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Abstract We study the higher gradient integrability of distributional solutions u to the equa-
tion div(o Vu) = 0 in dimension two, in the case when the essential range of o consists of
only two elliptic matrices, i.e., o € {01, 02} a.e.in . In Nesi et al. (Ann Inst H Poincaré Anal
Non Linéaire 31(3):615-638, 2014), for every pair of elliptic matrices o1 and o7, exponents
Doy,0r € (2, +00) and g4, ,5, € (1, 2) have been found so thatif u W ldor.0 (€2) is solution
to the elliptic equation then Vu € Lfv‘;;]:z (£2) and the optimality of the upper exponent py, o,
has been proved. In this paper we complement the above result by proving the optimality of
the lower exponent gq, 4, . Precisely, we show that for every arbitrarily small §, one can find
a particular microgeometry, i.e., an arrangement of the sets o ~! () and o~ (o), for which
there exists a solution u to the corresponding elliptic equation such that Vu € L9122 -3,
but Vu ¢ L4122, The existence of such optimal microgeometries is achieved by convex
integration methods, adapting to the present setting the geometric constructions provided in

Astala et al. (Ann Scuola Norm Sup Pisa Cl Sci 5(7):1-50, 2008) for the isotropic case.
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1 Introduction

Let Q C R? be a bounded open domain and let ¢ € L*(2; R>*?) be uniformly elliptic,
ie.,

o& - &> )\lél2 for every & € R? and forae. x € Q,

for some A > 0. We study the gradient integrability of distributional solutions u € W!1()
to
divi(c(x)Vu(x)) =0 in , (1.1)

in the case when the essential range of o consists of only two matrices, say o1 and o3. It is
well-known from Astala’s work [1] that there exist exponents g and p, with1 < g <2 < p,
such that if u € W9 (€2; R) is solution to (1.1), then Vu € L\’;eak(Q; R). In [9] the optimal
exponents p and g have been characterised for every pair of elliptic matrices o1 and o3.
Denoting by pg, o, and g4, o, such exponents, whose precise formulas are recalled in Sect. 2,
we summarise the result of [9] in the following theorem.

Theorem 1.1 [9, Theorem 1.4 and Proposition 4.2] Let 01, 02 € R2%2 pe elliptic.

() Ifo € L®(; {01, 02)) and u € W41 (Q) solves (1.1), then Vu € Lfv‘;g’l? (S2; R?).
(i) There exists 6 € L®(; {01, 02)) and a weak solution i € W12(Q) 1o (1.1) with

o = &, satisfying affine boundary conditions and such that Vii ¢ LPo1-22 (€2; R?).

Theorem 1.1 proves the optimality of the upper exponent py, o,. The objective of this
paper is to complement this result by proving the optimality of the lower exponent g, ,. AS
shown in [9] (and recalled in Sect. 2), there is no loss of generality in assuming that

o1 = diag(1/K, 1/81), o2 =diag(K, $2), (1.2)

with 1
K>1 and EESjEK’ j=12. (1.3)

Thus it suffices to show optimality for this class of coefficients, for which the exponents
Doy,0, and go, o, read as

2K 2K L
K+1 P =k 7 '

doi,00 =
Our main result is the following

Theorem 1.2 Let o1, 0o be defined by (1.2) for some K > 1 and S1, 5> € [1/K, K].

2K

There exist coefficients o, € L*°(2, {01; 02}), exponents p, € [1, Vs , functions u, €

WL(Q; R) such that
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div(o, (x)Vu,(x)) =0 in <, (1.5)
up(x) = x1 on 09, '
2K
n . 2
Vu, € L (2 R%), pp — ot (1.6)
2K 2
Vu, ¢ L%+ (Q;R?). (1.7

2K
In particular u, € W-4(Q; R) for every g < p,, but fQ [Vu,| X+ dx = oo.

