d s  A4.5

which fo r  small displacements w ill be perpendicular to Ox. There w ill

a lso  be a resultant restoring force  due to the tension in the lin e  T. ~-^.dx,
dx

T h e r e fo r e  e q u a tin g  t h e s e  f o r c e s  u n der e q u i l ib r iu m ,

O.b.ds = T . o .
ax2

. dx. A4.6

and f o r  s m a ll  d is p la c e m e n ts  d s  = d x .

d2
c .b  *» T . ÉlX A4.7

dx
2

I t  can a lso  be shown [eg. 4,P57] that T e C.b where C is  the appropriate

shear modulus. So that i f  k is  a constant o f  order unity th is  gives

A4.8Ó L
dx2

k . a 
b.C

using the boundary conditions y = 0 x = 0 ,l and solving th is equation gives

k . a x (l -x ) A4'. 9J 2 .b.C

The area swept out by th is segment therefore gives the shear strain 

due to  the d isloca tion

Au. k.o.JT A4.10
d 12 G

and summing over a l l  the d isloca tion s present w ill give the to ta l 

contribution to the strain by the d isloca tion s in the solid

u . k . Z
C * 12o
£  /  
r  t

N(fc)d£ A4.11

where N(^) is  the number o f d is loca tion  segments o f  length i  per unit 

volume o f  the crysta l. I f  D represents the value o f the integral then

th is  gives
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u. . D A4.12

and adding th is  to the ideal strain from the equation A4.4

uto t
,1+D, a (— ) A4.13

and consequently an e ffe ct iv e  modulus o f e la s t ic ity  may be defined

such that u , = ° /_  t o t  c e f f

A4.14
e ff  1 + D

the value o f  the e ffe ct iv e  or observed modulus o f  e la s t ic ity  and it s  

proximity to the value fo r  the perfect crystal depend on the value o f the 

integral D

» « . i s12

Expressions fo r  N(£) given by Thompson [4] give r is e  to the following 

solu tions:

(i)  For well annealed crystals

'e f f 1 + "E la
12

A4.16

( i i )  For random defects , e .g . by radiation damage

C
'e f f kpA A4 »17

1 +

where p is  the d isloca tion  density and l  is  the segment length o f

d is loca tion . I t  should be remarked here that subjecting a solid  to

radiation damage decreases the segment length * o f the d isloca tion s ando
thus the value o f  in an irradiated crystal may be c loser  to  C than

in an unirradiated crysta l.

Pinning o f D islocations

Using fa st neutrons frc*n the core o f a nuclear reactor d irect
5co llis io n s  can produce re co ils  o f  up to  1 0 'eV. Thermal neutrons (energy
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0.02eV/ have in su ffic ien t energy to displace atoms in d ire ct  c o llis io n s  

and their contribution is  mainly through nuclear reactions o f the (n,y) 

type. These reactions produce small groups o f  vacan cy-in terstitia l pairs.

Changes in e la s t ic  modulus show a tendency to saturate with increasing 

dose rate , fo r  example the work on copper by Holmes [lo ]  from which 

f ig .  A4.4 is  taken.

This shows the trend in values o f the Young's Modulus o f  copper as a 

function o f  exposure <f.t at 25°C.

D islocation pinning causes a change in the length o f the d islocation  

in equation A4.17. The segment length is  inversely proportional to the 

number o f pinning points n which i s  given by 

n * n (1 + y<j> t) o Y A4.18

where n is  the number o f pinning points before irradiation  and y i s  the o
e ffic ie n cy  of producing point defects . Since £,q a V  these values may 

be substituted into equation A4.17 to give

Ce f f ( *-t) ~ C = 1
C £ i (0> - c  (1 + Y f  t)  ̂ A4.19

where  ̂(4> t) is  the observed modulus a fter irradiation  and (0) 

before irradiation . This last equation has been experimentally v er ified
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by Thompson and Paré [9] showing that as <t>.t is  increased the value o f 

C ^  approaches the value C fo r  the perfect crysta l.

Therefore the e ffe c t  o f  d isloca tion  m obility on the e la st ic  

constants o f single crysta ls  can be sign ifican tly  reduced or even 

eliminated by irradiation  with a high flux o f neutrons o f suitable 

energies.

/
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Appendix 5 The General Form o f the Crystal Field Potential

The e le ctros ta tic  potentia l experienced by an electron in a so lid  

is  determined by the array of charges around i t .  The charges around 

any particular la tt ic e  s ite  w ill give r ise  to an e le c tr ic  f ie ld  at that 

point with a symmetry determined by the crystal c lass. This potential 

is  experienced by the 4 f electrons in rare earth crystals and therefore 

can a ffe c t  the magnetic behaviour o f the crysta l.

Gauss' s law gives the re la tion  between the flux o f  an e le c tr ic  

f ie ld  E through a closed surface so the charge enclosed by the surface 

and the form o f th is law is  well known,

/E.da^
S

T ~  /p*dT
O T A5.1

where p is  the charge density and t is  the to ta l volume enclosed by the 

surface s. By application o f  the divergence theorem

/E.da = / V.Edx
S T A5.2

and hence by combination o f A5.1 and A5.2, where both integrals are 

over the same volume, th is  y ields

V.E JL
e A5.3

and by replacing E by W th is  gives P oisson 's equation 
~ J L

u B e
■ o A5.4

There is  no general analytical solution o f Poisson 's equation 

[ l ,P .5 l ]  although i t  may be solved in particular cases.

Three Dimensional Solutions o f  Laplaces Equation

Many examples o f two dimensional solutions o f  Laplace's equation 

ex ist [e .g . 1 P163,2 P223], In th is  particular case however a solution 

o f  Laplaces equation should be as general as possib le and so a solution in 

spherical polar coordinates in three dimensions has been outlined below.
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The Laplace equation fo r  the e le c tr ic  potential in spherical 

coordinates is , [l .P .3 2 ]

1 3 , 2  3Vi
—  5F< r Ï?>+3r '

1
1 3 ( sin0. r r )  +

2 , 36r . sln0

_________ 3ZV
r2.s in 20 3<j>2

A5.5
Employing methods similar to those used for two dimensional 

solutions express the potentia l V as a product o f  three functions each 

dependent on only one o f  the three variables, r , 6,<l>.

V (r,0,<|>) Rtf)
r .0 (0 ).#  (<M A5.6

and substituting th is  into the Laplace equation gives

2 2 r . sin 0 a
d2R 1

2 + 2dr r .s in 0
• L A

8 d0
j. a I d8 I
A hr » sin0. ) #

d2S
d<}>2

»  0

A5.7
The la st  term depends only on <J> while <|> does not appear anywhere

i

else in the expression. Therefore in order to  sa tis fy  the expression 

fo r  a l l  values o f  4> th is term must be constant

21  d2ï
8 * dip* -m

and for  real values o f  m, m > 0  gives the solutions

I  = A exp(im<J>) + B exp(-im<|>)
2

A5.8

A5.9

Substituting the value -m for  the term in <f> in the equation A5.7
f

22 2
r _  c T R  1_ 1 _ a
R . 2 0 * sin0 "d0dr

( sm e . I f  ) - m
sin20

A5.10

By a similar argument the term in r must also be a constant. 

Therefore le t  the value be £ (¿+ 1 )

Ml+1) n
'  R  as O

*2

d2R
dr2

sin 0 d0d (sin0 § )

2 • r
£(£+1) - m‘

sin20 8

A 5 .ll

A5.12

which leaves the two above d iffe re n tia l equations to  solve fo r  R and 

separately. The general solution to A 5 .ll is

R(r) Ar1+1 + Br’1 A5.13
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To solve the d iffe re n tia l equation A5.12 make the substition 

x = cos 0 and le t  P(x) = 0(cos0). The resulting d iffe re n tia l equation 

i  s then,

_d_
dx

,1 2 s dP (1-x ) —  dx ¿(£+1) P 0 A5.14

which is  a form o f Legendre's equation [see 1 P167, 2 P234] fo r

which the solutions are Associated Legendre Polynomials dependent on the
* •

values o f both m and &

0 (6) = P̂ ® (cos0) A5.15

Consequently the most general solution fo r  the three dimensional

Laplace equation in spherical coordinates is

V(r,0,<{>) = 1 1  (hr8,+Br *11+1 * )P® (cos9) (C exp im<j> + D exp-im<{>)
1 ® * 1 A5.16

where A,B,C,D are constants and m and i  are positive  integers, with ra $ &

A s s o c ia t e d  L egen dre P o ly n o m ia ls

1 m PTOJl

0 o 1

1 0 cos 0

1 1 sin 0
3 2 a 12 0 2 cos e -  -

2 1 sin2 0

2 2 cos20 -  1

When m = O th e s e  becom e i d e n t i c a l  t o  th e  L egen d re  P o ly n o m ia ls .
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Form o f the Crystal Field

I f  i t  is  assumed that the 4 f electrons do not overlap neighbouring 

ions in the la tt ic e  then the potential experienced by those electrons 

s a t is fie s  Laplaces equation and can be expressed in the form

+i.
I

l  m = -S ,

where the A*“ depend on the d istribution  o f  external charge and the 

r £Yj<6,*> are the various m ultipoles o f  the electron d istribu tion .

Summing over n 4f electrons to obtain the tota l potential gives V

V(r) - l l  A ^.r^ .V Jo,^) A5.17

. in

l A5.18

R estriction  on terms in V due to Hexagonal Symmetry

In the case o f hexagonal symmetry and in particular in the case of

the heavy rare earths the terms in the potentia l energy o f  a single

electron at (r,0,<}>) expanded in spherical harmonics as in equation A5.17

are restr icted  to  give [6 ]

V (r) = A2r 2Y °(6 ,*) + A°r4Y°(0,<|>) + A°r6Y° (0,«|,)
-6

A^r6 [ Yg(0,<j>) + Y6 (0,<M

A5.19
it mAs each harmonic r (0 ) gives a m ultipole of the electron

distribu tion  they may be expanded out, for  example for  1 - 2 ,  m=0
2 Or (0,<J>) |(3z2 - r 2) A5.20

which is  the quadrupole moment o f the electron charge cloud.

Transformation to  Operator Equivalents

In evaluating the terms o f  the potentia l Vc between m ultiplet 

states I J,Mj> the integration has been found to  be most easily  achieved 

by transforming to  operator equivalents o f the m ultipole terms [5 ].

For a particular m ultiplet the matrix elements o f the potential Vc are
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proportional to the so ca lled  "operator equivalents" obtained by

replacing x ,y ,z  in the m ultipole terms by J , J and J .x y z
For example, again using the V ^  term,

A2*r2' Y2 (fM )
“ ft

A°. y -  . (3cos20 - 1)

.0  1 , ,  2 2.
-  V  j  • (32 -  r > A5.21

2 2 2and replacing z by J and r by J(J+1) th is g ives,z

= A^. .a (3J2 -  J(J+l)kr2>
J  Z

2 2where <r > is  the value o f r  averaged over the 4f wave functions, 

m ultipole term is  therefore transformed to
, 2 2 3z -  r a , . <r2>.[3 J2 -  J(J+ 1) 1

ü  k Z  J

The

2 „0 V <r >-°2 A5.22

The values o f  the other operators 0 ™  are given elsewhere [4 ,5 ], 

The operator equivalent expression for the crysta l f ie ld  Hamiltonian is  

thus
V

r r m m
I l  Bf ° l
l  m A5.23

where the B̂ m are related to  the crysta l f ie ld  parameters by

0£ A5.24

and = Yj constants which have been evaluated [6],

Expanding out the expressions A5.23 for the heavy rare earths g ives,

B ®
<i

m  ^  

\ < r

uCD

S J -  6 6

V c  ’  A 2 + A°  < r 4 > - e j - ° 4 (i )+ A6

+ a6 <r6>- v ! ° 6 (i ) +

These various terms acted upon by the gradient o f  the e le c t r ic  f ie ld  

in their particular crystallographic d irection s cause changes in the energy 

o f electrons in d ifferen t o rb ita ls , which d i f fe r  with d iffer in g  2, values. 

Consequently th is breaks the degeneracies o f  electron states in a 

spherically symmetric potentia l.
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Appendix 6 CalIbrations

Calibration of Thermocouples

Two thermocouples were used in the present work, copper v. constantan

for temperatures from 273° k to  77°K and gold-(0.03% )iron v. chromel for

temperatures between 77°K and 4.2°k. Although a good approximation to

the temperature was achieved by using a curve f i t  of the typo mentioned
«

in section  5.5.2 and given by equation 5.2, the exact ca librations were 

made against a platinum resistance thermometer [ l ] .  This is  a p ractica l 

thermometer whose fraction a l change in resistance over the range 10 .5°K -  

273°K on the thermodynamic scale o f temperature was agreed by the 

Consultative Committee on Thermometry 1964 from which the data used for 

correlating resistance o f platinum and the absolute temperature has been 

taken [2 ]. This is  in the form o f the Z function given by

Z(T) *(T) "  R4.2
273 -  R'4.2

A6.1

where R ^  is  the resistance at temperature T,  ̂ is  the resistance at 

the helium point and 1*273 at ĉe P0 n̂i-* Tabulated values o f  Z against 

T over the range 4 .2 °K - 273°K are available.
t

Calculation o f T as a function o f Z

Since the value o f Z can be calculated from measurements i t  is  then 

necessary to convert the observed values into a temperature T. From the 

tabulated values o f  Z function against temperature T polynomial curve 

f it t in g s  o f  the form

T = A + BZ + c z 2 + DZ3 + FZ4 + GZ5 A6.2

were made over the four intervals bounded by the temperatures 4.2°K, 23°K, 

48°K, 150°K and 273°K and the sets o f  c o e ffic ie n ts  A, B, C, D, F and G for  

each section  found. Fran a knowledge o f  these the temperature



VARIATION OF THE Z FUNCTION WITH TEMPERATURE

Z

f ig. A6.1
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corresponding to any particular value o f  Z could be found over the range 

4 .2 °K - 273°K. A graph o f  the Z data against temperature is  shown in 

figure A6.1 and the polynomial approximations are given by the curve.

