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Abstract

This paper presents a finite-time approach for tracking control of a quadrotor system sub-
jected to external disturbances and model uncertainties. The proposed approach offers a
preassigned performance guarantee. Firstly, integral terminal sliding manifolds and nonsin-
gular terminal sliding manifolds are considered to produce the new hyperplane sliding
variables for both position and attitude of a quadrotor. The designed hyperplane sliding vari-
ables guaranteed a finite-time convergence. The objective is to develop a finite-time control
scheme for a disturbed quadrotor to follow a predefined trajectory based on a nonlinear slid-
ing mode controller. The main contribution of this paper is to design a hyperplane-based
nonlinear sliding mode control strategy for a quadrotor subjected to disturbances. A concept
of robust controllers for a quadrotor is presented based on Lyapunov theory, which proves
finite-time stability of the proposed control technique. Numerical simulations with two differ-
ent scenarios verify the accuracy of the proposed hyperplane-based sliding mode control
approach. The simulations study also included a comparison with another nonlinear control-
ler. Results demonstrated overperformance of the proposed control strategy.

1 Introduction

Quadrotor unmanned aerial vehicles (UAVs) have been used in a variety of applications,
including precision takeoff, tactical reconnaissance, management and rescue missions, envi-
ronmental protection, courier/delivery, surveillance, and reconnaissance operations; [1, 2].
The control of the quadrotor can be achieved by precisely following a particular trajectory.
The quadrotor system is highly nonlinear and inherently unstable by nature [3, 4]. In addition,
the highly coupled dynamics of a quadrotor makes control design more difficult. Furthermore,
during indoor/outdoor flight, the quadrotor system is subject to nonlinearities from multiple
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sources such as model uncertainties, external disturbances, and unmodeled dynamics, which
reduces the accuracy of the quadrotor UAV tracking control.

Therefore, the design of a robust tracking controller is the key to overcoming these prob-
lems and enabling the quadrotor to track a predefined trajectory. Adaptive backstepping was
introduced by [5, 6] to improve the tracking performance of a quadrotor. The authors of [7-
10] proposed a fractional order (FO) sliding mode control (SMC) technique to improve the
transient performance of a quadrotor system. The authors of [11] proposed the self-triggered
SMC for a quadrotor under disturbances. In recent years, different SMC techniques have been
devoted to tracking control [12, 13]. In this paper, a finite time control is proposed for the
position and attitude of a quadrotor under disturbances. There are some other nonlinear and
intelligent control methods like fuzzy logic control [14], which uses min-max rules that are not
robust and pose difficulties in proving its analytical stability. Similarly, backstepping can be
used to track the desired trajectory of a quadrotor, however, convergence in finite time is not
assured by this control method.

In terms of ease of implementation and robustness against uncertainties and external dis-
turbances, the SMC is a potent tool for complex nonlinear systems. In our previous work [15],
we used a nonlinear manifold with non-singular terminal sliding mode (NTSM) for a quadro-
tor. The disadvantage of the SMC is the occurrence of chattering in system inputs [16]. Several
solutions have been proposed in the literature to resolve this chattering problem, including the
super twisting integral SMC [17], high-order SMC [18], and the finite-time control methods
including, fast terminal SMC (FTSMC) algorithms [12]. The TSMC’s biggest flaw is its one-
of-a-kind problem. A new continuous integral of the sign of the error is proposed in [19] to
address this problem while maintaining robustness. Also used was a decent variety of the ter-
minal SMC (TSMC) method known as nonsingular TSMC (NTSMC) [15]. As a result of inte-
grating the benefits of ITSMC and NTSMG, this research proposes a new hyperplane sliding
mode technique for quadrotor systems subjected to external disturbances.

In [20], an improved integral of signum error control technique is investigated for the
robust tracker design of quadrotor system under disturbances. In [21], the super-twisting algo-
rithm and adaptive dynamic programming techniques have been combined for the tracking
control problem of quadrotor subjected to complex disturbances. In order to estimate the
external disturbances, an adaptive TSM disturbance observer is proposed. The work presented
in [22] combined adaptive super twisting and nonsingular TSMC for quadrotor in the pres-
ence of bounded disturbances. Online control laws are designed to estimate exactly the upper
bound of disturbances. The authors of [13] proposed a novel FO fast integral TSMC technique
for position/attitude of a quadrotor to enhance the tracking performance against external dis-
turbances. To achieve a finite-time tracking control of a quadrotor under actuators, distur-
bances, and input saturation, the authors in [23] proposed a neural network based on a fault
tolerance control approach. The authors of [24] proposed a fixed-time convergence and distur-
bance rejection control approaches for a quadrotor attitude. The work developed in [25] com-
bined a fixed nonsingular TSMC and observer for a robust control tracking of uncertain
quadrotor under uncertainties. In order to stabilize an uncertain quadrotor and to make it to
track a predefined flight trajectory, two PD control techniques, and adaptive fuzzy TSMC are
proposed in [26]. In [27], a new observer-based control approach is proposed for controlling a
quadrotor under disturbances and noisy measurements. The authors of [28] investigated to
present new finite-time control and fixed time prescribed performance for a quadrotor system.
In order to reduce the chattering problem, the paper [29] presented an aperiodic signal updat-
ing for a quadrotor under external disturbances and uncertainties. The authors of [30] pro-
posed an adaptive finite-time control for a quadrotor using backstepping and global sliding
mode controllers. In [31], barrier function and nonsingular terminal SMC are proposed for a
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quadrotor. Event-triggered fractional-order SMC approach was proposed for UAV under dis-
turbances. In [32], a conditional integrator SMC was developed for a quadrotor. An observer
based rotor failure compensation for a quadrotor was proposed in [33]. In [34], a hybrid con-
troller based on backstepping and integral SMC was proposed for a quadrotor. In [35], an
observer-based backstepping control was proposed for a uas.