Theorem 1.2 was proved in [2] in the case of isotropic coefficients, namely for o7 =
%I and oo = K. More precisely, in [2] the authors obtain a slightly stronger result by
constructing a single coefficient o € {K1, L1 } and a single function u that satisfies the

2K
associated elliptic equation and is such that Vu € Lm, but Vu ¢ Ll%(l. We follow the
method developed in [2], which relies on convex integration as used in [8], and provides
an explicit construction of the sequence u,. The adaptation of such method to the present
context turns out to be non-trivial due to the anisotropy of the coefficients (see Remark 5.8).
It is not clear how to modify the construction in order to get a stronger result as in [2].

2 Connection with the Beltrami equation and explicit formulas for the
optimal exponents

For the reader’s convenience we recall in this section how to reduce to the case (1.2) starting
from any pair o1, 02. We will also give the explicit formulas for pg, o, and gg, o, .

It is well-known that a solution u € WIL’;’, q > 1, to the elliptic equation (1.1) can be

regarded as the real part of a complex map f : Q2 + C whichisa Wllo’cq solution to a Beltrami
equation. Precisely, if v is such that

0 -1
T _ S
R%Vv =oVu, R7 : <l 0 >, 2.1)

then f := u + iv solves the equation

fi=ufe+vf, aeinQ, (2.2)

where the so called complex dilatations p and v, both belonging to L>°(€2; C), are given by

_on —oi —i(oi2+021) _ I —deto +i(o12 —021) 2.3)
1+Tro+dete =~ 14+Tro+dete '
and satisfy the ellipticity condition
il + vlllize < 1. (2.4)

The ellipticity (2.4) is often expressed in a different form. Indeed, it implies that there exists
0 <k < 1such that |||u| + |v|||ze < k < 1 or equivalently that

K —
il + iz < (2.5)

K+1

for some K > 1. Let us recall that weak solutions to (2.2), (2.5) are called K -quasiregular
mappings. Furthermore, we can express o as a function of ¢, v inverting the algebraic system
(2.3),
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[H—pP=p[>  _23(v—p)

1+v)2—|u|? 1+v]2—|ul?

o = | TP TPl ) 2.6)
—23+w)  [1+ulP—v?
THvP=lulZ  |1T+v2—|u?

Conversely, if f solves (2.2) with u, v € L*°(Q, C) satisfying (2.4), then its real part is
solution to the elliptic equation (1.1) with ¢ defined by (2.6). Notice that V f and Vu enjoy
the same integrability properties. Assume now that o : 2 — {07, 02} is a two-phase elliptic
coefficient and f is solution to (2.2)—(2.3). Abusing notation, we identify 2 with a subset of
R? and f = u + iv with the real mapping f = (u,v) : Q — R2. Then, as shown in [9],
one can find matrices A, B € SL(2) (with SL(2) denoting the set of invertible matrices with
determinant equal to one) depending only on o7 and o5, such that, setting

fx) = A" f(Bx), 2.7)

one has that the function f solves the new Beltrami equation

fe=ffitif aein BTU(Q),
and the corresponding 6 : B(2) — {71, 62} defined by (2.6) is of the form (1.2):

o1 =diag(1/K,1/S1), o =diag(K,$), K >1, 81,5 €[l/K,K].

~ - 2K
The results in [1,12] imply that if f € W9, with g > Ig—fl, thenVf e LE
f e WhP for each p < % Clearly V f enjoys the same integrability properties as V f
and Vu.

Finally, we recall the formula for K which will yield the optimal exponents. Denote by

d and d> the determinant of the symmetric part of o and o, respectively,

weak > I particular,

04+0.T
di:=det(l ) i

and by (0;) jx the jk-entry of o;. Set

1 1
m:=——— [(02)11(01)22 + (oD11(02)22 — 5((02)12 + (02)21)((01)12 + (01)21)} ,

Nz
! |:dt + det —l<( )21 — (o1) )(( )21 — (02) )]
n._m etog etoy 2 o01)21 — (0112 )( (02)21 — (02)12) | -
Then

(2.8)

K_(m+m>5(n+m>5
- : S .