Measurement o f Resistance of the Platinum Thermometer

The platinum resistance thermometer and thermocouple were placed

close together in the cryostat and readings o f  thermocouple emf. against

resistance o f  the platinum were taken at predetermined intervals from

4.2°K to 273°K. The c ir cu it  used fo r  measurement o f  resistance is  given

in f ig .  A6.2. The voltages V across the standard resistor  o f  lOOfi ands
across the platinum thermometer V were made using a potentiometer so 

that no current was drawn from the c ir c u it . A constant current source 

o f IOQjA was used throughout. The resistance o f the platinum was 

calculated from

Rpt
R
—  VV0 pt A6.3

From th e  v a lu e  o f  th e  Z fu n c t io n  c a l c u l a t e d  from  e a ch  v a lu e  R th ept
temperature was found using the appropriate c o e ff ic ie n ts  from equation A6.2. 

Tatulatedvalues o f thermocouple emf. against temperature were then 

obtained. '

T h erm ocou p le  Emf. as a F u n c t io n  o f  Temperature

The variation  o f  thermocouple emf. as a function o f temperature 

calculated in this way is  given fo r  Gold-iron v. chromel in f ig .  A6.3 

and fo r  copper v. constantan in f ig .  A6.4. The curve f i t  to  the data to 

give a generating function is  given in th is case by a polynomial o f  the 

form
' 9 AE = A + BT + CT + DT + FT A6.4

over a l l  the data points using a least squares method. This is  also 

compared in both figures with the approximate f i t  o f  equation 5.2 using



CIRCUIT DIAGRAM FOR THE DETERMINATION OF

RESISTANCE OF THE PLATINUM THERMOMETER

Constant Current 
Supply

f i g, A 6.2



CALIBRATION CURVES FOR THE GOLD/IRON 

v. CHROMEL THERMOCOUPLE ■

fig. A6.3



CALIBRATION CURVES FOR THE COPPER

f i g.A 6.A



f 1 g, A 6.5



STRAIN AGAINST APPLIED FORCE FOR THE C AXIS
SPECIMEN OF ERBIUM



STRAIN AGAINST APPLIED FORCE FOR THE B AXIS

SPECIMEN OF ERBIUM

fig. A6.7
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four points over the range 4.2°K-273°K so that the re la tiv e  m erits o f  

the two methods can be seen. I t  w ill be noticed that once the 

measurements are outside the range o f the approximate ca libration  they 

diverge rapidly from the curve. This i s  particu larly  clear in f ig .  A6.4.

Calibration of the Electromagnet

The calibration  o f the magnetic f ie ld  in terms of the c o i l  current

supplied to  the electromagnet was made using a Scalarap Fluxmeter and

search c o i ls  manufactured by Pye [4 ]. The fluxmeter was i t s e l f
-2calibrated d ire c t ly  in Tesla fo r  the 10 turns.cm c o i l  and in 0.1 Tesla

-2fo r  the 100 turns.cm second c o i l .  Values o f  the magnetic f ie ld  against 

current for  various pole separations are shown in f ig .  A6.5.

Calibration o f  the Uniaxial Press

Calibration o f  the uniaxial pressure equipment was made using strain 

gauges by the method given in sections 5.5 .8 and 5 .5 .9 . The small size 

o f the rare earth specimens made i t  necessary to  use the smallest gauges 

available, these were SK-09-015EH-120 manufactured by Micrameasurements 

[5 ], The graphs of the strain against applied force  in kg.wt. are given 

along the c axis o f Erbium in f ig .  A6.6 and along the b axis in f ig .  A6.7.
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Appendix 7 Hydrostatic Pressure Derivatives o f Erbium, Dysprosium and 
Terbium with Pressures up to 4.5 MPa

In th is appendix some resu lts o f  the pressure derivatives o f  the 

e la s t ic  moduli o f Erbium, Dysprosium and Terbium with pressures up to

4.5 MPa are presented. These were obtained using a gas pressure c e l l  

connected to a cylinder o f  nitrogen, a technique that has previously been 

used by several groups o f  workers including Swartz and Elbaum [ l ] ,  Naimon 

[2 ] , Hiki and Granato [3] and Hames [4 ]. The pressure range o f  0 - 4 .5  MPa 

was a lso  typ ica lly  the same as in the earlier  measurements.

Changes in temperature o f  the c e l l  over the whole range o f measurements 

during these experiments did not exceed 0 .02mV on a copper v. constantan 

thermocouple, which corresponds to < 0 .5°K. The temperature decreased as 

the pressure was decreased during the measurements. As the temperature 

derivative o f the e la s t ic  constants is  negative fo r  a l l  three materials at 

roan temperature, the pressure derivatives so measured would be lik e ly  to  be 

smaller than the true value, although the actual recorded resu lts  showed 

values larger than the previously reported derivatives o f  Fisher et al [5 ],

The resu lts  are presented in f ig s .  A 7 .1 -A 7 .8 . The calculated 

pressure derivatives were obtained by averaging the resu lts  o f ty p ica lly
f

f iv e  experimental runs. The derivatives are shown in f ig .  A7.9.

Gruneisen parameters calculated from these derivates are shown in f ig .  A7.10.

The resu lts  reported here have been shown to be reproducible. Each 

value o f the derivative is  the resu lt o f  averaging several calculated 

derivatives and the standard deviation has also been indicated. The whole 

work represents over two hundred separate sets o f  experimental data a l l  o f 

which show discrepancies from earlier  published resu lts and from the high 

pressure derivatives obtained in chapter ten.

Attempts to  iso la te  any systematic error which could be causing the 

unexpectedly large values o f the pressure derivatives have been unsuccessful, 

and no reason has yet been found to explain this disagreement with earlier
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resu lts . I t  is  conceded however that such a systematic error may have 

escaped detection .

f



fig. A 7.1



fig. A 7.2



fig. A 7,3



VARIATION OF THE MODULUS C Q>L OF

ERBIUM WITH PRESSURE

o
CL

o

fig. A 7.4



a
a.

o

X

C
0*7 81A

0*7813

0*7812

0*7811

o

VARIATION OF THE MODULI C 33 AND OF

DYSPROSIUM WITH PRESSURE

X

fig. A 7.5
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Hydrostatic Pressure Derivatives of the E lastic Moduli o f 

Dysprosium, Terbium and Erbium for Pressures up to 4.5M.Pa

Dy Tb Er

dC33
dP

«

6.52 ± 1.24 6.02 ± 0.44 12.10 ± 1.83

dcn
dP 6.83 ± 1.02 8.25 ± 1.8 11.54 ± 0.87

dcA4 ( i )
' dP 2.64 ± 0.32 1.75 '±  0.22 4.41 ± 0 .2 2

dC44 (I I )  
dP 3.10 ± 0.36 1.97 ± 0.12 4.99 ± 0.83

dP 2.52 ± 0.46 3.02 ± 0.71 3.08 ± 0.63

dcp .s .
dP - - 3.40 ± 0.11

dCQ.S.
dP

- - 5.67 ± 0.09

dcq . L .
dP - - 8.57 ± 1.08

Figure A7.9



Grimeisen Parameters calculated from Pressure Derivatives

up to 4.5M.Pa

Yp(q) V. . Er Dy Tb

Yc (c) Y33 3.0 1.5 1.4

Yb(c) y4 4 U) 3.4 2 . 1 1.4

Yb(b) Yu 2.9 1.7 2 . 2

Yc(b) y4 4<h> 3.8 2.5 1 . 6

Vatb) Y 6 6
2.3 2 . 0 2.5

F// ( 1 / 3 K y 3 3  + 2 y 4 4 ( I ) ) 3.3 1.9 1.4

h d«Yu ♦ Y66 ♦ Y44(II» 3.0 2 . 1 2 . 1

r

r (i/3)(r;/ + 2rx) 3.1 2 . 0 1 . 8

Figure A7.10
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Appendix 8 Computer Programs

In th is appendix fiv e  computer programs are givenwhich have been 

used to  aid data analysis in th is work. The f i r s t  three have been used 

to  analyse data output from the sing around system and convert i t  into 

resu lts o f  e la s t ic  constant against’ a given controlled parameter, for  

example temperature, pressure or magnetic f ie ld . The la st  two have been 

used to calibrate thermocouples.

i

Program 1

This program analyses data obtained from the internal memory store o f 

the sing around system by the method given in appendix 1. Corrections are 

made to  the data i f  successive readings d i f fe r  by; an interval corresponding 

to about one cycle  o f the 15 MHz acoustic^vibrations. This would indicate 

that the trigger point had changed from one cycle  to another.

The fin a l data output consists o f tabulated values o f  e la stic  constant 

against the controlled  parameter, and a graphical representation of the data 

on the University graph p lo tter . The subroutines including "GRAPH" and 

beyond are only responsible fo r  the graphical output. A ll subroutines 

before this are concerned with data analysis.
/

Program 2

This program was used to  analyse data obtained from the frequency 

meter and follow s the method outlined in appendix 1. As in the case o f  

program 1 a l l  subroutines including "GRAPH" and beyond are concerned only 

with the graphical output o f resu lts . The f i r s t  three subroutines deal 

with the data analysis.

Program 3 -

This program was used exclusively  with pressure measurements when 

the data was read from the frequency meter. The analysis is  similar to 

program 2 and the outputs both tabulated and graphical are Identical,
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However, th is program contains a subroutine "LINEFIT" which calcu lates
dothe slope o f  the data, / , thereby giving the pressure derivatives o f

e la s t ic  constants. More sophisticated programs have been written in

which polynomial f i t s  to  the data were made in order to  detect any
,2d C ,fourth-order e ffe c ts , •

Program 4 ,

This program has been used to ca librate  a thermocouple against a 

platinum resistance thermometer. The program calculates the temperature

iron the resistance o f the platinum thermometer by the method outlined in 

appendix s ix , and then outputs tabulated and graphical data of thermocouple 

emf. against temperature. The method used is  that recommended by 

Greenough CU. .

Program 5 '

■This program uses the sim plified expression given in chapter fiv e  

relating the emf. o f the thermocouple to  the temperature. I t  required 

four fixed  ca libration  points. The program was o r ig in a lly  by I s c i  [2] 

u t il is in g  the equation o f White [3 ], A comparison o f the two methods o f 

ca libration  represented by programs 5 and 6 has been given in appendix 6.



PROGRAM 1

MATTE? STO-’ EDATA 
P E AL inC"1, KDÌ
, COMMGM/P ! /AMAM E/ A TV ? Fi A TATE 
DI i'i EMPI GM ACIDO), S ( 1 P G ) , ! ! ( !°0)<?( 1 P 0 ) 
DIV. EMSI DM MCI SO)
DI MEO SIQMPC 1PO),MC 1 0 ), n
PDA re 5, DAM AMF, ATYPEJ A DAT

1 FQPMATC*  r*
:  : • :  J

* /“ i
: ' '  j AG)

•PEADC 5, 1 5)STAPÎ,I MCPJ DDL Y
15 FOPMATe3 F0.  0 )

1 = 1
3 PEADC 5,5 ) ACI )

IFC A CI )« .  E?.  0 .0 ) GQ TO3
10 1 = 1 + 1

I PEADC 5, 5) AC I )

5 FQPMATCF0. 0)
I FCACI).‘LT.  o . 0) GOTj 2 5
GOTO 1 0

25 iv=I- 1
DO 5 0 1 = 1, N
n<i) = o. o
D( I) = 0 • C 
SCI)=ACM+t-I )
I FC SC I ).En.C.0)GOTO 5 0
nei ) = C EDLY + I . O* 0 . rS+.( C ? CI ) * ? . 0 ) - l • 0 ) * C •’ 0 0 ! 
Dcn-i eoo. c/ncn 

50 . COM TI MME
DO 1 0 C 1=1, N 
Z ( I ) = S tA?.T + C I - 1 ) * I MCP 

100- CuMTIMUE 
C 
C
e c a l l  e i t :t e ?  t :; c o u p l e  0?. e i e l d c a l  
C . : .
e

CALL EIÊDCALCZ, G,M,M)
CALL F'L-OTTEPCt, D, E, M) -

e '
C HEADIÜGS GM ME” PAGE
C . ' . . , •

30

31

2(:

3S
C
e
e

UF.I TEC £.* 3 0 )
F O r i l i ' ! ; l ! , ! P G C ' “• ' ) ) '
y r-i tec e, ni )
FOD-JATC//, DAT, 'TAPE DATA’, 7̂ , • <rJ3 Ar:Jì’.vO PEPI OD
j , 'FI EL D ' )
u- i TEC (:> 3 5)m*-'
• U " MAT C /' ¿Y J

• ■ ; T r* . "* c rr £* ; ' r- C • 1 DM, ' ; ; : i E ’ ) ' M
MPITEC 5,  ̂) •
FOTMATC !MO, l y y , 3 ! C ' * • ) )

' irs T J UTTM TT VAPIATIOM OF FpCY>|1 c\ CY Mi TMFI FL E



f

V

#

» *
. y

r ’ .  *

DO 4 0 L=!AJ
35- - URITEC O 37) '
37 FORMAT C 1M C«» 1 7)0 '* 

• KCL)*-I FIXC FCL) )
VP.I TEC C j  3 3)MCL) >  ! ■

33 FÔMATC 1110.» I 7)0 ** 
VPI TEC C j  37)
WFI TEC 6 j  32)

40 ‘CONTINUE
24 UHI TEC 6 j  25)
'25 FORMAT C lOO'PUN

C «

c
c
c
c

I

3D 0 

3C 1 

302 

21 0 

21 1

21 A

21 5

'  *  O  J 7’A

SECOND OIHTUT GRAPH OF PELATI VE ELASTIC CONSTANT 
AGAINST'TEMPERATURE-. ' . .