In this paper, a robust integral non-singular hyperplane SMC (INH-SMC) scheme is
designed to control the disturbed quadrotor and ensures accurate tracking under the effect of
disturbances. For the attitude and position subsystems, novel integral-type hyperplane-based
sliding manifolds are designed. The proposed manifolds for quadrotor system are designed by
combining integral-type TSMC and nonsingular TSMC to obtain robust, accurate tracking
performance, and fast convergence of the state variables. The result input signals are integrated
to achieve continuous controllers, which reduces the chattering phenomenon. The proposed
control scheme addressed and rejected the disturbances. Contributions of this research paper
can be highlighted as follows:

o Integral-type sliding and nonsingular terminal sliding manifolds are combined and applied
to attitude and position of a quadrotor, which offers high tracking accuracy and faster con-
vergence, reduces the steady-state error, and demonstrates stronger robustness against
disturbances.

o Switching laws are proposed to deal with the upper bound of the disturbances that affects the
dynamics.

o The proposed control scheme is applied to quadrotor dynamics in the presence of distur-
bances and confirmed its superiority compared to super twisting algorithms by simulation
results.

The rest parts of the present paper are structured as follows. The formulation problem is
given in Section II. The proposed control scheme and its stability are presented in Section III.
The results are provided in Section IV. Finally, conclusions are presented in Section V.

2 Model of flight dynamics

In this section, a modeling system of a quadrotor is presented. As depicted in Fig 1, two frames
are defined: an inertial reference frame E = {O,, X,, Y, Z.} and a body-fixed frame B = {Oy, X},
Y, Zp}.

Let’s define the Euler angles related to an inertial frame and the angle velocities respectively
by X, (t) = [p(t), 0(t), ¥(t)] and X (t) = [p(t), O(t), ¥ (t)]". The linear velocity can be
defined V(t) = [p(t), q(t), r(t)]". Let’s introduce the position and linear velocity in the
earth-frame respectively by X',.(t) = [x(t), y(t), z(t)] and V = [u(t), v(t), w(t)]".In order
to obtain the dynamic model of the quadrotor, following assumptions are considered as in
[15]:

Assumption 1. The construction of quadrotor is symmetrical and rigid.

Assumption 2. The yaw, roll/pitch angles are limited respectively by (—%,%) and (-, ).

Using the Newton-Euler laws, the quadrotor model can be presented in the following equa-
tion.

(1) = V(1) (1a)

o(t) =R,X,(t) (1b)
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Fig 1. Quadrotor configuration.

https://doi.org/10.1371/journal.pone.0283195.9001

Io(t) = —o(t) x (Io(t)) + £, (1¢)

in which, I = diag(I,, I, I,) € R* is a symmetric positive matrix that represents the inertia

z

of the quadrotor axes. The notation R, is the rotation velocities matrix which is given as:

1 0 —sin(6(¢))
R,= |0 sin(¢(t)) cos(0(t)) sin(o(t)) (2)
0 —sin(¢(1)) cos(0(t)) cos(¢(1))

L., is the contributed moment torque in the quadrotor center, which is written as:

Ercs = ‘C - LG - ‘CD (3)
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where L is the torque provided by four rotors quadrotor.

02T
u, 0 -pd 0 —pd )
w?
L=|u|=|-pd 0 pd 0 , (4)
wi}
u~1 _pz pz _pz pz
o2

with uy, u3, u, denote the quadrotor torques. p, is a positive value representing the lift constant,
d represents the distance between the quadrotor mass center and rotor, and p, is the drag
factor.

The gyroscopic effect can be expressed as £, = 3.1, J,(w x e;)(—1)"" + w,, in which j,
denotes the inertia of the rotor blade, w is the rotor speed, and e; = [0, 0, 1]%. The L, is recog-
nized as aerodynamic friction torques which is defined as £,, = diag(K,, K,, Kj;), while K,
K, K; are positive aerodynamic drag coefficients. The mathematical model of the QUAV in
the presence of disturbances can be presented as follows:

S(t) = MO0 (1) + M,0(r) + My () + N yu, + D, (t)

0(t) = MG (1) + M;b(1) + M0 () + N yuy + Dy (t)

Bt = MdO0(E) + M) + Ny, + D, (1)

K(1) = Myk(t) - (cos 6(1) sin 0(c) cos p(0) + sin 6(8) simp (), + D) )

y(t) = Mpy(t) + % (cos ¢(t) sin O(t) sin s (t) — sin $(t) cos y(t))u, + D,(t)

5(1) = My2(0) — g+ (cos 6(1) cos 0(8))u, + D)

. (,-L) —w,], K 1,1 w,J, —K. (I:—1))
with: M, = 205 M, = =95 My = 58 M, = B8 My = 25 Mg = =5 M, = =72,

- Ix Ix > IX d z
M :%,Mg :771(5“/\/110 :%)Mﬂ = _%’Nl :i’NQ :%>N3 :iandw,=w1—w2+
w3 = wg. D,(t) = [D,(t),D,(t), D,(t), Dy(t), Dy(t), Dl/,(t)}T is time-varying bounded distur-
bance. The underactuated problem is solved by creating the following virtual control inputs.