Thus, for any pair of elliptic matrices o1, oy € R>*?, the explicit formula for the optimal
exponents pg, .+, and ¢q, o+, are obtained by plugging (2.8) into (1.4).
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3 Preliminaries
3.1 Conformal coordinates

For every real matrix A € R2*2,

a a
A= (91 12 .
azy a2

we write A = (a4, a—), where a, a_ € C denote its conformal coordinates. By identifying
any vector v = (x, y) € R? with the complex number v = x + iy, conformal coordinates
are defined by the identity

Av=ajv+a_v. 3.1

Here v denotes the complex conjugation. From (3.1) we have relations

aip+axp . ax —an ajp —axp . a2 +ap
ay = +i a_ = +i (3.2)
* 2 2 2 2
and, conversely,
ayp = RNay + Na_, app = —Sa4 + Sa_, (33)
ar) = a4 + Sa_, ay = Nay —Na_. '

Here Nz and Jz denote the real and imaginary part of z € C respectively. We recall that
AB = (ayby +a_b_,ayb_+a_by), (3.4)
and Tr A = 2Na,. Moreover
det(A) =las|* = la_|*,

|AI> =2]ay > +2a_ |, 3.5)
Al =lay] + la—],

where |A| and ||A|| denote the Hilbert—Schmidt and the operator norm, respectively.
We also define the second complex dilatation of the map A as

a_
MHA = —, (3.6)
a+
and the distortion 5
1 A
K(A) = ‘ +lwal| _ Al ' 3.7)
I —|pmal |det(A)|

The last two quantities measure how far A is from being conformal. Following the notation
introduced in [2], we define

Ex:={A=(a,na): aeC, ueAA} (3.9)

foraset A C CU {oo}; namely, E A is the set of matrices with the second complex dilatation
belonging to A. In particular Eo and E., denote the set of conformal and anti-conformal
matrices respectively. From (3.4) we have that Ex is invariant under precomposition by
conformal matrices, that is

Ex=EAA  forevery A € Ep~{0}. 3.9)
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3.2 Convex integration tools

We denote by M (RR?*?) the set of signed Radon measures on R?*? having finite mass. By
the Riesz’s representation theorem we can identify M (R?*?) with the dual of the space
Co(R"™ "), Given v € M(R2*2) we define its barycenter as

v ::/ Adv(A).
R2x2

We say that a map f € C(Q; R?) is piecewise affine if there exists a countable family of
pairwise disjoint open subsets €; C Q2 with [0€2;] = 0 and

o0
Q- U Qi
i=1

such that f is affine on each €2;. Two matrices A, B € R%*2 such that rank(B — A) = 1 are
said to be rank-one connected and the measure A84 + (1 — 1)8p € M(R>*?) with 1 € [0, 1]
is called a laminate of first order (see also [7,8,11]).

:0,

Definition 3.1 The family of laminates of finite order L£(R**?) is the smallest family of
probability measures in M (R?*?) satisfying the following conditions:

(i) 84 € L(R**?) for every A € R2x2;
(ii) assume that 3N | A;84, € L(R?*?) and A; = AB + (1 — A)C with A € [0, 1] and
rank(B — C) = 1. Then the probability measure

N

Mg+ (1= 2)dc) + Y hida,
i=2

is also contained in £(R2*2).

The process of obtaining new measures via (ii) is called splitting. The following propo-
sition provides a fundamental tool to solve differential inclusions by means of convex
integration (see e.g., [2, Proposition 2.3] or [8, Lemma 3.2] for a proof).