STOP
Ei'J D
SUDROUTINF FI ELDCALPO T, N,K) •

: COMl-iOÓ/l?: 1 /AMANE.» AtYPEj ALATE 
DIMENEION XUSe>*K< 120>*?< 1 2 0  
DATALI / 0 • 09 5/.» E2/ Q . 30/.» E 3/0 . / 5/
DATAC1V2.0//C2/7.0 / j  C3/1 5.0/,
DELTA* ( < C 1* * 3 ) * ( C 2 * * 2 ) * C 3 + C C 1 «> * 2 ) * C 2 # C C 3 * * 3 > + C 1 * C C 2 * * 3 ) * CO P 

1 -Cl*< C P * «  2 ) * C C 3 V * 3 ) - C C 1 * HI 2 > * C C 2 * * 3 ) * C 3 - C C 1 # * ? ) w C 2 -4: C C 2 * v  2' ) ) 
A*(P1*< CC 2 * #  2) *03- Cn « C C ?* * 2 ) ) - 7  2 * ( ( C 1 ̂  ° ) * 3 3 - C 1* ( C 3 * « r- ) >

'l + B3*<<Cl**2>*C2-Cl*<C2**2>>>/rirL?A 
B= - ( Ti 14« ( C CO** 3) * C3- CO* ( C3** 3) 5 -E 2* < C C 1 ** 3 > *C?-C 1* < C3- * ?) ) 

1+33*CCCl**3)*C9-C1*CC2**3)))/DELTA 
C =  C 31 *  C C C2**3)*C C3**P) - C CC*-*2) *  C'C3*«3) ) -  22* C C C 1 * *  3) *  C 2 '  r  )

1 C C ! v * 2 ) 4« ( C 3*4= 3 ) ) + E3* C C C1 *.* 3 ) * C C2* * 3 ) - ( C 1 * 4= ■'> ) w C C2 ** 3) ) ) /.. VL *2 
■ DO 1 L -  \ j :J

T CL ) = A4« C Y C L ) * * 3 ) + G* C X C L ) * * 2 ) + C* Y C L ) \
• CONTINUE.
CALL GRAPHC '* 'i Ti.'IiiL 5) ,
u?itec e> 3 0.o> .
FGPiiATC IHO» 33)0 *ĈAPK OF SI WG AP.G VNP P EPI 0D AGAI:?T FI rL2 ' ) 
URI TEC 6» 30 1) '
•FORMATC IH 0 j 53'0 ,r,AV DATA ' ) ..v-v.. -,••••'-
VPI TEC 6 j 3 0 2 ) Aw AM E j ATYP Ej A DAT E 
• FOPM AT< IH 0/ 45'0 Acó A3.» A3 )
UFI TEC C j 21 0)
FGr,HA*rC 1 H 1 / 1 2 0 < ' ) ) ■
URI *rEC C , 21 !) AMANE.» ATYPE* ADATE
FDRNATC INO.. AS'O ' SAiiPLE ! OA.OO A'OA?) /• ; '

.URI TEC 02/0)
UFI.TLC 6 *  ° l * )  • .
FORMATC INC.» l *‘0 * CCIL '»«'..PL - »HA C-i: I'TI C O !'"O ,Or-SF-V.vDO 

1 1 3X̂ ’ CGPP. ECtì D ’ ,» 12)0 rR.SR VFJ-JCY ' )'
URI TEC C j r:l f>
FORMATC !'!N 1 530 'Ĉ ÊHT.O l"i:o ' FIELE ./ .O 1 LO • FPKOUE.'.TY O 

1 'Fn-̂ UE.v'CY O 13̂0 ,S°IV.PED,>

, ì

y
j



/

t  *

o o  Q 

260

.1

30 0 

30 I

302 

21 0 

21 1

21 4

21 S

22 0 

260

WPITEC 6/220)
FGPHATC //. 19X; 'I '. 19X. 'BS 19X. 'FS 1 3X, »CF1. 19X, • F2 •, 12". * G? 
VPI TEC 6/ 2 60 )
FCFMATC//. 1CX,1C 1C •* • > >
fetupsj
END

: SUBROUTINE Til COtJPLECX. T. M.H> '*
COI1MCW/E1/ANAME.ATYFE. AEATE .•
DIM EIO? I QiJ VC 200).HC 120)
DIMENSION X(200).TC200)
DATA71/-19'6..0/jT2/-1 0 0.0/. T3/-50.0/
DATAV1/-C. 00 573/.V2/-0.0033E/.V3/-(NO 0 13 1/ '
CELVA“ (•< vi**3) * CV2**2)*V3+CVI** 2) * VS* C V3**3> + V1 * C VO** 3>*C V3 

1 -VJ*CV2**?)*CV3**3>-< VI **?>*< VS** 3) *V3-C VI** 3)# V<?* <’;?*#'■ >) )
A=C T1*C<V2* * 2)* V3-72* C V3* * 2 >>-T£*CCVI**2)*V3-VI *<V3**S)) 

i + T3*C CVl**2)*V2-V!*CV2**?> ) > /DELVA 
B*-<T1*C C V2**3>*V3- V2* CV?**3) ) -??*( C V1**3)*V3-V1*C V3** ?) ) 

l + T3*< <Vl**3)*Vo-Vl*<V2**2>> >/'DELVA .
C= <T1*.C < V°.** 3) * < V3**2) -< VS** 2) * ( V3**3) > - T2* < C VI** 3)* C V?**2 )

1 CVl**o') *C V3**.3) ) + T2* C < VI**3) * ( 72«*2) - < V1**P )  * C VS**?) > ) / : PL’’
DO 1 L = 1 . i«
VCL) =XCL)*C
TCL) = 2 7  2 .0  +

C G i v T I  V  T?E
C A L L G^A-HC
WPI TEC 6. 3 0 0)
F0PMA7C IPO. ?3X. 'GRAPH QF’SIKG A * Q V U p  PEP. I QD A GAI P 5 T T ElS - ') 
VP I TEC 6. 30 1)
FOFMATC IPO. 53X. 'PAV DATA’)
VFI TEC 6. 3C25APAPI. ATYPE. AEATE
F!jFM AT C 1 P 0. h 6X. A3. A?. A?) * -
VPITEC6. SIC)
fqfpatc i:: 1. 1SCC •* ’) )
VPI'TEC 6. 2 1 1) APAM E. ATYPE. A PATE ‘ ' <

. FOP.PATC 1:: 0. ArX. ’ SAMPLE : '.A8.A8.A3) '
VPI TEC 6. 2 60)
VP1 TFC6. 2 14)
fopmatc mo. isx. ’tpepmjcgvfle*, v . ' t ,c8!n̂E8 FJ:;̂ I.;¡3 ,. i c".

1 1 3X. ’ C JFP ECTEE ’. ! 2X. ' FP Êl'EMCY ') .
VPI TEC 6. 21 8)
FuDiATC IP 8. 1 7X. 'EM?'. 1 3X. ’TEMPEPATl'PE*. 1 IX. ' FPEP VEMCY S '“".

J t  C D  p O  f  t t t ; ]  £ V  J O V  ^  1 V  A  F E '  * )  -

£■» co r. )
FGFPA7C//. !?X. 11' ’. 19 X. •?». 19X. ’F’.19". 'OF'. 1 9 •*. ' F2’. 1' ' 88
V»I TEC 6. 260) '
FCPMATC //. I 0X. I £• 1C '*')*)
PETVP.M
END . ■' , .

\f• X.

. s 
M



I

♦ *
SUERQUTIWE PLOTTERCZZ., DD* T,N)
CGMMQN/D 1 /ANAM E* A.TYPE* ADATE ' .

C
C PROGRAM TO CORRECT CHANGES IN SING AROUND EREHUENCY
C •DUE Tu TRIGGER POINT JUMPING ORTO DETECTOR EZING • 
C RESET.
C

.. INTEGER G * . ’ ‘
DIMENSION G< 120) ■ •
DIMENSION . MY ( 120)jMNC 120).»MAX.C 120)*MIMC 120) '
DIMENSION DC 12 0)«. Z C 12 0 
DIMENSION TC 1 2 0 ).» IIC 1 2 0 ),» DI EEC 120) 
DIMENSION DEC!20),ZZC120) 
DIMENSION XC120)*YC120)
GC 1 ) = 0 
GC 2)= 0.
GC 3) = 0 
J=0
DO 35 I=MiJ
J - J + 1

20 I EC DEC I) » N E.0.0)GOTO 30
• J'=J+ ! • . •
■ GOTO 20 • ‘

30 . YCI)=DDCJ)
XCI)=ZZCJ) ■
HCI) = 1 . C0/YCI ) '• . .

35 CONTINUE
DO 101 1=1, N 

■ . DI EEC 1 ) = 0 . 0
' I EC I . E3. 1 ) GOTO 3 6 
DI FECI) = AD S C K CI ) -1; CI - I ) )

36 I EC DI EEC I ) .LT. 0 . Ccc?) GOTO ICO 
MX CI)=R CI)+ H•0667.
MNCI)=MCI)-c.0667 
MAXCI)=AESCMXCI)-NCI-1)) 
i*í I i IC I ) = A E S C N N C I ) - i IC I - 1 ) )
IECMAXCI).GT.MINCI ))GQT099 
HCI)=MXCI)

99
100 
1 0 1

205

23 0

24 0

GOTO 100 
HCI)=MN Cl)
UCI)=1 .CC/UCI )
CONTINUE '
DO 20 5 IC=1 Ni 
ZCK)=UCN)**2 
CONTINUE
DO 2 50 I ~  1 >  N
URI TEC 6 * 2 3 0)
tn r>M AT C .1HC¿ 9 X j 5 C ' * ' i  IV ) J  ' * ' )
T ' r >  i TEC 2 4 0) Cl ) , tc I ) j yc I ) ,  v a  ) ,  i  ( i ) ,  r:c i )
tr • ^• -i I '■MATC l li IN VX » ’ * •, t v *  E6. 3* 710 ' *  ' j  t ' ' t *  E7. 2>

1 E7 •3 j  7'- ¿ • * '  i  CX í E 7 •OJ. T ' t  ' -i; ’ j 2 N  :•* , r ' j  «R*, »* •,
u r i TEC t * 2 2 0)

3V, I 2)
J



4

f *  ..

UP I TE< 6 j  7 60)
2 6 0 FGPMATf//, 1 OX, ! 01 < '* ') )
250 CONTINUE
* ' CALL ĜAPMC '* ',T,Z,ii, 6 )

^ I T E C  A, 3 0 0>
30 0 FDP.MATC INC, 38X, 'GFAPM OF FREQUENCY SQUARED AGAIN FT 

t-JP.ITEC 6 ,  3 01) '
301 FOPMATC III0> 50X,.»COPPEC?ED DATA’).

UPI TE( 6 i  302) A NAM E, A TYPE, A TATE
302 FQP.MATC lHOW.’SX, AS, A8 , AS) '

' P ETT.iPN
. END .

SUSP.OUTINE GPAPIK C,X,Y,U, I ) . '•
DIMENSION X ( N )jY( Iv)
C A L L  MNNX<X,N>̂aAX,XNIN, 1'0, 0) .
C A L L  IHa'iX(Y,N,YtfAX,YMIN> I C> 0) .
CALL SCALE ITCXNAX,Xi'UN, YNAX, YNI N)
C A L L  • FL O T E M  < C ,  X i  Y ,  >5)
I PCI .GT. C) CALL DUMP I T CI >

• P.ETt:n.N ' .
END ' ■• '

■ ’SUBROUTINE nN:mv,N,XMAX,X:'5IN,NEV,INC>
DIMENSION X (N) , A (IP)
DATA A/! .25, ! S> 3., 4., 5., ‘.,7. ! 0,, ! 2. 5/
D7PNC C 2} = AINT C 2 +! 0 0 0 0 *)-!0 C : : .

• I FUMC.GE. I) GOTO 2 ’
XMAX * XC1)
XNI w = x::ax '

. 2 DO I I C= 1 ,N
i rcxao.ot.xmaxjxmax«x< x o . , .

I I E<X( I C) .LT.XNI N)XMIM= X( I C)
■ PL G= AL J G 1 0 < CX:iAX-XM I N ) /;J t V )  .