(cos ¢(¢) sin O(¢) cos Y (t) + sin () sin Y (¢)) %_
v=lv, | = (cos ¢(t) sin O(¢) sin yr(t) — sin () cos Y (t)) % (6)
- (—g + % (cos o) cos 0(1) =)
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Desired
Trajectory

According Eq (6), the total lift and tilting angles can be defined as follows:

. des ¢ _ des ¢
¢*(t) = arctan (cos 0% (t) sin Y7 )V; +;0S L )vy> (7a)
des ¢ : des ¢
0™(t) = arctan (COS v )‘;x :(sgm vy, (7b)
u, = m\/vg +v2+ (v, +g)’ (7¢)

Assumption 3. In this paper, the perturbation applied for each subsystem of the quadrotor, is
bounded but unknown and satisfies |D,(t)| < d,, where d; > 0.

3 Finite-time control design for a quadrotor using a new hyper-
plane based on integral non-singular SMC

In this section, a new control scheme is proposed for finite-time tracking control quadrotor
system in the presence of external disturbances. Fig 2 shows the structure block of the pro-
posed finite-time control for a quadrotor system. This finite-time control method is applied in
the outer-loop control, which is realized by changing the attitude angles in the inner loop of a
quadrotor. The outer-loop is used to generate the desired angles and the total thrust. The
inner-loop is used to generate the rolling, pitching, and yawing torques. Two sliding mode var-
iables are suggested for a quadrotor system, the first is an integral terminal sliding mode sur-
face and the second is nonsingular TSMS. Based on these sliding manifolds, a new hyperplane-
based sliding manifolds are developed for position/attitude subsystems. Then, the Lyapunov
theory is used to prove the stability of the proposed controller.

3.1 New hyperplane-based sliding manifolds for a quadrotor position

A hyperplane-based sliding manifold is constructed using the integral terminal sliding mode
(ITSM) [36] and the nonsingular terminal sliding mode (NTSM) [37] to achieve easy, precise,
and robust tracking control for a quadrotor position.

External
Disturbances

des
4 Quadrotor
* u, UAV
T =
(x9S, ydes, 7des INH-SMC (Vx> Vys V) Dynamics N T T

’ pOSition Decoupling (¢dn’ 6““) INH-SMC (UZ, s u4)

— L p| attitude |—————pp|
controller
controller
bl eﬂ T
o (9,0, v) |

Fig 2. Structure block of the proposed control scheme.

https://doi.org/10.1371/journal.pone.0283195.9002

PLOS ONE | https://doi.org/10.1371/journal.pone.0283195  April 24, 2023 6/29


https://doi.org/10.1371/journal.pone.0283195.g002
https://doi.org/10.1371/journal.pone.0283195

PLOS ONE

Modern control of UAV

Define the tracking errors of position as:
e:(1) = x(£) = x™(t), (1) = y(t) = y™(1), ey (t) = 2(t) —2*(t) (8)

The integral terminal sliding mode variable for the position can be described in order to
ensure robustness and minimize steady state-errors as:

67(t) =&, e?(t) +E, f |e7(t)|HX5ig”(e7(t))dt
0y(t)  =E,e(t) +E,, [ leg(t)|"sign(e,(t))dt 9)
o,(t) =E,e,(t) +E, f e, (1)]"sign(e,, (t))dt

where E;; and &, for i = x, y, z are positive parameters and < p, < 1.
In order to achieve fast convergence and high tracking, hyperplane based sliding manifolds
are designed using NTSM as follows:
1., L, 1.,
$;(t) = 0,(t) + 567 (t), sy(t) = 04(t) + 64 (t),5,,(t) = 0,,(t) + 5073 (¢) (10)
B. B, B.
in which, B, . is positive coefficient, and 1 < ., ; < 2. The designed hyperplane-based sliding
manifold for position of a quadrotor is suggested to force s; g 11(f) converge to zero for any
conditions of 0, 1;(f).

3.2 Finite-time control design for position loop

The controller introduced in this paper is composed of two control laws: one is a continuous
control law, while the other is a discontinuous control law.

3.2.1 Continuous control law for position loop. This component can be obtained by set-
ting 34, (¢) = 0 in without disturbances D, 4, (t) = 0.

The time derivative of o; can be given by:

. . Y 9, . 779111 .
S7.9,11 (t) = 07911 (t) T 07?9?1% (t)o-w,n (t)
ﬁ?,gu

= o g L 60 1) 000)

= 79,11
ﬁ7,9‘11 Y711

The time derivative of 07 ¢ 11 () and its double time derivative are respectively given as:
67‘9,11(0 = Ei1é7,9‘11(t) + Ei2‘67,9.11|“i(t)5ig”(e7,9.u(t)) (12)
and

. — e — ‘i71 .
67‘9,11(1‘) = 51‘167‘9,110) + ‘:i2:ui|67,9,11 |l (t)ezg,n (t) (13)

By assuming that (10) is equal to zero, one get:

—

é7,9‘11(t) = - ? |e7,9‘11 ‘“i(t)Sig"@w,u(t)) (14)

=2

Submitting (14) in (12), the double time derivative of s; is given by the following equation.