Proposition 3.2 Letv = ZlNzl a;da; € L(R?*?) be a laminate of finite order with barycen-
terv = A, thatis A = Z¢N=1 a; A; with Z;N:] o; = 1. Let @ C R? be a bounded open set,
o € (0,1) and 0 < § < min |A,~ - Aj| /2. Then there exists a piecewise affine Lipschitz
map f: Q — R? such that

(i) f(x)=Axon oL,

@) [f — A]ca(ﬁ) <4,

(i) [{x € Q: [Vf(x) — Ail <8} =0 €,
@iv) dist(V f(x), sptv) < § a.e. in Q.
3.3 Weak L7 spaces

We recall the definition of weak L? spaces. Let f: @ — R? be a Lebesgue measurable
function. Define the distribution function of f as

Ar:(0,00) = [0,00] with Ap(t):=[|{x € Q: [f(x)] > t}].
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Let 1 < p < o0, then the following formula holds

/ £ ()] dx = p/ooﬂ’—‘xf(t)dt. (3.10)
Q 0

Define the quantity

1/p
[f1, = <sup tpkf(t))
t>0
and the weak L? space as
L{:,eak (Q; ]Rz) = {f: Q — R?: f measurable, [f]p < oo} .

Laeak is a topological vector space and by Chebyshev’s inequality we have [ 1, < || fll.».

In particular this implies L? C Laeak. Moreover Lf:,eak C L7 for every g < p.

4 Proof of Theorem 1.2

For the rest of this paper, o1 and o7 are as in (1.2)—(1.3). We start by rewriting (1.1) as a
differential inclusion. To this end, define the sets

._ X -y . ._ X =¥\ .
T .—{(Sl_ly K_1x> : x,yeR}, i '_{<Szy Kx) : x,yeR}. “4.1)

Leto € L*°(Q; {01, 02}). It is easy to check (see for example [2, Lemma 3.2]) that u solves
(1.1) if and only if f solves the differential inclusion

Vix)eThUT, ae.in €, 4.2)

where f := (u, v) and v is the stream function of u, which is defined, up to an addictive
constant, by (2.1).

In order to solve the differential inclusion (4.2), it is convenient to use (3.2) and write our
target sets in conformal coordinates:

Ty ={(a,d1(a)) : a € C}, T, ={(a,—dr(a)) : a € C}, 4.3)

where the operators dj: C — C are defined as

K—1 Si—1
dj(a) :=k%Ra+is;jJa, with k:= o and s; = S; T (4.4)
Conditions (1.3) imply
O<k<1 and —k<s;<k for j=1,2. 4.5)
Introduce the quantities
S182 — 1
P + 52 _ 192 (4.6)
2 1+ S+ $)
1 S1+ 52 +2818
5= +s: 1+52 +2515 4.7)
1 —s 248514+ 95
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By (4.5) we have
1

—k<s<k and §§S§K. (4.8)

We distinguish three cases.

1. Case s > 0 (corresponding to S > 1). We study this case in Sect. 5, where we generalise
the methods used in [2, Section 3.2]. Observe that this case includes the one studied in [2].
Indeed, for s = k one has that s; = s, = k and the target sets (4.3) become

T\ = Ex = {(a, ka) : a € C}, T, =E_y ={(a,—ka) : a € C},

where Ei; are defined in (3.8). We remark that, in this particular case, the construction
provided in Section 5 coincides with the one given in [2, Section 3.2].

2. Case s < 0 (corresponding to S < 1). This case can be reduced to the previous one. Indeed,
if we introduce §; := —s;, § := (§1 + §2)/2 > 0 and the operators zij (a) :=kNa+i5;Ja
then the target sets (4.3) read as

T\ ={(a,d(@): acC}, To={a, —dra)): acC}

This is the same as the previous case, since the absence of the conjugation does not affect
the geometric properties relevant to the constructions of Sect. 5.
We notice that this case includes s = —k for which the target sets become

T, ={(a,ka) : a € C}, T, ={(a, —ka) : a € C}.

We remark that in this case, (4.2) coincides with the classical Beltrami equation (see also [2,
Remark 3.21]).