EXP* ETP.N C C ~L G),
. 'c CP'- P-L G - EX P
S TJXss 1 0 , * * C pv ■ . •
DO 3 IC= 1,  ! 2 • •
I ECSfX.LT.AdC) ) GOTO ,A . ■

, 3 CONTINUE : . • ’ . - - -
4 UX=AC I C>* 1 :■ .**EX~

I C=IC+ !
XMX =d̂ D'rr'NCCX:;Av/UX+C . 3399)
XMN =tAUpDT~NC<XNIN/tpr+C. 000] >
I F (  (XNX-’d.:) /UX,. CT « N DV+ 0.1) GOTO 4 

-XMI W- =XMN
XJ.i AX . * XAU+ N l  V* OF' ■■ ■ ’ ‘

' RETURN ,.
END #
rUVTOlXINE SCALE :I?CXNXixxr-J,YNX,Y;i . 'J)  •
COMMON. /£'? ¿PX/OC GO 3) ,''NI N, ':X, YNA'r, ;ry 
DATA • / ’ ’ V ; . •■ :.:•

■ KM I N~Xi;N ■.
'■■ UX r(XUX-XNN>/1 oc. 0 > ; l

l



r* \ .

i = -ip 
An * *» + XV!\AaAVA

c <. +, r ( .  ) c  )o t +. r;iC I / 1 +, * ( A d + , ) j  i r y.c \ /  n i l  )x'ii:.aC'i v
(VO t '  I H A  Ui.-i

0 * 3 = (3 I )SI;( I 0 Q • c • 11* ( X A / (3 I ) iK )S X V ) i  I 6 
C I “ 0 I * * C 11-!*» -  O D o ' i i

9 M =.3 I 6 Da
Ail rXVMAf X.l 'M I M A ' (399 ) 3 /X X v  6 2 /  MC'MMCO

(9 ) i : :  re iSMama
* . ( i ) i i  anna s fr iiu ou a n s

■ ■■■■'.'■ ar-!H
■■■.•■ • . ; o 91 OD ■

A1 + ( 3 3 I ) A  = ( l ) A 
A a + ( -101) ; ;  m ( I ) X 

33  I -  XiH = Xdf!
*, (23  I ' A ' X ' O  JMSAODd TTv/3

A3 + ( I -3  I ) A = (3 I ) A I 
X3 + ( I - 3 I ) X = ( 0  I ) X  

3 3 I ' 3 = 3  I I DC
( 0 1 '¿a :-:) = 331
MciAX3ci( I I 3

• Au + 1 A=( I ) A
4\\A + t Z1*.“ ( I 5 X 

■*» * «• *;?•♦*-* — • <• a j " a v *,\i “ »uQ/J
' /v-i ** Ai 1 = ACl

A v ! «1 /  /kj '<s* <\1 i *■ /vOi
< c A3 ) 3 z v f ( x a ) s a v ) i xv mv =xv F.a

A n /  ( i A - o A )  = A3 
X. a / n  X “  G X ) = x a

A A' xVMA' Xu ' MIFX ' ( C9  9 ) 3 / X d 9  62/.  M0KMC3 '
(0 l ) A r*(Q t >;< MO 13 M3 HI a 

( g A ' oX ' I  A ' t X ' 3  ) 2 i m  ZMIXACdSnS
a M3

MduAHci 
ZAMIXMD3 l

( I r ‘D rX.I '  ( o t -  A I -tC l )DM )Aa03 T O 3  
7 I 01 CO U • i T A D i  I

. ' . . ' 1 0 X 0 3 ( I S * ¿ 3 * A I ) 3 I  •
(S * I + AA/ ( CD I ) A-XvFA) )XMI=AI • 

t [¡ADD Cl * X1 * X I ) 3 I 
l DXDDCIOl•1D, X I ) 3  I 

CS * l +XA/ CM I MX- (3 I )X)  )XM I=XI
r:'  i = 3 1 i oa •

A»1 'X.VKA 'XA 'N I MX '  (€99 )D/Xd9 6 2 /  MO MHO3
( M ) A '  ( M ) X MO IS M3 Mia

cm 'A ' x  r3 ) M3xoaa 2 m iaacamas
• a M3 -

. . .  , ■ Mxnxau
3= CD 1)9 l 

‘ Cv9 f l =3 I I oa 
OS/(MMA-XMA) = All 

x A A = XV M A

«



I

J E= 1 3
DQ ! I C= 1.» 1 0 
YAY=YAY-5.*UY
I F< AH? ( YAY/VY) .LT. 0 • 0 G 1 ) YAY= 0 . 0 . ' .. :'
UDITECI * 1 02) YAYj ( G( JC) / JC=JP.» J E)

102 FORMAT? IXí ’ + + S 12AS..A5* ’ + + ’ )
DO 2 KC= \ * 4
JE = JE+1
JE = JE+ 12 ‘ . .
URI TEC I j ! G 1 ) C CC'JC) ; J C * J S *  J E)

101 FGRÜATC 1 2 ¥ *  % 12A2jA5j ')
2 CGiCTÌwUE . ,• ■ . . •

JE=JE+1 "
1 J E= JE+ 1 2

YAY=YMAY -5C.*î;Y
■ 17PITE<I* 1 C2 )YAY> C GC J C) , J C=JE, JE)

. ' URI TEC I j 1 0 35 il S
103 FüPHATC 1 T A *  ' +  ’  * 1 0 C 9 C »- ’ ) *  ’+ •> /I T < *  1 0( • + S 9 A Ì  * * + V 1 C-, CC

P.ETVFH . "
. EivîD , . ■ ■ .*.. , • : ..
FIMI FH ..

H«*** ’ .
18.40.15-



* PROGRAM 2

C
c
c
c
c

1

4

10

40 0

401
C
C
C
C
c

c
■ C

c

20

MASTI??.  PLQTTEP ,

PROGRAM TO GQPPE'CT CUAWGES IN SING ÂQUND F̂EPUENCY 
DUE TO TPI GGEP ' POlil'T JUMPIWG G? TO E ET ECTGP E E IMG ' 
RESET. .

c o M i i o ; j / y i / a s ì  ?>
PEAL liJC/MOD ,
INTESE'? G
DI M EN S I DN I N C ( S 0 0 ) * DI ? ( 5 0 0 ) *  0  D  S C 50 0) 
DIMEiVSION 'MQD< 50 0) ~ ' .
DIMEJSIGN Cì( 50 0 .» OC 50 0 •’
DI i l  B i SI ON V( 5 0 O j Z C 50 C ) "
DI M EN SI OM T( 50 0) ̂  DEL C 50 0 ) ̂  DI FFC 50 0) 
DIMLMSIGM P.( 50 0,5( 50 O * V( 50 0 )
' DI M ENFI GN Y( 5 0 O ̂  Y ( 500
1 = 0
?EAD< 5, 1 ) ASC 1 ) , A E (?) j ASC .?)> AB( 4 ) ,  AB< 5) , ABC O , ABC 7) 
FGPMATC7AO .
P.EADC 5.» 4)PjIìJT.» CON ET - . •
FQnMAT(?F0.O 
CQL’ST= CGNST* I • 0E 11 
1 = 1+1
PEAD( 5, 1 0) vci)jY(I)'
FORMATI PFO.O .
•I FCY(I) .GT. 0. OGGTO 5 ‘ : '
N-1  -  1 • . • ' ■ . : '
VPI TE< £ *  40 0 • .
FORM AT< 1!!L 1 50 < ’* ’) ) . •
UPITE(5,401)AD(1),AP<0 , AS<3> , ABC 4 ) , ABC O,ao<0,ftr<7, 
FGPMATC I L'Ci 4 5Y, 7AS)

CALL EI T:I En THCGUPL! FI ELDCAL

CALL TKCOUPLECY* T, ?0 

S ET VP APPAY 5 T2 i-iONI "r3 °  E Fi A VI ul,T DATA

G ( 1 ) = 0
G< ?> = 0 
G ( 3 ) = 0
DOPOI = P > N
ItvCCI )=YCl)-Y(I-l) *
I F(IÌJC< I ) . 0. !35 1 . 1 C( I )
di rCI ).= i'4;c( i ) /a::?u; j C C I
DI < 1 )•»ri T"( o
OLE<1 )a PI ̂  ( I ’) / DI:?< i- 1 )
co.;TI Wi * i?
OSE-( :0 +l)=Ì.O

• J
I



¡o
 o

 o
 o

 o
• no i go i  = Aj m

G<I) = 0 ' .
UCI)=Y(I)

- A=ADS(YCI-1)-YCI-S))
B= AB S(Y(I -7)-Y CI- 3) )
C=A+P '
D= Y ( I - 1 ) - X ( I 3 ) .
SCI )=ABS< C/D)
P=Y(I)-Y(I - 1 ) .
QCI )=X(I)-Y(I- 1 )

. • ' R(I)=ABE(P /0( I ))
V(I)=5.0*5CI)

100 CONTINUE • ' .
c . • .
C . SELECT' CONDITIONS UNDER. 'VHICH CORRECTIONS SHOULD 
C BE MADE TÜ DATA •
C '

DO DO 0 I = t\, !J 
■ SCI >«GCI - 1)
■ I FC3BEU) .GT.,0) GO Ti 70 ■ • .
IFCÜBSC1+1).GT.0)GOTO 70
GOTO 71 • • ■

70 I F( ?.( I ) .LE» Vi I ) ) COTO SO 
C
C CORRECTING PROCEDURE FOLLOVS . •
C ■. ■ ■
71 J=I
40 Al=CYCJ-l)-YCJ-?))/CX<J-l)’-XCj-3))

I F< Al.NE. 0.0) GOTO 60 
J = J -  !
I FC J .LE. 3.) GOTO 5 0

■ GOTO 40
60 A2=APS(Al)

FIGN=A1/AR 
SLOPE=SC I )*SI g:j
DI FF(I) = SLOPED n<I)+Y(I~l)~Y<I)
G(I)»CCI- 1) + 1 .

50 CONTINUE

END’OF CORRECTING ROUTINE'.
GO.TO 50 BYPASSES CORRECTIONS TG DÂA ■

CO CONTINUE
V C 1 )= Y( 1 ) •
DEL ( 1 ) = 0 . 0 '
DO 1 5C :<=2, N
DEL ( K ) = DEL CM- 1 ) + PI F ~ CM)
UCK)=Y(N) + r r L ( i O  

150 ■ CONTINUE
DO 70 5 <( = 1 H



I

29 0

300

350

260

23 0

24 0

DO'300 1 * 1 / N
I FCXC1 ) .NE.POI NT) GOTO 30 0 
CQEF=CGNST/ZCI)
CONTINUE
DQ 3 5 0 1= 1/ i J •
M Q D( I ) = CO E F* Z (I )
CONTINUE 

•URI TEC 6 / 2 60)'
FORMAT( / / /  1 0X./ 1 01 C ’ * *) )
DO 250 1=I/O 
URI TEC 6/ 23 0 ) .
FGP.MATC1H0/9X/5< ’*’/ 19X)/ •* •)
URI TEC 6/ 24 0 ) XCI ) / TCI ) / YCI ) , V( I )/MODCI ) / GC I ) ’
FORMAT( 1II0/9X/ ' *  ' *  6X/ Fé. 3/.7X/ ’* ’/ 4.X/ 57*3/ «X/ ’* 

1 F7 • 3/ 7X> '* ’/ 5X/ F7.3/ 7X/ •* '/ 4X/ E1 1 . 5/ 4X/' ’*''/ 3X, 
URI TEC 6/ 230) ‘ . ’ .
UFI TEC 6/ 2 60)

I 2)

250 ' CONTINUE i;
CALL GRAPHC ’ * ’ /T/MQD/N/ 6 ) *• lì

• ■ stop  . . * ■ . : ■ 1

END . |
SU3ROUTINE Tl!COUPLE(X^ T/ N) ' |
DIMENÌI OM VXC 50 0)
DIMENÌI ON VC 50 0) ‘
DIMENÌI Gii XC 50 0 ) / T( 5 0 0  j
PEAL li ' ' !

' DATATI/- 196. 0 / / T 2 / - 7 7 . C / z T 3 / - 2 6 3 . 9 /  . f
DATAVI/ -0 . C 0 5 7 3 / / V 2 / - 0 .  0 0 2 7 4 1 / / ^ 3 / - e,  0064 75 /

‘ * ’ DELTA* ( ( TI** 3) * C T7**2)  *?3+ C TI * * 2 )  *TR*<"*3** 3) + ?1*C TP** 3) * C TJ
j »Tl^ ( ?2*.*2) * <T3**3 ) “ CTl**2 )*CTD**3 ) i<c'r? - ( T l !i‘ >ic3)* T7* < '“ 3**2)  |
A*CVl*< CT 2** 2 ) *T2 - ?2*<T3**S ) ) -V2*C  < ? l * * 2 ) * T2 - ' r l * < T 3 * * * ) ) I

*1 + V3 '*< CT l** 2 ) * ' r2-TlNsCT2*^£) >>/DELTA' .1
E=-(  VI* C CT2**3)*T3 -T2*<?3**3 )  ) - V r *C <?1**'3>*-T3-Tl*(  T3**3)  ) I 

1 + V3*CCT1**3)1‘ T2-T1*<T2**3> >>/DEL?A -  I
C= < VI* ( ( T2**3)  *< ’r2**7)  -  C T2**2)  * C ’’’ ì * *  ?) ) ~ V2* C < ,?!** 3) * C T3**r’| 

1 ( T l * * 2 ) * <  ?3* *3 )  ) + ’ ’ 3*C CTI** 3 ) *  (TP** 2) - (  T 1 ** 7 ) * CT2**?) ) ) /  TELI 
' ’ , DO I L= 1 / N ' I

VXCL)=X(L) /1 00 0 * 0 
¿(=1 . 0
I F iL .Er . 1 ) TA= 20 • 0
IFCL.NE. I )TA*TCL-I> •

• |0 ‘ V ( L ) =A*( TA**3 ) +E*<TA**2)+ C*TA
DV1=VX<L)“ VCL)
I F  C A 3  5 ( R V 1) . L T • 0 »  0 C C 0 0 1 ) GOTO 20

.«IGNA*rvi /ADì' (DVi ' ) '
TA=TA+ ÌI GMA* 1 C . C/.X
V(L ) = A*( TA** 3) + R*<TA** 2) + C*TA
DV2= VX ( L) -  ,7C L )
i l  GND=DV.7/ADC( EV") .
I FC eI GND. Er .EIUNA) GOTO 10 

• «r/\« r / ^  RI 3NA* 1 0 * 0 /K
!{=;<*'■’ « 0 ’ ,

l



I

20
1

21 0 

' 21A

21 5'

• 22 0

1

21 0 

21 4

21 S 

2 °  Ü

"? GOTO Vo"""'.... . ....... : ...... ........... ~
T (L )= T A + 2 ? 3 .0 

CONTINUE ,
WPI TE< 210)
FORMAT« 1H0, 1 2P( '* ' ) )
WRI TE« 6 , 21 4)