—2
.. _ . W= i .
07.9,11(t) = 51167,9.110) = 2 |e7,9,11| ! l(t)SZg”(e7,9,11(t)) (15)

=il
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Submitting (15) in (11), it produces that

. Vi cyi-1
57.9711(t) =07

B;

=2
M= =1 .
L_; e g (D™ sign(ery,, (1))

=il

Bi .-

0'7,9,11(”(; 07.?)?}1 (t) + Ei1é7.9,11(t)

i

By setting $. ,,,(¢) = 0 and tacking D, ,,, (¢) = 0, the equivalent rule can be obtained.

Then, using the double time derivative of the tracking errors, the continuous control laws for
the position of a quadrotor are given by:

—2
1 [u= 2,—1 . B .2y _ .
B (—; e ()" signie (1) — 25— E, My (1)

=2 )
<M; e, (1) sign(ex (1)) — o5

P - Mt

X

(17)
ﬂZ pA

“sign(en (1)) — Pes 2 M, (1) +g)

V2

3.2.2 Reaching control law for position loop. A switching law is added to the equivalent
law to increase efficiency against model uncertainty/external disruption of a quadrotor device.

Then its expressions can be given as follows:

Vv =

Xs

(ks (8) — ksian(s(6))

(—kys;(t) — k,sign(s,(t)))

- (7kz1511(t) - kz25ig”(511 (t)))

where k;; and k;, for i = 7, 9, 11 are positive constants.

Theorem 1. Consider the quadrotor position system (5) and the hyperplane-based sliding sur-
faces are designed in (10) and the control laws are designed in (19), then the tracking errors (8)
of the closed-loop system can asymptotically converge to zero.

=2
:ux':‘x 2u—1 . ﬁx 22—y —_ .
1 | = e (1)[™ 1slgn(e7(t)) - V_Si * = EaMyx(t) — k()
VX = - —x1 x
:‘xl
— kypsign(s; (1))
=
— 1 . .2—. — .
1 é s |€ (t)|2ﬂy ISIg”(eg(t» - JS}' T - ':‘ylMlo)’(t) - kyISQ(t)
v, ==—| ™ y (19)
B .
— k sign(s, (1)
—_2
M=, 2u—1 . ﬂz 22—y o) .
1 = ey, (1) sign(ey, (£)) — y_sz P EaMyz(t) +g
Vz =_— =zl z
':‘zl

- kzlsll(t) - kﬁsign(sn(t))
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Proof. Define a Lyapunov function for the position and attitude of a quadrotor in terms of
s7(), so(t), and s;,(¢) as:

Vi = 0.5[s3(8) + 55(8) + 57, (¢)] (20)
Differentiating Vs, it yields
V= s (£)8;(8) + 55(£)85(£) + 5, (£)8, (1) (21)
Now, by using (16) and (19),

Vi oyt

V1 = 57(t)ﬁ_5% (t) [Exlpx(t) - kx157(t) - kaSig”(57(t))]
+5,(1) ;—ys;’;f%t) [E,D,(£) — k,15,(£) — k ,sign(s, (£))] (22)
(1) ;—Zsmt) E.,D, (1) — sy, () — kysign(s,, (1))

Using (11), the above equation leads to

y Vx a1 2 Yy oyt 2 Vz o1 2

V, < =280 (ks () — =8 (Dk,s,(t) — =575 (H)k, s, (¢

1 = ﬁx7 ()xl?() ﬁyD ()yl)() ﬁz 11 () 111() (23)
<0

For any initial state s o ;(f) # 0, define t,; the reaching time to converge to zero. After
that, 07,11(¢) will converge to zero as a consequence. The total time #; can be written as follows
[37,38]

1 7 —1

_ Vi Vi v,
tﬁ_tri_'_yiji lo(t)] 7

As a result, the position tracking errors will asymptotically converge to zero.

The suggested controller is used for the position subsystem in this subsection, and the Lya-
punov principle is used to prove the loop’s stability. In the next section, we’ll use the same
steps we used for the position-loop to produce control torques, which stabilize the attitude-
loop under disturbances.

3.3 Finite-time control design for attitude loop

By extracting the desired roll and pitch from the position control presented in the previous
subsection, the torques of the quadrotor attitude can be designed in this section. Define the
desired tracking errors of a quadrotor attitude as follows:

e(t) = o(t) = 6™ (1), e(t) =0(t) = 0°(1), e;(t) = (1) — ™ (1) (25)

The ITSM for the attitude can be described in order to ensure robustness and minimize steady
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state-errors as:
o(t) = Eu e (t) +E S f le, (¢ |H°5’g”(e1( ))dt
o,(t) = Eye(t) +Ey f le; () \M’szgn(e;,'(t))dt (26)

o5(t) = Eyie5(t) + By [ les(6)]" sign(es(t))dt

where Z;, and &), for i = ¢, 6, y are positive parameters and { < p, < 1.
In order to achieve fast convergence and high tracking, hyperplane based sliding manifolds
are designed using NTSM as follows:

6= 01(0) + 50, 5(0) = 0,(0) + 50T (05, (0) = o3(0) + -7
¢ 0 v
in which, B¢, is positive coefficient, and 1 < y4,4,, < 2.
Theorem 2. Consider the quadrotor attitude system (5) and the hyperplane-based sliding sur-
faces are designed in (27) and the control laws are designed in (28), then the tracking errors (25)
of the closed-loop system can asymptotically converge to zero.