■ FORMAT« i:i C, 1 2X , • TH ERMO CO URL E • ,  3X, * CO^R ESPQM DI N 0 * , 1 OX, ’ ORFeI  
1 í 3X, 'CORRECTED', 1 OX,/  ELASTIC ' )
WP.I TEC 6 , 2 1 SX •
FORMAT« MIO, J 7X, 'FMF' ,13X,  'TEMPERATILE S  1 IX, ' FPEP VEN CY ' ,  1 Ry,f 

1 'FREQUENCY', 1.1X, 'CONSTANT')
WRITE« 6 , 220) . .
FORMAT«//,  19X, ' V ,  19X, ?T ' ,  19X, ' F ' ,  19X, ' C F ' ,  19X, 'F R ' ,  IPX, 'CE
RETURN • ' . . . ' -
EM D . • ’ .
SÙDPOUTI ME FI EL DCAL CX, T, N) ' N
DIMENSION X« 50 0) ,  TC 50C.) ' ’ ■
DATARI/ 0 •57/ ,  E 2 / 1•0 5 / , 2 3 / 1 . 7 3 /  I
DATAC1/10 . 0 / ,  C 2 / 2 0 . C / ,  C 2 / 4 C . 0 /  f
DELTA* ( ( 0 1 * * 3 ) * «  C2**2)*C3+«C !**.?,>*C2*CC3**3>+ C1*<C2**2)  >••• ( CT’ 

1 • - C l * C C 2 * * 2 ) * ( C 3 * * 3 ) - ( C l * * 9 ) ¥ ( C 2 * * 3 ) * C 3 - ( C i * * 3 ) * C 2 * ( C : ^ * 2 )  )j 
A® (Bl*< ( CC**2)*C?-C2*CC3**2>>-P2*(<C1* * 2 )* C 3 - C 1 * ( C 3 * * ° ) ) |

l + 23 *« «C l* *2 )* C 2 - C Í* <C 2* * 2 > ) ) / DE L* rA J
E**<D1 * ( CCE** 3 ) * C3-C2* « CF**3 ) )  - E 2 * ( { C1 * * 3 ) * C 3 - C l * <C3** ?>) \ 

1 + B3* < ( C1**3)*C2-C1* ('C2** 3) ) ) /  DEL TA . |l
C= « B1 * ( ( CG** 3) * ( C3**2) “ « C2**2>* ( 03** 3) ) -E2* « « C I * * ? ) * «  C3**9 ) l  

I (C 1**2 )* (C3**35  ) + E 3* (< C 1* * 3 ) * C C 2 * * 2 ) - <C 1* *2 î * (  C2**3)  î.) / 2 FL"'.j 
DO 1 L® 1, M ; - • J
T ( L ) * A * ( X ( L ) * * 3 )  + E*«X(1î ) * * 2 )  + C*x <L) |

. 'CONTINUE' ' . . ■  ̂ f ' J
WRITE« 6 , 21 G) ’ I
FORMAT C IHC, IfîCC - ’ |
WRI TE( 6 , ? 1 A) , I
FORMAT« 1H0, 1 6X, 'COIL ' ,  IPX, 'MAGNETI C ' ,  1 RV, < ■j t* c rm.r^r: • t ?

1 13X, ’ CORRECTED', 1 OX, ' ELASTI C ' )
.WRITE« 6 , 2 1 K) . ... J
FORMAT«-!:! C, 1 SX, ’ CUPP EU? ' ,  1 *X, 'FI ELF' ,  1 ¿;V, ’ Fr'Er ''RJCV ' ,  ï r ” ,

1 'FRE2UENCY ' ,  1 IX, 'CONSTAN*»* ' )  * •
WRI TEC 6 , 220) .
FORMA*’’ « / / ,  ! 9 X, * I ' ,  I9V, «r. 1 9  y., . r i ,  J9?r, ' C F ' ,  J9X, ' FF ' ,  1 2 ” , '3F.1
RETURN ■ V- ' ï
END . f
5 VER O UT! NE C’UARI* ( C, X-, Y, L*, I ) \ •■■■■'.. I
DIM ENFI J N XCN),YCN) ■ • |
CALL MNMX ( X> N, *M AX, X M I 1 0 , 0 ) ' t
CALL MNMX« Y, N, YMAV, Yî-i.I M, 10 ,0 )  * \
CALL SCALE I RiTAv , ’ 'MI N, YM AX, YM I N) iï
CALL FLOTEN« C,X,  Y, N) ' J
I FC I . GT. C) CALL DUMP I T( I ) 1
CALL El 2PLAYC' ' ,Y,N,XHA' ' ,^; ìI:J,YMAX,YMIN) {
P. F TURN ■ •• ‘ it
END ' ........ ............... !... ' . ■ f

■ a



SUBROUTINE MNMX<X,U,XMßX,XMN/MDV/INC> •
'DIMENSION y ( N ) , A ( 1?)

DATA A / l  . C 5.» 1 • 5í 2 m  i « S  3 m  A. / 5 A  f t  / 7 .5 /  3 . /  1 0 . /  ! p. , 5 /  
DTr'NC(Z)=AIMT(Z+ 1 0 0 0 0 . >-1 COO0.

•' I FCI WC. GE. 1 ) GOTO 2 . •
XM AX = x< n  . . . •

’ XMIN = XMAX •
2 DO 1 IC=1/N

I F (X ( I C> . QT.XMAX)XMAX=X(I C) *
1 I F ( X CI C ) . L T. XMI N ) XMI N = X O  C )
; PL G= AL O G 1 OC ( XMAX-XHI U ) AM DV) ' . ' . •

EXP= DTnNC C PL G) , ’ ;
SUX=PLG-EXP * •

• SUX=1 c . * * s u x  
DO 3 IC=1/12
I F( SUX.LT.AO C> > GOTO A

3 CONTINUE . ; " • '
A l !X>ACIO*I 0.**EXP

I C=I C+ 1 '
XMX -UX* DTPNC( yMAX/îT<+ 0 .9999 )
XMN = UX* DTPNCC XMI N/UX+ 0• 0 0 0 1 )
I F( (XMX-XMN) /UV. GT.NDV+ C . 1 ).60TC A
XMIN »XMN
XMAX = XMM+MDU*UX
PETUP.w
END ' •
SUED CUTI NE SCALE I T<XMX, XHM/ YMXz YMN )
COMMON /Z9 IVY/GC 6 * 3 ) /  XMI W/ VX/ UMAX, T.ry
DATA 5 /  V  V
XMIN=XMM • • ■
irX = ( XMX—XMN) /  1 0 0 « 0 ■ .
YMAX = YMX
UY = (YMX-YMN)/SO ' •
DO 1 I C= 1 / 6S2

1 GCI C ) = F; '
P. ET UP N , *

• . END
• SUED! OPTINE PL O T EM (C /X /Y /N)

• DI MEN 51 ON X. ( : J ) / Y C M )
COMMON /Z9 6 P-VGC A Í ? ) / XMI N/r.tX/YMAX/Tiv 
DO J IC= 1 / N

• IX*INT( (X <IC ) -  XM I N ) /  T.’X + 1 , 5 )
I FC IX.GT. 101> GOTO I
I F ( I V . L T . I ) GOTO 1 
I Y=INTC (YMAX-YCI C) ) /T’Y* 1 . S3 
I F ( I Y . G T . 5 1 3 G 0 Tfi 1 

. I FCIY.L*1*. I ) GOTO I '•
CALL CO^YU / C C I ? * I V - l A> / IX/C/  1)

1 CONTINUE 
PFtU''N

. dm; . : . ........... .

• M

V,



SUBROUTINE LI NEC C> X U Y 1, X2,  Y2>
DIMENSION XC 1 OUYC 1 0)
COMMON /Z9 6 PX/CC 663) j '/M1 N, UX,YMAX, VY
dx= cxe- x n / u x  • *
DY= (YE-Y 1 ) /UY. . '
DM AX= AM AX 1 C AB S C. DX ) , A3 S C DY )')

' DX= UX.* DX /  DM AX ,
DY=UY*i:Y/r.MAX ■ .

, NPT= DM AX -  0 .5  ‘ '
,X ( 1 ) =X 1 + EX 
Y ( 1 ) =Y 1 + DY 

2 I FCNPT.LT. 1 >PET».U?N 
I CE •= MIWOíNPT, 1 0)

„DO ! 1C=2j I CE 
X CI C) =X CI C" 1 ) + DX

1 YCIC)=YCIC-1)+DY '
CALL PLOTEMC O X ,  Y, I CE)
N PT = N PT -  ICE 
XC1) = XCIC5D + DX
YC I ) = Y C I CF) + EY
GO TO 2 V ■
END . ' ' ’ ' • '

• SUDPOUTINE DUMP I TC I >
DIMENSION H S C 6 )
CDMMQN/El/AEC7) .
COMMON / 2 9  6 PX/GC 663UXMI lb  UX..YMAX, UY 
DO 9 I C= U 6 .
HS CIC) = XMI U+ 2 0 • * UX* < I C- 1 )

9 IEC APS CHS CI C ) / T?X) .LE. 0.  CQDHSCI 0  = 0. 0 
' . VP.ITECU ICC) AEC 1 U  AEC O ,  ABC3U AEC A),AEC S ) j ABC 6 ) ,  AEC 7)

IOC EûPMATC 1KU 49X.» 7A8) ;
UP.I TEC U  1 OU

1 0 A ED PM A T C ! !IC/13Xj ' l  OC '+ S 9 X U  '+ V13 X ,  • + s  i 0C9C •- ' + ’ ) )
YAY=YMAX+ 5 .*EY 
JD = 1 •
J E= J 3 ' ' <•
DD I IC= U I 0

., YAY = YAY- .
I F < ' A 2  S ( Y A Y /  VY ) -LT.  0 . O O I ) YAY« C . 0 
VPITECU I COYAYj CCCJC)^JC=JE,vJE)

102 FOTMATC IV* GI G . ^  ' + + '* 1 CAO’ AS, • + + •)
DO. 2  A C = 1 •» *'■
JB = JE+ 1
JE = JP+ 12
VPI TEC U 1 C ! ) C G C J C) .* J C=J O  J B)

101 EOPMATC IPX, ' * I S A I A S ,  •-'»>
2 CONTINUE 

Ji; = J E+ 1 
1 J E= J !. + 12 
■ YAY = YMAX -  5 0.. * UY

•NO TEC U 1 C2 )Va y ; C CC JC) , JC=JP, JE)
MPI TECl ,  1Ü3)HE

1 03 EüPMATC 1 3'wj •+ S 1 C C 9 C • -  * ) , • + •») / !  ny,  j r C ' + S  9 ' *) ,
P E T IT -N  
EN D

' + ' / !  CX,



? tîBP 0 UT I N F DISFLAYCX/Y/N/ *M AX / XKI NzYMAX, Y tfI N ) 
C0MM3N/D3/TYPEC2) .
CDMMÖN/B2/AMAME< P >
C0MM0W/B1/AEC7)
DIMENSION X<M>/Y<M>. . ’
XSCALE= <XMAX-XMI.N) /  1 S. Q • „ ' '
Y S CAL E= < YM A>- -  YM I N ) /  1 2 . 5  
X U= ( XM AX-XM.I N ) /  1 0 . 0 
YU= C YMAX-YMIM) /1 0 • 0
CALL GPSTAPTC 1 / 2 4 . 0 /  1 O.O/XSCALE/YSCALE/0)
CALL GPNEUÛPI Cil N( -XMI K/ -  YMI N)
CALL GPAXESNVMCXV/ 1 0/ 0/ YU/ 10/ 0/ 4/ 1 / 3 / 0 /  4/ 3) .
EK S -  XM I N + ( XM AX -  X MI N ) /  4 • 0 ' •
UY=YMAX '' \
POSX = XM I N+ 0 • 6 6* ( XM AX-X.M I N.)
POSY*YMIN-Y.SCALE . ■ '
PY=YMIN+ 0 • 6 Ç*( YMAX-YMIN)
PX=XMlN-3.0*XSCAL E . - ,  '
CALL GPMOVEC EK S/ VY>
CALL G^TEXTCPG/ABC 1) /  1/ 4/ 0/ 0)*'
CALL SPMÛVECPOSX/POSY)'
CALL GPTEXTC 1 c / AívAHEC 1 ) / 1 / 4/ 0 /0 )
CALL GPMOVECPX/ PY>
CALL GPTEXTC 1 6 / TYPEC 1 >’/ 1/ 4/ 9 0/ 0) .
Y PS*YMAX+ 2 .0  *Y S CAL E 
YM S* YM I w -  2 .0  * Y S CAL E

' XPS«X;-ÎAX+2. 0*XSCALE • , •
• : •XMSs'XHIM-S. QwX.ÇCALE-

CALL G PM G V Z C V>1 E / YM ? ) •*
■ CALL GPLIMECXPS/YMS)

CALL 3PLINECYPS/YPS).
CALL GPLINECXMS/YPSÎ 
CALL GPLINECXMS/YNS) •
DO . 5 0 I = 1 / :j
CALL CPMOVECXCD/YCD)

, CALL .GPKAPKC 0/ 1 )
50 CONTINUE ' # ■

CALL GPFIWISÜ
PETUPN ' ’ .

... BJD .
EL O CK PA"A TI '"‘L ES
CO.MMON/B3/TYPEC 2) T ' T: * .
CQMMGN/ES/AîJ AK EC G>• '
DATA TYPE/ »ELAST! C ' /  'MGrVLUS ' /
DATA A N AN E/ ' DECT SES ' /  'N EL VU !j • /
EN D
'FINI Sii

* .-H
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PROGRAM 3 ■
4

MASTER PLOTTER

- PROGRAM TO CORRECT CHANGES IN SING .AROVMD FREQUENCY 
DUE TO TRIGGER POINT JUMPING OP. TO DETECTOR BEING 
RESET. , •

COMMOM/E1 /AD( 7) ' ’
.REAL INC.»MOD ‘ . ■ .
INTEGER G
DIMENSION O(ROO) ' ■ •
DIMENSION A(2).» TT(20 0)
DIMENSION STR( 2 0 0)» MO DC 2 0 0) . . *
DIMENSION AA( 2 0 0)» D3(2 Q Q)

/DIMENSION INCC 20 0)» DI R( 2 Q 0 >» OB? ( 20 0) ’ '
DIMENSION G( 2 0 0)
DI M ENSI ON U ( 2 0 0)» Z (200)  '
DIMENSION T ( 20 0) » DEL (2 00 ) »D I F F ( 2 0 0 )
DIMENSION r ( Q 0 0 ) i  SC^GO)» T *( *200)
DIMENSION 7 ( 20 0  ).»Y(2GQ)
1 = 0 . ‘
REA DC 5» 1 ) ADC ! )  » ASC 2)»  ADC 3) » A5( ¿0 , AD( 5 ) ,  ADC 6 ) , AP( 7) 

i formatc 7a :o  • : •
PEAD( 5» A) CONST ,

4 FORMAT(EO.O) ,
5 * 1=1+1

R EADC 5» 10) 7 ( 1 ) »  Y( I )
10 FORMAT( 2 F0 . 0)

■ I F ( Y ( I ) . G T . 0 . 0 ) GOTO *
, . N=I- 1

C - • •
c  * '
C CALL rPESCAL
C ' ' ■ •
C • ■ v

CALL PRES CAL (7» T» N) '•
C •
C . SET UP ARRAYS TO MONITOR DEM AVI On? OF DATA'
c

G( 1) = 0 '
G(2)=C - .
G( 2) = 0
DO 20 1 = 2 » N
I M C ( I ) = Y ( I ) -  Y ( I -  1 )
I I NC CI ) . F ' ' . 0 . 0) I N C ( I ) * n  P ( I -  1) * e . 0 0 l'.

. DI R ( I ) = I : j C ( I ) /  AD ? ( I N C ( I ) )
DIP( 1 ) = DI R( 2)
OPS(I)  = D I R C I ) / r i R ( I - . 1)

2C CONTINVE
DO 10 0 I = 4»N 
G ( I ) = 0 ' * .
vc i ) = Y d  > ' ;

' . **» ’ , ' V ' V .

V



BA=ABS(Y ( I -  J) -YCI - 2 ) )
• E = A E ? ( Y ( I - ^ ) - Y ( I - 3 ) )

C= DA+ B ■ ' .
D=X( I -  U - X C I - 3 )
SCI)=AB?CC/D>
F=YCI) -YCI-1>
P C I > = X C I ) - X ( I - 1)
pc i  ) = A n s c p / nci >*>
UCI >'** 5. ON« SC I)

1ÛO CONTINUE 
C
c ■ SELECT CONDITIONS UNDEP ’ KHI CH COPRECTIDNS SHQULD 
C BE MADE TO DATA
c . ■ . ./ . '

DO 200 I = ^W • . ' .
GCI) = GCI- 1)
i r c o n s c i ) . g t . o> go to 7 0 
I ECOBSCH- ! ) . GT. 0) GOTO 70
GOTO 71 . ■

70 IFCr.CI) .LE.UC I ) ) GOTO 50 ,
c ' . ; •
C • COP.P.ECTING PROCEDURE FOLLO US
C ■.
71 J=I
40 A 1= C Y C J -D -Y C J- 3 ) > /C X C J -1 J -V C J- 3 ) ) \

I FCAi .NE. 0. 0) GOTO 60 
• J = J -  !

I FC J .L E .  3) GOTO 50 
• , ' GOTO. A0 - •

60 A2=AES CAI) • •
SI GN=A 1/ A 2
SLOPE* SC DESIGN'  '
DI FFC I ) = SLO?E*C C I )  +YC I -.1 ) -Y  CI)
GCI) = G C I - n + l

50 CONTINUE ’ .
c \ :
C FND O F COP F EC TI N G POUTINE
C . GO -TO "50 DURASSES COPP.ECTI ON S TO Dat A '
C. ' ■ • • . '•
200 «CONTINUE 

UC l ) -Y C 1 )
DEL C 1)=0.  0
DO 150 I I -2.» N . -
DEL CN > = CFL C.Í- 1 ) + DI FFC¡Í >
U C X ) = Y C. C ) + D EL C ;C ) '

150 CONTINUE
DO 20 5 il» î * N
z c¿o « uc:í > * * 2

205 CONTINUE .
29 0 DO 30 0 I = IN / .. '

I FCXCI ) . GT. 0. 0) C-jTj 233 
‘ CO EFR CON 2 T/Z CL)



4
\ i

WRIT EC 6 /2 9 9 )  CO ET 
299 FORMATS lKQyTGXy »COEFFICI ENT « U El A» 7) 

.. URI TEC 6 , 29 4) CONST/ Z CI)
29« FORMATC 1ÌI 0/ 2 5V/ El 4. 7/ 1 0X/ Fl 2 • 3)

GOTO 301 
29% ' CONTINUE '

I FCI .LT*N) COTI J 30 0 . ' ■
CALL LI NERI TCW/ A/T» Z )

• COEF=Cj MST/AC 1 )
30 0 CONTINUE ’ .
301 CONTINUE

DO 351 1= UN • • . .
TTC I ) = TCI)*  1 00 0 0 00 . 0 ■

351 ■ CONTINUE
' DO 251 1= UN • ' "■ • '

' STRCI) = TTC I ) /CONST 
MODC I ) = COEF*Z C I ) ,

251

260

23 0 

240

250 
C '

390

399

303

43 0

CONTINUE
URI TEC 6 / 2 6 0  ’
FORMAT C / / /  1 OX/ 1 G l C '*  ' )> ■
DO 2 50. 1= U N
URI TEC 6 / 22 0  , , ■'
FÜHCATC IN 0 / 9V, 5C 1 / 19V) / '*  ' )
U^ITEC 6 / 240) T C IU ^ C D /Y C I  U » TCI ) y MOCCI )., CCI )
fcpm at c inoj9V/ •* u ey, re* 3/ 7x* •* u  «x ,  77* %* %y* •* u  5'u

1 F 7 . 3 / ? - ' /  ** -, ey, 7.7 * %*iy* ’ * ' * O* * E12. '6j ?Y/ •* SCAUIr )
URI TEC 6 /2 3  G)
URI TEC 6 / 2 60) • •
CONTINUE ■
call GRAPH( •* L T ; V / à j  6 )
CALL GRAPHC •* ’ /  T/H3D/Ny6> • • 9 - ■ *
CALL GRAPHC ’ * ’ / S TIN G E /M/6 )
CALL LIN EFI^CN/AA/STINGE)
y ç  j t  F C e *  39 C > AE C 1 ) / AE C ? ) / ACC 3)/ A 3 C 4 ) / AS C 5 ) / ATC f)  / AT C 7) 
FORKATC l ’ l U ////  5 6V/ 7 A3 ////> ,

' UP IT EC 6 / 299 Î ' , , » '••
FORM AT C INC/ « 0 * /  «OC •* •>>

' U°ITEC 6 /  303)
FORMAT C 11:0/ 4ÜV/ •* U 1 l 'U ' EL ASTI C CONSTANTS •/ I tv / ’ * ’ > 
URI TEC 6 * 3C1 ) • ’
•,?oj * t (  i t /*2 0) * ■
FO^MATC 1 K0 / «OU/ ' * ’ / ?X/ 'SGEC'/SU/ '*  * / ?X/ ' Tj EC U 7 V/ ' ) 
U^I TEC 6 / 2 02> '

c o r FCTMATC 1MCj y 41 ‘ 0 C ' •* ' ) )
"Î ?* r -. FORMATS ! ’ I ' ' J. /> CRU »* 1U !?T , •y 1 E/

t,;o t t EC 6 .» /:? ;3) AAC I ) / .AAC?)
42 0 FOr't: AT C 1: 1 0 j, 4 OX j ' • y 4V y E1 0 . 4y SV

f.frr j Tsc e* «■} ;1 }
t./t?! ? EC 2/ 3 C 1 )
CALL LIN T; TT1ITC Ny :" 7 ji TT̂  MCn
UPI TEC a. Ar*sO

42? FORMA T C / / / / / / / / . , /- :1 yt  ^ 0  c
»4.

•=K' )  )

' t



4
.*

"WPITÉC 6 ,  3 0 0 • • •
30 5 Fü PM A T C 1 • ! C i l ' 0 X j •* ',9X, 'PP ES SUPE DEPI VATI VES S 9X, »* •).

' WPITEÍ 6i 3 01) " ■
VPITEC 6i A3 0)
WPITEC C'j 3 DP)
WP.I TEC 6 j ¿'.P 0 ) BBC 1 ) t DEC ? ) ' ,
WPI TEC 6> 3 DP)
UPI TEC 6# 3 0 1 ) • . ..
.STOP '

. END
SUËPÜUTI NE PPESCALCXiTiN) . . • -
DIMENSION XC PO Oí TC SCO) V 
DO 1 L= 1 í N
TCL)=XCL)/10.0 , ' '

1 . ’ CONTINUE
VP I TEC 6i

PI 0 FÜPMATC1
V’? I T F C 6i

21 A FOP.MATC 1
1 1 3Xi 'COP.
UP.I TEC 6i

21 5 FORMATC1

Pc» I

I C X î /j; s "~ v r

I * F P E P U E U C Y  ,' î  1 3 X >  • C O N S T A N T ' )  ;
W ^ I T E C  6 î  P P G )
F O ? M A T C / / î  1 9 X î  ' U * i  1 9 X i  ’ P ' i  . 1 9 X ,  ' F ' í 1 9 X í  ' C F ' í I P X ,  ' F P ' í 1 P v í  » 3 E N  ' )
P ETU P N , „ '
END ' ' '

. S U B P O U T I M E  G F A P K  C C i  X í  Y í  Mí  I )  •
DIMENSION X C D i Y C u )  ' . * ' •
CALL* M M M X C X ,  Mi  X M A X i  X M I  W,  1 C i  C )  ’
C A L L  ’/ Î N M X C Y i  N i  Y M A v , i  V O I  N i  I C i  0 )  .

' C A L L '  S C A L E  I T C X M A X i  X K  I N i  Y M A X ,  Y M I  N )
C A L L  F L  O T  FM C C i  X  > Y  i  N )  '
I FC I . G T . 0 ) C A L L  D U MP  I T C I )
C A L L  D I S P L A Y C X i Y i N i X N A ^ i X M I t ^ Y M A X ^ Y M I N )
P E T U P N  ■

■ EN D '■■■■ '■ ' ■ - ■■■
SUSP .  O U T  I N E  N '• ) NX c** / W » y 'MA X  i y  VT

D i v i  EN S I  O :-j X  c ¿‘J) i A*NC 1 p )
D A T A  A / ! . ^ S i 1 . F J

£s • A i  „ •* S i ? . i  i\

D T F N C C ? ) = A I . N T C Z + 1 0 0 G G . ) - 1 0-0
I F C I M C . C - ! ) r . T tp

-J O

XM A X  = X C 1 )
X L  I N  = X a y

D J  1 I C = u n

I F C X C I  C ) • T « k * St ) y JA y _  V”  Í » CI C )
I F C X C  I C ) . L T . ' y * *;i I ) V • i l IV. .  \ t c I C )
P L Q a ' A L  j G I CC C ■ ■; /yKt - *,/, i  I !:v ) / 7)
EVP*~ DrP.iCC r L f* )
!r *.v- ^ ¡.■y p
pi'X- 1 n . *>■ C I »V

DO 3 I C ~ li 1P
1 FC FUX.LT.AC I C> ) COTO h



3 CONTI MUE . • ' '
4 UX= A CI 0 * 1  Q.**EXP .

IC=IC + 1 ■ •
XMX = UX*DTPNC<XHAX/l^+0 .9 99 9)
XMN « tjx* P?PNC< XMI N/UX+ 0. 0 0 0 1 ) .
I Fi <XMX-XMN) GT.NDV+ 0 .1 )  GOTO 4 

•XMI.M = XMU
XMAX = XMN+NDV*nX V
F.ETUPiv .
BMP
SUBPÜUTINE SCALE IT<XMX* XMN*YMX,YMN) 
COMMON / ? 9  6 PX/GC 6 63)* XMIM* VX* YMAX* UY 
DATA B / » . V
X.MI N=XMN '/ ..
UX = CXMX-XMtv) /  1 0 0 * 0
YMAX = YMX
UY = -CYMX-YMM) /5G

’ DO 1 I C=l* 663 ' ‘ \
1 GCI 0 = 2  

PETTiPi-J 
END :
SUPFOUTI NE PLClTEMCOX*Y.,N)
DIMENSION XCN)*Y( U)
COMMON n 9 e r / G (  663>*XMIN* VX,YMAX,
DO 1 I C= 1 -r N
IX=INTC CXCI OONMIN)/VX+1.5.)
I FCIX.. GT. 101) GOTO 1 , . ■
I F ( I X . L T . 1 ) GOTO 1 
I Y = IN TCC YMAX- Y C I O )  /VY+ 1 .5 )

■ I F < I Y .G T .51>GOTO 1 
I F d Y . L T .  1) GOTO 1 
CALL CJFYC \» GC 1 3 * I Y - 1 0 * I X *  C* 1 )

1 CONTINUE 
P ETUP.ÍJ 
EN D
SUDPOUTI N E LI NEC CX^NY 1*XS*YT)'
DIMENSI ON XC10*YC3 0)
COMMON /Z ? 6 0 ' /  GC 663) * XMI N* VX* YMAX, VY 
DX = CX2-?' 1 ) / T.T'
DY = C Y S -  Y 1 ) /  lA'
DMAX=AMAX ! C A ESC DX) * AD* C EY) )
DX = UX* E'' /  DM AX 
DY = 166 * DY /  DM AX 
NPT=DMAX-0 . ?
x c i ) = x i + r x  •
YCI)=Yl+LY

2 I FCNPT.LT. DPETUri-1 
I CE = MI NOCNPT* I O  
DO 1 I C - 2 * I CE 

• XCI O -X C I C -  ! ) + r- 
1 Y C I O  = YC I O  1 ) + DY . . .