-2
=

L[ B s ) - L0 - B, M000 0

—

— hl
U, = ¢ é

+ Mzé(t) + Msd)Z(t” (bd“( ) — Sl(t) - kd,zsign(sl(t)}

=2 .
U B signten (1) — P63 () + B M0 0
U, = =01 Yo (28)
N2y, . . .
+ M5¢(t) + M002(t) + Hdgs(t) - kﬂlss(t) - kezsig”(ss(t))}
L (B e sign(e, () - ﬁ B2 (1) 4 B (M (00(1)
Nii“‘x//l

+ Msl/'/Q(t) + ‘pdes(t) - kw155(t) - k.pzsig”(55(t))}

Proof. Define a Lyapunov function for the position and attitude of a quadrotor in terms of
s1(1), s5(1), and s5(1) as:

V, = 0.5[s}(t) + s5(t) + s3(t)] (29)
Differentiating V5, it yields
V= 5,(6)31(8) + 5, (035(1) + 55(1)35(¢) (30)

Now, by using the time derivative of sliding mode variables and (28),

yd) o1
B,

5,(6) 2151 (O Dylt) — Kusa (£) — Kipsign(s, (1)) (31)

0

Vl = Sl(t)

(OEND, (1) = k5 (£) — kysign(s, (1))]

+s5(t );ﬁ 8 OEND (1) = s (1) — kyasign(s;(1))]

Using the time derivative of sliding mode variables of attitude loop, the above equation leads

PLOS ONE | https://doi.org/10.1371/journal.pone.0283195  April 24, 2023 10/29


https://doi.org/10.1371/journal.pone.0283195

PLOS ONE Modern control of UAV

to

VS 8 (0k,s0) — L (ks (1) —-gﬂiéﬁwfl(t)kwlsi(t)

ﬁg‘; ! 0 ﬁ¢, (32)

<0

For any initial state s, 5 5(t) 7 0, define t,; the reaching time to converge to zero. After
that, 0y 5 5(t) will converge to zero as a consequence. The total time £; can be written as follows
[37, 38]

1 yj—]_

Y; 7.
B ot Y

Vi

Vj_l

ty =1, +
As a result, the position tracking errors will asymptotically converge to zero.

3.4 Stability analysis of closed loop system

The following Theorem shows the results of the proposed controller and the stability of the
closed-loop system is provided.

Theorem 3. Consider the quadrotor system (5) and the hyperplane-based sliding surfaces s
are designed as (10), (27) and the control laws are designed as (19) and (28), then the tracking
errors (8) and (25) of the closed-loop system can asymptotically converge to zero.

Proof. Define a Lyapunov function for the position and attitude of a quadrotor in terms of
57(8), $o(1), s11(8), 51(1), s3(£), and s5(t) as:

Vip = 0.5[s7(8) + 55(£) + 51, () + 57 (8) + 55(8) + 53(¢)] (34)
Differentiating V1,, it yields
Vip = 5:(0)87(8) + 5y(03 (1) + 510 (£)3,, (1) + 5, (£)3, (1) + 5,(1)8,(8) +55(035(5)  (35)

Now, by using the time derivative of position and attitude sliding mode variables, (19), and
(28),

- Ve iyt .
Vi, = S7(t>ﬁ_sxx 1[:‘x1Dx(t) —kys;(t) — kxzslg”(57(t))]

Ty 1 .
4%m;wlmMuo—gww—m%mmm}
y
Y.

+511(t) ﬂ*-é;fl [Ezlpz(t) - kzlsll(t) - kz25ign(511(t))}

yc") P .
+moﬁ%ﬂ%mfwmﬁwwwwmwn
1}

Vo 10—11m .
+s4(t) _0500 1[591790 — kyy55(t) — kgysign(s,(t))]

0

Vo py—1rm .
mmﬁﬁw%m—mumwwmeJ
v
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Using (23) and (32), the above equation leads to

Vi, < ;— [5:(O (B D, (0)] = ki) — Kys2(0)]

X

+§sy [so()| (241D, (8)] — k) — k,is2(8)]
+/V; $ sy (D1 ID(0)] — k) — ks, (1)
+'B_O ' [‘51( )‘(E¢1|D¢‘ - ko‘Z) - kalsf(t)]
+;—Z 3 s (DI(E|Dy| = ki) — kyys2(8)]
+;—C S s (DI E 1Dy = Ky) — kys2(8)]

We choose k,, > E,|D,(t)], k, > B, [D,(1)], k, > E,|D.(1), kyp > E|D, |,
kg > By |Dyl, and ky, > B, | D, |. Eq (37) becomes:
-1

y Vs oyt Vy o 2 Yz o1
V, < Sxgn e s2(t) — 28 ksi(t) — =5k, s (1)
12 ﬁx 157 ﬁy 159 ﬁz 1511

’yGﬁ P —1 P Y < /l// » 1 b 38
S a0 = 3 ksl - 25 ks (38)
2] 0 1
<0

Hence, the tracking errors of the position and attitude can asymptotically converge to zero.
The proof is thus completed.