HPT = HPT -  ICE' .......
XC 1 ) '= XCI CE) + PX . ’
Y ( 1 ) = Y ( I C E) + DY 
GO TO 2 •

'end ' " , •
SUBPOVTIME DUMP I T ( I )  •'
DIMEN21 OH K S C £) ' '

. COMMON /E96PX/GC.663VXMIN., yîOYHAX., UY 
DO 9 I C= 1, €
HSCIC) = XMIH+?.0.*l!X*CIC-l)

9 I F( ABS<H2C I O /U X )  . L E. D . 0 0 1 ) H$< I C) = 0 . 0
HP ITECI.» 10/4) « •

1 0/i FÜF.MATC 111 1/1 3X, 1 0( '+ '.»9X).» '+ V I  3X, '+ S  1 0C9C '•
Y AY3YHAX+ 5•* UY , '
JE -  1- v /  . • .. . ’ :
J E =  1 3 ■ /  • ' ■
DO 1 I C= 1j 1 0
Y AY=Y AY ~ 5 • * UY

' Ì F( ADSC Y AY/UY)• L T•0•0 01 )YAY* 0•0 
VF I TEC I * 1 025YAY.» CGCJCVJC«J*j JE>

102 F Ü F H A T C  I X ,  G 1 0 t , V  ' + +',» 1 2A8.» A S ,  ' + + ' )
DO 2 It C*» 1 Vi

. JP = JE+ 1 . .
JE  = JE+ 12
HP.ITEd, 1 Cl) CGCJC).» JC=J2> JE)

101 FQPMATC 12X, •- V  1 2 A 3 ,  A S ,  • - ’ )
•' 2 CONTINUE ,

JE-JF+ 1
1 J E= JB+ 1 2  ■

• ' YAY=YKAX -  F C•* IT
: WEI TEC I j 1 02) YAY, C GC J C).j J C= JE.» J E)

WPI TEC I » 1 C 3 ) H S
103 FOPMATC 1 3X  ̂ ’ + S  1 0C9C ’ ) í ’ + » ) /I  2X> 1 OC »+ S 9 X ) ,

P.ETUP.H ’
END
SUBP.GUTIHE LIHEFITCw, A ,X ,Y)
DIM EH51 OH AC2)j XC2 0C),YC200)
SIGX= 0. 0 

. SI GY « 0. 0 
SIC-xy=0.0
SI Qx^r» 0 • 0 ' ’ '
DO POO 1= V  H . -

'Aiv= FLOATCH)
SI G/Y=SI C'V + XC I ) *Y ( I )
SIGX= SI GX+XCI)
SI GY = SIGY + YCI)
SI GXSAs cl g:/c:0  + xc I )

EOO CONTIhue
DEL TA» AH* SI GXS2-SI
ac i ) = c si cy* ri ::;’ e'r -  n  o v fT g x y ) / eej- ^ a
A C 2 ) = C A. i * :  I GXY - SI Q'f >■ SI GY ) /  T. FL A ~~
^I Tt"'H • *

•) /  •+■•))

’ + V I  Qx,

r t
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50

SUBPOUT I i-'j F PI SPLAY N* YMAX* XMIN# YMAX* YMl N >
CQMMON/!33/TYPE<3> .
COMMOM/BS/ANAtl EC P)
CQMMON/Ll/AEC7)
DIMENSION YCW)^Y(.J)
X$CALE= ( YUAY-YUI N)Y 1 5• 0
YSCALZ3 C YUA.Y-YMl N ) /  1 5« 0
YY=(YUAY-YUIN)/10  ♦ 0 . '
YW= CYMAY-YMI N ) /  1 0 • 0 • , . nv •'
CALL GPSTA1"5T( 1 .* ¡2• 0■* 1 0 • 0 .> Y 5CALEjYSCALE; 0 )
CALL GPNEUOPI Gl iK-Y.MIM# -YMI M)

MY 1 Q, Q jY V *  1 0; 0 / h ,  1> 3* 0, i\j 7)
¡IN )/A . 0

C)

CALL GPAYESNUMC •!
EK S=YMI w+ ( 'Ni AY■
WYsYMAY
PO?Y=YHI ;\!+ 0 • 66* < YMAY-'AviI N) 
POSY=YMIN-YT A L E 
PY=YMT i'H 0 • 66* ( YUAY-YM IN) .
FX.s'/M I fJ- ? • 0 *Y S CAL Z 
CALL GPM0 VE< Si S> 'Y  )
CALL GPTrrYTi C’Ĉ  AP ( 1 ) • 3 /
CALL GPMGUZiPOS'O POSY)
CALL GPTEYTi 1 6* AN AM E< 3 ) * 1 •» A# *# -)

. CALL GPUOVE<PY,FY) „ n ..
CALL cr>T *~y t ( j a j t '/ PZ< 1 )  ̂ 1 j »
DO SO 1= 1*N
CALL GPMOPEC'CI ) / YU ) ) •
CALL GPU API I (0^1)
CONTINUE 
CALL GPF1NISH
PETUP.N •
END '
EL0 CM TATA TITLES
CUMUCM/B3/TYPEC2)
COMUCM/Z'2/ANAUZ<S)
DATA TYPE/'ELASTIC '*. 'L’ :-ZULUS /  
DATA ANALE/ ’ NEGA'-» PASCAL V  
END
FI NI S!I ' •

; « < 
’ «
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1 t.2l *\i. t r t 1 .0 V  — o I ¿3 wi f  w f  u ! i l )a# V »’¡«.iÎJi
( a Û O ( Í * I <•»;*»

c ( i * . ) i ¿ r k ûu  rt: ; i J xV X u C c
( 0 6 l 'v  5 j i  lai'» 

( C ' u - ¡ ; u ) / c - - n ) u a )  = n ) u 2  
( 1) JA/ ( o d* ( T 5 Ja ) = c 3 )ilu 

( Ö * 0 á ¿ ) j. VîîuC'i
- Ci)2 ' CT)â:i ' CDs/l (a«l  *‘-3 ) JWa

i-Vit: f \ = i  ûti na 
£ * a = C H

.. **K=3ÿJ
(1 Dju)IK I*K

• û •S.V-.Cj.sj.DJ.
<Wúíí>4.VG*U*¿Di

c 3 1 >*v:-iuCa 
mam( ùci l ' s  >av3<¿ .  

<3 * ú ¿ ¿ ) I V« u Ci
5 a , r i - i f D a ( a t I , 3 )QV iIa

zar: u r e o
‘ 0 =N

• ( à '>:r r #I , x j . , 2 2 r V r f J> j .U A n C ¿  -TTVD
j . lM U f . 'C Q

( I + l - f 3 - r . > - a ( I > X i .  . 
( i  + î - r : -K)2  = U ) 2 2  

N '  I * ï 0 S Cd '
3 à "  U N C O  

I +«sM 
I+N=.'l

3 ¿  C4.C0 < <P)D*x T , U  >2)J  I
y 4. y a.*"'■;•!= i os ca 

i7 m  =r» oo i ca 
cviv-i n ' a r2)a3‘aac rivo'

. > Û, 0 = ( Î7 ) D
. I =w

3 HP’ U N D O  
CO 1036 J iV W â O i 

< I )2 '< I> i .< 3  ' à X l V S â  
, ’ v iv a N r i * i 3 i oa

• • (0 1 >4.VKcD3
. Vo.vaN(3 r3 )av3ü 

( O ’ O i O i V W à O i  
CC ) 0 ' < 5 ) 0 'C t )3 < t 'S >aV3A- 

C 0 0 I ) 2 '  C 0 û I ) KO s '  < 0 G n i .  NC I ¿ N.3 w i a  
(00 l )3 ' (00 1 )ciA r <00 I >Sa NCîI»N3Wra

eoo i ) xo  ' < o o i  ) au  ne i s r o m a
C û 0 t ) x l  '  C Ú 0 I ) 2 2 '  C û 0 ! )à  2 MC I¿M3 K IO 

ù V O / i M i M C x  r3 i  M.u/ i7C/M0HMn0
<1 I 'V > S /£ a /N C W M 0 3

(!7 ) 3  » < I l  r J ) V /  I 3 / N Ü K N 0 3  
TVOCWaUia. c iHISVW

*? WVü90ad •i

y Û* 

Ü 61 

0 3  t 

so i

0*1 

3 I I

oot

0 h

S¿
. 03

S t

3*

3

t



n
o

o
n

" « * . * ‘ *' ' » •
. 2 1 0  fqpmatc i : i 0 / ? e x / 5 i c •*'>>

CALL O^DE^Cr^ E/WW)
CALL .GPDEPCPPj CT/MUM)
DO 2F0 L= 1 j iJPM •
DO 1 50 J= 1 * ii
i f c z p c d  . gt . c c j > > goto ie c  

150 CONTINUE 
16 0 ' DO 20 0 .C = \j 6  *• '

S!'M(L) = ? W ( L ) + A ( J L - ( ) * 7 P ( L ) ^ ( K -  1 ) 
CTCL)=FVMCL)

•20 0 ' CONTIivUE
VP 1 T EC 6 / C2 0 ) r r c L ) i ? P ( L )  / C T C L ) / EC L ) ,

.22 0 FOPMATC 111 * 2 OYj AC ' *  FX, F9 . 3 /  5 Y ) ,  ' *  *)
VP I TFC 6 /23  0) , -

230 FGPMATC1H / 2 tYj 8 1 C ’ * ’ ) )
260 CONTI NT>E

J=J
T1=CTCM)- 2 7 3 . 0
VlsECM) ..
toss CTCMC > -  27 3 • C
V2SSECMD . ■
T3*CT(M3)-2 7 3 »0  ’ •
V3 = F. CM 3)
VPITEC6/2 6 0 ) T l / ' r2 / ‘r3 •

260 F07.MATC lHl/^OV, 3CF5.? /  10^))
VPI TEC 6 / 2 61 ) ” 1/ V2.» ,r3

26.1 FQPMAt C 1H / ? 0V/3CFF. 3> 1 Cv ) >
CALL POLY FI 7C NVM# £'/ CT/ E> I / J j N/ A)

' CALL 3PAFH C ** */CT/ S/NUTl/ 6 )
STOP
END
SUBROUTINE On DEPCY.>Y#N)
DIM EM FI ON v -d C O /Y C lQ O )
DO 1 0 0 J = 1 / M ..
DO F0 I - l / W - 1
IFCYC1 + l ) .LE.YC I ) ) GOTJ 60 ’
p M * r c i )

"*<I ) * Y C I + 1 )
• x<i  + n = " . i  .

PW=YCl)
YCI)=YCI+ 1)
YC I+1) = P i J 

50 CONTI NUE
100 CONTINUE. '

P FTVPN 
ENT , . •
ctjjj-ov^INE POLY FI T < NGPT? /  A/ v ,  Y, - i , J , L, !" p ̂  * * 
COMMON/Dl/rESPI

«AIN PUG CPAM FOP-'LEAFT f^VAPES CUPVE FI TTING . 
NAY WO DATA* .POINTS I ?  100 
MAY CF.G-EE IF 1 C • .

\
i 1
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C
«

DIMENSION- AC A/ 1 1 )/XC 1 OO/YC ! 00)# COEFC 1 00) 
♦ INTFGF? DEOPEE/ DEGF-1 

DFGP1 = DEGPEE + 1
CALL NOrM E A  < D E G P E E /  D E G P 1 #  NOPTS#X# Y #  C O E F )

PP.'INT PESULTS

■ w p i ? e c 6/ 6 )
6  FOPMATC 1 !U / US'** 30C ’ * ’ ) ) ' .

WHITEC 6 /7 )  , . *
7 FOPMATC 1H0# ASX/ ’ * ’ /AX/ 'GPDEP COEFFI Cl ENT'/ 3X/ • * »)

WEI TEC 6# 9) . •
9 FOFMATC IHO# ASX/ 3 0.C ’ * ’ ) ) "

DO 5 L = h  DEGP1 
K«L- 1
WPI TEC 6 / A);</ CQEFCL)

A FOP.MATC 1-10/ A 5X / •* '/■ AY* I 1/ AX/ '*  •/ ,?X/ F1 A,. 6 / 3X# '* *)
• UPI TEC 6 / 8 )

8 FOEMATC UNO/ ASX# 3CC '*  ' )  )
A (J # L )= C j EFCL)5 CONTINUE
PETUPN
END
5VEP0VTINE NOPMEPC DECP.EE/DEGPl/W j FTS#X#Y# COEF) '

C
C ' F.QUTINE TC OBTAIN NORMAL EQUATIONS

•C
"INTEGER DEGTP/DEGREE/DECP1

• DIMENSION P C ^ f A O O / ^ C N  OPt c j ŷ CNOPTS)/Stn-K 1 1/ 1 I ) / r : ! c < l 1 ) 
DI M EN5.I ON CU£F<rFG»l) ,
DEGT A= DECREE* A 

C
C COMPUTE FUNS OF  POINTS-
C ' ' .