4 Simulation results

Numerical simulations are used to evaluate the tracking performance of the hyperplane-based
sliding mode controller described in this paper. As a comparison, the super-twisting PID slid-
ing mode controller provided in [17] is used.

4.1 Control parameters selection

During the simulation, the user has to select the value that achieves the best balance of tracking
accuracy and control smoothness. The discussion of the controller parameter selection for the
proposed control technique is summarized as follows:

« Selections of E;;, B, and y; for i = x, y, z, ¢, 0, y: The parameters E;;, E,, and y; are used in
ITSM manifolds as given in (9) and (26). Faster convergence of the tracking errors can be
obtained by choosing a smaller value of Z;,Z;, and § < y, < 1 For a quadrotor position and
attitude loop, E;; = 1, E;; = 0.0046, and y; = 1 are selected.

Selections of §; and y; for i = x, y, z, ¢, 8, y: The gains ; and y; are used in NTSM as shown in
(10) for quadrotor position and (27) for altitude loop. Faster convergence of the tracking
errors can be obtained by choosing a high positive value of §;, and a smaller value of 1 < 7; <
2, however, it increases the magnitude of the control effort. The best choice of NTSM gains
is presented in Table 2

Selections of k;; and k;, for i = x, y, z, ¢, 0, y: The positive gains k;; and k;, are used in the
switching law (18) affect the robustness of the system by balancing the control signal
smoothness. The selective values of k;; and k;, parameters are presented in Table 2.
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Table 1. Quadrotor parameters.

Parameter Value Parameter Value
g(s—z.m) 9.8 Ks(Nms?) 0.01
m(kg) 0.486 Kg(Nms?) 0.01
L(m-"kg) 3.8278e-3 K (Nrads®) 0.012
I(m="kg) 3.8278e-3 Ky(Nrads®) 0.012
I(m-"kg) 7.6566e-3 K;(Nrads®) 0.012
J(m—>kg) 2.8385e-5 p(N.s%) 2.9842¢-3
K4(Nms®) 0.01 pc(N.m.s%) 3.2320e-2
https://doi.org/10.1371/journal.pone.0283195.t001
Table 2. Control system parameters.
Parameter Value Parameter Value
B0y 1 By.oy 102.15
Yoo 1.9 Ei 0.0046
Ea 1 kga02.02 2.6997
k161,91 817.6194 k11,21 6
Uxyz 1 By, 2.1487
Vayz 1.1 k2 yo.0 2

https://doi.org/10.1371/journal.pone.0283195.t1002

Remark 1. The design parameters of the controllers need to be tuned to achieve the satisfac-
tory performance in terms of quadrotor trajectory-tracking in the presence of disturbances. To

pick the optimal values for such parameters, the optimization toolbox in MATLAB program has
been used (see Ref. [39]).

Tables 1 and 2 list the controller and quadrotor parameters, respectively. The following are
the beginning conditions for quadrotor states:

x, =0.05m, y,=1m, z,=0.0lm,

39
¢, =0rad, 0,=0rad, ,=0rad (39)

Two scenarios in terms of disturbances path following are proposed in this section.

4.2 Simulation 1

In order to examine the tracking performance of the proposed control scheme, the complex
change of the drag coefficients is considered in this scenario. This effect is shown in Figs 3 and
4, respectively for translational and rotational subsystems. The desired path used in this simu-
lation is given by

0.5sin(0.5¢) m t € [0,4m)
0.5 cos(0.5t) m t € [0, 4m)
0.25t—3.14m  t€ [4n,20)
0.5 m € [47,20)
x4 (t) = ye(t) =< 5—nm t €1[20,30) (40)
0.25t — 4.5 m t € [20,30)
—0.2358¢ + 8.94 m t € [30,40]
3 m € [30, 80]
05 m t € [40,80]
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Fig 3. Drag coefficients for translational motion.
https://doi.org/10.1371/journal.pone.0283195.g003
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Fig 4. Drag coefficients for rotational motion.

https://doi.org/10.1371/journal.pone.0283195.9004
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t e |0,4n
0.125t + 1 m [0, 47) "y 0.50)
4
Z%(t) =4 0.5m+1 m t € [4m, 40) Y™ (t) = (41)
exp(—0.2t + 8.944) m ¢ € [40,80) 0 rad t € (50,80]

x%(t)  =sin(0.5t)m, y*(t) = cos(0.5t)m, z*(t) = 0.1t + 2m,

: (42)

Y (t) = 0.3rad
External disturbances used in this simulation for quadrotor position and attitude are set as fol-
lows:

D.(t) =1+sin(0.2nt) m/s?

f) =1+cos(0.2nt) m/s?

t) =0.5c0s(0.7t) + 0.7sin(0.3) m/s’

(43)

(
(
(

,(t) =2sin(0.7t) + 1  rad/s®
() =2cos(0.9t) +1 rad/s
(

y(t)  =2tanh(0.7t) rad/s’

Figs 5 to 11 demonstrate the trajectory tracking responses utilizing the control methodology
suggested in this paper and a super-twisting PID sliding mode controller. The absolute posi-
tion result is plotted in Fig 5; as can be seen from these results, the proposed controller ensures
that the quadrotor follows the desired trajectory with great precision, even when external dis-
turbances are present. The suggested controller produced faster position responses than the
SP-PIDSMC approach, as illustrated in Fig 5. The roll, pitch, and yaw angles converge to their
intended angles in a short finite time, as shown in Fig 6. The vehicle is more stable under the
proposed controller under the disturbed flight. Figs 7 and 8 depict the time trajectories of the
sliding surfaces of the quadrotor’s position and attitude, which converge in finite time to their
target trajectories. The total thrust and control torques (e.g. rolling, pitching, and yawing tor-
ques) are shown in Fig 9, demonstrating the chattering free of replies. The signal inputs pro-
vided by the proposed controller are smooth and have appropriate amplitudes, as shown in Fig
9. The quadrotor follows the intended trajectory, as shown in Fig 11. Fig 10 shows trajectory of
output on xOy plane. Finally, the results show that, when compared to the ST-PID sliding
mode controller, the suggested control method ensures more the quadrotor’s stability when
subjected to external disturbances.

4.3 Simulation 2

Additional scenario called simulation 2 were carried out to verify the proposed controller’s
robustness against disturbances. To simulate the external disturbances, we inject a time-
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Fig 5. Results of the position under the proposed and ST-PID-SM controllers.
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Fig 6. Results of the attitude under the proposed and ST-PID-SM controllers.
https://doi.org/10.1371/journal.pone.0283195.9006
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Fig 7. Results of the position sliding variables under the proposed controller.
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Fig 8. Results of the attitude sliding variables under the proposed controller.
https://doi.org/10.1371/journal.pone.0283195.g008
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Fig 10. Results of the path following in 2D space under the proposed controller.
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Fig 11. Results of the path following in 3D space under the proposed controller.
https://doi.org/10.1371/journal.pone.0283195.g011

varying disturbance into the model of a quadrotor, as presented in the following equations.

) =0.5sin(t) m/s
) =0.1cos(t) m/s

) = 0.5sin(¢) cos(t) m/s’
f) =0.5c0s(0.5¢t) rad/s

) =0.5sin rad/s’

) =0.5sin cos(0.7t) rad/s?

(0.5¢)
(0.71)
The drag coefficients are supposed to change in the form of Band-Limited White Noise in a
limited interval in this simulation. Obviously, the shifting curves of drag coefficients in a real
fly in an environment are not more intricate than the ones presented in Figs 12 and 13.

The initial conditions of quadrotor outputs in this case are zero. It should be emphasized
that in this simulation,for all flight periods, the external disturbances were applied to the
dynamic system to see if the proposed controller could reject the external disturbance and set-
tle down. The outputs of a quadrotor are commended for tracking the following desired trajec-
tory. The results tracking profiles in this simulation under the disturbances are shown in Figs
14-20. It is clear that the proposed control scheme can effectively resist external disturbances
and achieve steady-state behavior. Despite this external disturbance, the hyperplane-based
sliding mode control strategy provides good responses. The performance of both controllers is
assessed by computing their tracking performance in 3D and 2D spaces, which are presented
respectively in Figs 19 and 20, in order to clearly show the benefit. Compared to the
ST-PID-SMC, the suggested controller significantly reduces the tracking error caused by
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Fig 12. Drag coefficients for translational motion.

https://doi.org/10.1371/journal.pone.0283195.g012

external disturbances. Furthermore, the suggested controller’s control signals are substantial
and have smaller values (see Fig 18). On the other hand, as shown in Figs 16 and 17, the sliding
variables converge to zero in short finite-time. As a result, the suggested control method pro-
posed in this paper for a disturbed quadrotor system has a high level of robustness against
time-varying disturbances compared to the results provided by the Ref. [17].

Remark 2. The dynamic model involves forces and torques applied to the quadcopter as the
control actions, in order to achieve the desired reference while taking into account the inertial

0 5 10 15 20 25 30
time (s)

Fig 13. Drag coefficients for rotational motion.

https://doi.org/10.1371/journal.pone.0283195.g013
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https://doi.org/10.1371/journal.pone.0283195.9014
1R T T T T T ]
==m=m Reference
- ST-PIDSMC
el
Y o — ; PPp——
ASS
-1 1 ] 1 1 ] -
0 5 10 15 20 25 30
===== Reference
0.2 T T ST-PIDSMC T T
g 0
g
< 0.2
S | 1 1 | |
5 10 15 20 25 30
= mmum Reference +  ST-PIDSMC Proposed Method
09- — 11 T T -
=)
g -
>
-05 ] ] ] ] .
0 5 10 15 20 25 30

time (s)
Fig 15. Results of the attitude under the proposed and ST-PID-SM controllers.
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Fig 16. Results of the position sliding variables under the proposed controller.
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properties of the quadcopter. The propulsion control system, together with the servomotors that
move various elements, such as the flaps of fixed-wing drones or the swashplate of helicopters,
constitute the low-level control. The low-level dynamics, formulated using a first order transfer
function of the system, then the dynamics of this part are very fast compared to the quadcopter
dynamics. In this research, complex random parametric uncertainties and external disturbances
are taken into account in two scenarios in order to make the simulation more realistic.
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Fig 17. Results of the attitude sliding variables under the proposed controller.
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Fig 18. Results of the inputs under the proposed controller.
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4.4 Quantitative analysis of the controllers

The integral of the error square (ISE) and integral absolute error (IAE) are used for quantitative
comparison. The ISE and IAE are numerical representations of tracking-error performance.