DO 1 1=1/DEGTC 
POUXCI ) = C•0 
K  I J = ! / MQT;’'re

I.. FGUXCl )  = FOUX(I  ) + x < j ) * * i  ’
c
c  . .
C . FP.OM S»’HS G F ' p O'-UFF COMMUTE T!IF L H C OF
C TH E ECUATI 3NS IN TIi E T ,-'0 DI N. EN SIGNAL
C AFPAY SUM . '
C
C

DQ A 1 = 1/ r.FGPl 
’ r.'U ? Jnj, DEC-PI 
;<=i + j -^

.............I FC.C«L E • ,0 ) GOTO 3
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? um( i , j )  = r n v x c '0
.GOTO 2

3 . SUM Cl jJ-jsWOPTi?
2  CONTINUE
C
c SET UP PHS EQUATION«
C .

P.H ? ( 1 ) = 0 • 0 * •
DO A J=l,nJ0PTS ,

4 phsc i > = phsc i )+ y c j )
DO 5 1 s ?;DEGP1 
PH S C I )= 0 • 0 
DO 5 J = 1 *HGPTS

5 P H S C I ) - P H S < I )+ Y (J )* X ( J )* * C l -1)
C • . ■ v
C
c CALL SUE?OUTI HE TO SOLVE THE F.PVATION?
C. ' ■ ”

CALL GAUSSC DEGREE, PFGP1, PHS, COEF, SUM)
PET VPN •
end '  ... \

SUE? OUT I N E GAUSS< DECREE; DEC*1! , PH ? ,  CO EF> fVH)

THIS SOLVES THE SET OF EQUATIONS 
SUMCI; J >*? : ! « (  I >

•INTEGER DEGPEE* CEGPl
. DIMENFI OH nHS{ EFG?1 ) ; CQEEC EEGP1 > ,  $tvj< 1 1 ,1 1 )  
DO 1 0 ><« I, DEGREE
:-<p l u s i =h+ i
L=H

FIND TEEMS OF CHEAPEST MAGNITUDE

DO 1 1 .IsK^L»fS U  DEC? 1 '
1 F(A5S( c VMCl,:i) ) .LE.ADSCSVH(L/,0))  C“ ^? 1 1
L = 1 "  .
CONTINUE
I FCL .LE.K) GOTO 12

IHTEPCHANGF TO OBTAiN PQVS 
iJAG.VI TVEE

DEC?EASING

DO 1 3 J s i L  DEG?]
m ir -* n i< tw .j>  /
SVMCK,  J )  = c *’H C L ,  J )  • . ‘

* ,



f

13 SVMCL> J)=DVMP
dump« pii s c i o
PM?CO=PH?(L)
PUSCL)=DUMP

1G DO 10 DEGP1
FA C TOP = S!JM<I,iO/SUM(;C,i<> 

C ‘
C
C SET THI 5 TEPM t 0 Z EPQ 

SUM(I > 1 0  = 0 .0  
DO 14 J=M?EUS1 , DEGP1 

C'

C COKPUTE 0 TI IEP T E°M S . // •
C
c
c
Ù  SÙM CI, J ) = SVM ( 1 > J ) -  FACTOR# sili (Hi J )
10 P.HS( 1 >=PI!S< I >-FAC?un*PHSC.O
c .
C • ' . .•
C SOLVE SI ri GL E ECVATl Ori PEMAI NI riG 
C
c . *

CCEF( DEGPl ) = T'Ur( DEGP1)/£UM( DEGPU DEGP1 ) 
I = DEGP EE

16 I PL L»S 1 = I + 1 .
' TOTAL»0.0 .

C '
c
C COMPIATE OTHEr SOLUTI QMS BY SVESTI t v t I Q:j
c
c

CO 1 5 J*IPLV5W CEG^l 
15 • TOTAL=TDTAL+SITICI^J) *CZEF( J)
c
c
c P.ETl’PN SOLUTI QMS Ili TH E MATTI X GOFF 
C
c

CO EF(I ) = <?!: SCI ) - TOTAL) /SVMCI, I )
1 = 1 - 1

I F < I . GT.C> CJ~3 16 
PETUPM
END •
S U L '» O P T I  r i  E Grr r T ! ( C A - , Y , IV/

»
I )

DI  N E r i  F I  C r i  •' ( N ) »  Y  C i i )
C A L E . h n k y < v , .1 i VM a v  v̂ 'v  o; m . ’ J  ■ :•! i  a > i C , 0 > 1
C A L E m n m y c Y.» IJi Y H / W ,  v i m i  : j * i 0 , D
C A L E r e A L T  I T (  ̂x/ Kf

> . t 1 ' J tm i  n j  Y MA Y i  Y M I i J )
C A L E P L O T  Dii C C ì Y . Y ^  N ) • ,

\
\



* ■ l• %
IFCI .GT.'OJCALL' DVMp'l?<I>
CALL CI 5PLAY ( X, Y, N,XHAX, XMI N,YMAX,l YMI N >
PETUPM
END • /  ' ' .
? VDP.O t’TI M E M MMX ( X j W , XM AX , XMI N, N D V, INC)
DIMFNEI Oiv XCNUAC1P)
DATA A /I  .2  5* ! . 5 / C w 2 , 5* 3 . < 4 u  5 . /  e. / 7. E, 8 . ,  1 0 . ,  1 2 . c /  
DTPNCCZ)=AINTCZ+Ì 0000 0 -  1 0000. ■ ,,
I FdNC.GE. 1 > GOTO • 2 ■ ’
XMAX = XC 1 ) !
XMIN = XMAX • ’

2 DO 1 I C= 1* W
IFCXCIC). GT.XMAX)XMAX*XCIC)

1 I FCXCIC) .LT.XMIN)XMIN=XCI C) ■
F.LG=ALDG1 OC (XMAX-JfMI N)/NDV),' ;

’ EVP*D'rPNCCFLG>
SUX=.PLG~ EX0  •••
ST/X* i 0 , * * c n y  
DO 3 I C= 1, 1 2
I FC EPX.LT. A< I C) ) GOTO A •

■ 3 CONTINUE . . '
A UX»A(I C>* J 0.**E.XP ' •

• I C=I C+ 1 ‘ '
XMX = VX* DTnNC C XM A*X/vy+ Q . 99?9 )
XMN - l"v'*  DT̂ iJ C ( XMI M/lrY+ 0 • 0 0 0 1 )
I F( (Yiiv-yM.' j j / i ix .GT.Nt ’-'+O . I) C0'r0 A ’
XMIN =XMN . • ■

"  XMAX = XMM+NDV*rX 
PETDP.N •
END . . ■ . •

• SUBPOVTINF E CALE I ?  < XMX, YM li * YMX * YM W ) •
COMMON /79ePX/CC ceCO^XMUÓUX, YMA.x, l.Y 
DATA D/ ’ V
XMIN=XMN
PX = (XMV-YMN) /  1 0 0 . 0 • • ' - ,•
YMAiX -  YMX ' '
TJY « CYMX-YMN)/EQ 
DO 1 I C= 1 , 663 

.1 3 ( 1 0  = 2 
PETPnM

■ end • . V V.
SUDPOVTINE PL OTF'C C,Y ,Y ,  M)
DIMENEION X ( N ) * Y ( N )
COi'iMCN /Z 9 f p x / G ( i 6 3 ) *WMI N, VX
DO ■' 1 M r-\ II > N
i x* i (X (I o - v .; I ) /  VX + 1 .5 )
I F ( IX . GT. ì o n  ::ot ■J 1 .
I ?' ( I X .L*r . 1 ) GO*Pj 1
I Y= I M"■ ( < Yi ! A' '-Y ( I C) ) / TY+ 1 . E)
I F( I Y )■** *r • U : •E 1) GÔ O 1

I FCIY • LT •1 ) GGT 0 1
CALL COPY CUCCI ? + I Y - 1 2 ) , IX ,C j

1 CONTINUE 
P FTFPN 
E(J D



FUBROÛTI N E • LI NEC C,* x"l7Ÿ ÏJ X2.» Y 2 )
DI MEN EI ON XC10),YC1G)
CG MM ON /796PX/GC 6A3),XMIN, UX, Y MAX* TJY 
DX=CX2~YI ) /VX 
BY=CY2-Y J )/l»Y

• DMAX«AMAX1CABSCDX),AEECDY))
DX® T.TX * DY /  n Í a y 
DY a’VY * BY /  CM AX 
NPT= EM A X -0•5 :
XC 1 ? = X 1 + CX 
YC J ) = Y 1 + DY

2 I FCNPT.LT. 1 )PETUPW .
I CE = MI N 0 ( N PT , IC) X"
DO 1 IC=2,ICE- * .
X CI C) =X ( I C- 1 ) + D;X 

1 Y ( I C) = Y ( I C- D + DY 
\  ' CALL PLQTEMC C,X, Y, I CE)

\ NPT = WPT -  I CE 
XC 1) = X(I  CE) + DX 
YC 1) = Y C I C E ) + D Y 
GG TO 2  

END
SLTE?aUTI N F DUMP I T c I )
Diti ENEI ON HEC 6 )
COMMON /  Z 9 i pv /  G C 6 A 3 ) * XMI N , VX , YM PC'* Vf 

. . DO 9 I C= I > 6  . .
HECIC) = XM I M+ ° C « * YX* CI C- ! )

9 I FC APECHE ( I Cî/TfO •LE»0«0CI)HE<IC) = 0i 
DTI TEC I , 1 DA) ’ ‘

I OA Eu TIA TC VAl/lOY* I OC '+ *,9X)., '+ V I  EX, •+ ' ,
y a y =y ;iax+ e . * yy 
JB « 1 

JE= 1 3
DO I I C= 1, 1 0 .
Y A Y = Y A Y -  f  t * T T
I ?< ADfC YAY/riY) .LT.  0 . 0 9 1 ) Y A Y « 0 . 0 
l-JPI TEC I , 1 CX') YAY, C OC J C) , J C® JE, J E)

102 FÛPMATC IX, G! 0 . A, ' + + ' ,  IGAS, AE, ' + + •)
DO 2 iC C= 1 , A 
JE = J E+ 1 
JE -  JE +12
V E I T C I ,  lDI)C :CJC),JC=Jt-,JE)

ICI FO PM AT C 1 2V, ' ,  1 2 A3 , A F, ' )
? CONTINUE 

JE-JE+ 1 
1 JE=J~ + T  

•Y AY = YM AX -  5 G . *UY 
VF I TECI/I 0.2 ) Y AY, C G C J C) , J C® JP, J F)
UPI T r <  I ,  J fj 'ONE

1 0 3 FOTiATC 1 ?x ,  ’ + 1 OC9 C •- • ) ,  ’ +•),/  i 3 v, 1 OC ’ +



»

%

.......SVSPOUTINE "di ’SPLAYCV* Y*i'Jí XMAX#*MI ¡J* YMA*, YMI U>.
EXTEPNAL G .
EXT EF NAL H •
DI il EL FI ON X(N).»Y(N)

• X S CAL F- ( YN AX - XMIN ) /  1 2 • 5 .
Y S CAL E= ( YMAX~YM I N ) /  1 5 • 0 . -,
XV* CXMAX-XMI H) /  1 0 • 0 

• YV=CYMAX-YMIN)/ 1 0 . 0  
EPS=YV* 0 . I •

' CALL GPSTAFTC 1 *  F Í ' .  0 *  1 0 • 0 J  X.9CAL E L  YSCAL F.» Ç  )

CALL. GPMEVÖPI GI N<-XMIN*.-YMI N> • ’
CALL GFAXE5 NUM (X vL 1 0* OjYUj 1 Cj Cj Aj l j 3j Aj 3j 3)
YPS = YKAX+3» Q+YFCALE-
YM S* YM I N- 3 • 0*Y.C CAL E .. .

' XPS=XHAY+ !.. 0*XEGALE .
• XMS=XMIN-3.C*X3CALE • . .
. CALL CFM~X'E<x MPî YMc >

• ; CALL GFLINECXPÇ^V^C)
CALL GPLINEr'PC, YPS) . ” .
CALL GPLINSCXM?*YPS)
CALL' GPLi:vE(vM?,YM?î . .
DO 50 I = ! ,  N

• CALL GFM O VE( X C I ) ^ Y ( I ) )  ' :
CALL GFviA'MCC 0/P)

50 CONTINUE ' • ' •
CALL GPFG^APMC G^XLI üjXM.AXî EPE) •
CALL G?FC*CAFH CH* XMI .v/OIAXî EPE) . .
CALL GP FI MI E!I 
SETUP«
END * . /
FUNCTION G(X)
CDÍ1MQN/E ? /E C 4* 1 1 )  /E2/DEGP1 , , u
INTEGER DEGP1 ' ' ’ | i
1 = 1 ' il j
G*S(I* 1 ) + E< I * ?>*V+2CI* S J m i i  + s d ,  /t)*x**G+ECIi * ) # v * # 4 + 2 ( l ,
F ETVFU ' .. . ||; j
EU D ‘ ■ ' ■ . j! !
F UN CTI ON ” ( ’’•> ■ • $ j
CCKM0U/S4/T1j TP* TA, <-1 * tro, in  . ,t
DELTA* C C "" 1 ** 2) * < T3**2) * T2+ ( ~1 * * p } * TP + C T?** 3 ) + T1 * ( TP ** ?) * (  ̂ '

J -  T 1 * C TP* * 0 > * C ■’*? + * 3) “ C. T 1 **P ) * ( -rp** ?) * T l .  ( *¡*1 #* 7) * «Ç* ( T^,¡. ) ff. i
A=< VJ* C (7 ' 5**f>*T3-TP* C T ? * * " )  ) -trp* ( ( T ]  + ;i* ( - 3 * * 2 ) )
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