The ISE and IAE performances of two controllers for the scenario 1 is shown in Tables 3
and 4. Also, Tables 5 and 6 show the ISE and IAE performances for the scenario 2. In compari-
son to ST-PID-SMC, the finite-time control shows that the ISE and IAE indices are less impor-
tant for both scenarios.

The superior tracking control performance of the proposed finite-time method is con-
firmed. It provides more accurate tracking, a faster convergence rate, and excellent robustness
than ST-PID-SMC technique.

Compared to the results of the other approaches, the ISE and TAE values for the tracking
errors are lower. All of these findings show that the proposed control method achieves better
tracking performance, including high precision tracking, quick response, smooth control com-
mands, and high robustness.

Remark 3. The proposed control method has been compared to ST-PID-SMC technique,
which deals with the tracking problem of the quadrotor system subject to external disturbances
and parametric uncertainties. Also, in contrast to ST-PID-SMC, where the tracking errors can
only asymptotically converge, the proposed control scheme, using a terminal sliding surface mani-
fold, can guarantee the system’s finite-time zero-error stability, resulting in better steady-state
performance.

Remark 4. This note goes at describing the procedure for experimental validation of the
finite-time control scheme. In this context, to build the quadrotor test bench experimental to vali-
date the proposed scenarios, a list of the pieces of equipment has been compiled. The hardware
configuration of the quadrotor experimental platform is depicted in Fig 21. This platform uses a
quadrotor of version X450 with one ground control station, DSP TMS320F28379D, Inertial
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Measurement Unit, the global positioning system module measures the velocity and position in
the horizontal plane, and barometric sensor measure the altitude. Moreover, two Zigbee wireless
modules ensure the communication between the quadrotor and the ground station. A fan gener-
ates the wind then applied as disturbances to the quadrotor.

Remark 5. The present work presents a finite-time controller for a quadrotor under distur-
bances using a hyper-plan sliding mode manifold. Also, a switching finite-time is proposed for the
system to ensure finite-time stability and cope with the upper bound of the disturbances. More-
over, in the next step, we design the proposed control method’s observer or adaptive version.

5 Conclusions

This paper was devoted to the path following a quadrotor system subject to external distur-
bances. To begin, the new sliding manifolds for quadrotor attitude and position incorporate
two variables of nonlinear sliding surfaces: nonsingular terminal sliding mode and integral ter-
minal sliding mode. The developed sliding manifolds ensured a faster rate of quadrotor state
convergence. Second, the switching control laws are built to deal with the most severe wind
disturbances. The Lyapunov theory was used to verify the finite-time stability of the proposed
control strategy, which improved the tracking performance of a quadrotor control system
against wind disturbances. In comparison to supper-twisting PID sliding mode controller, the
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Fig 20. Results of the path following in 3D space under the proposed controller.
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results obtained and the Table 1 show that the control approach suggested in this work has
good tracking accuracy, convergence rate, and resilience against wind disturbances.

For further work, the finite-time approach will be validated by experiment. Design a frac-
tional-order finite-time control technique to improve the performances of the proposed

Table 3. ISE performance indexes of the scenario 1.

Variable Proposed method ST-PID-SMC
x(t) 0.0614 0.1249
3(0) 0.3665 0.781
z(t) 0.2703 0.5739
y(t) 0.0028 0.0225

https://doi.org/10.1371/journal.pone.0283195.t003

Table 4. IAE performance indexes of the scenario 1.

Variable Proposed method ST-PID-SMC
x(t) 0.3979 0.6126
¥(t) 0.6902 1.87
Z(t) 0.5382 1.017
w(t) 0.0295 0.1349

https://doi.org/10.1371/journal.pone.0283195.t004
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Table 5. ISE performance indexes of the scenario 2.

Variable Proposed method ST-PID-SMC
x(t) 0.0012 0.13
(1) 0.358 0.72
z(t) 1.46 2.53
y(t) 0.0002 0.323

https://doi.org/10.1371/journal.pone.0283195.t005

Table 6. IAE performance indexes of the scenario 2.

Variable Proposed method ST-PID-SMC
x(t) 0.164 1.164
3(0) 0.63 1.35
2(f) 1.22 2.34
y(t) 0.0581 2.66

https://doi.org/10.1371/journal.pone.0283195.t006
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Fig 21. The quadrotor’s hardware structure.

https://doi.org/10.1371/journal.pone.0283195.9021

control method. Also, the fault-tolerant control problem of the quadrotor actuators and
sensors will be addressed using the adaptive version of the proposed finite-time controller.
Innovative solutions and sensors have recently been created for civilian use, thanks to new
technologies, allowing for more flexibility (fewer restrictions in terms of sensor installation),
performance (longer duration, better aerodynamic profile, better navigation system), and
planning tools. The development of low-cost flight controller systems and the widespread dis-
semination of structure from motion applications, which allow the production of a 3D model
from a sequence of photos collected from various points of view, are the most recent advance-
ments in quadrotor aircrafts.
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