3. Case s = 0 (corresponding to s1 = —s2, S1 = 1/52) This is a degenerate case, in the sense
that the constructions provided in Section 5 for s > 0 are not well defined. Nonetheless,
Theorem 1.2 still holds true. In fact, as already pointed out in [9, Section A.3], by an affine
change of variables, the existence of a solution can be deduced by [2, Lemma 4.1, Theo-
rem 4.14], where the authors prove the optimality of the lower critical exponent Kzfl for
the solution of a system in non-divergence form. We remark that in this case Theorem 1.2
actually holds in the stronger sense of exact solutions, namely, there exists u € w1 (2; R)

solution to (1.5) and such that

2K

Vue LT (2 R?), Vug¢ LT (Q;R?).

5 The case s > 0

In the present section we prove Theorem 1.2 under the hypothesis that the average s is
positive, namely that

O<k<1 and —s <s1 <87, with 0 <s <k, or

. 5.1
O<k<1and —s) <5 <s1, with 0 <s1 <k.
From (5.1), recalling definitions (4.4), (4.6), (4.7), we have
0<s <k, 1<S<K, (5.2)

1/$ <81 <8, 1<S8S <K, or 1/Si<8<S, 1<8<K. (53

In order to prove Theorem 1.2, we will solve the differential inclusion (4.2) by adapting the
convex integration program developed in [2, Section 3.2] to the present context. As already
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pointed out in the Introduction, the anisotropy of the coefficients o1, 02 poses some technical
difficulties in the construction of the so-called staircase laminate, needed to obtain the desired
approximate solutions. In fact, the anisotropy of o1, 07 translates into the lack of conformal
invariance (in the sense of (3.9)) of the target sets (4.3), while the constructions provided in
[2] heavily rely on the conformal invariance of the target set E{_ k). We point out that the
lack of conformal invariance was a source of difficulty in [9] as well, for the proof of the
optimality of the upper exponent.

This section is divided as follows. In Sect. 5.1 we establish some geometrical properties
of rank-one lines in R?*Z, that will be used in Sect. 5.2 for the construction of the staircase
laminate. For every sufficiently small § > 0, such laminate allows us to define (in Proposition
5.9) a piecewise affine map f that solves the differential inclusion (4.2) up to an arbitrarily
small L error. Moreover f will have the desired integrability properties (see (5.59), that
is,

2K 2K
K+1 K +1

VielLl  (2R>?) pe ( } . V¢ LT (@R,
Finally, in Theorem 5.10, we remove the L error introduced in Proposition 5.9, by means
of a standard argument (see, e.g., [9, Theorem A.2]).

Throughout this section cx > 1 will denote various constants depending on K, S; and S,
whose precise value may change from place to place. The complex conjugation is denoted
by J := (0, 1) in conformal coordinates, i.e., Jz = 7 for z € C. Moreover, Ry := (em, 0) e
S0 (2) denotes the counter clockwise rotation of angle 6 € (—m, ]. Define the the argument
function

argz := 0, where z = Izle'?, with 6 e (—m, 7).
Abusing notation we write arg Rg = 0. For A = (a, b) € R2%2\ {0} we set
04 := —arg(b — d1(a)). (5.4)

5.1 Properties of rank-one lines

In this Section we will establish some geometrical properties of rank-one lines in R?*2.
Lemmas 5.2, 5.3 are generalizations of [2, Lemmas 3.14, 3.15] to our target sets (4.3). In
Lemmas 5.4, 5.5 we will study certain rank-one lines connecting 7 to E, that will be used
in Sect. 5.2 to construct the staircase laminate.

Lemma 5.1 Let Q € T; with j € {1,2} and T; as in (4.3). Then

detQ >0 for Q#0, (5.5)
|sj] < |nol <k (5.6)
max{S;, 1/5;} < K(Q) < K. (5.7)

Proof Let Q = (q,d1(q)) € T1. By (4.5) we have |s1||q| < |d1(q)| < k|g| which readily
implies (5.6) and

(1 =k gl* < det(Q) < (1 —sP) lql*.

The last inequality implies (5.5). Finally K (Q) is increasing with respect to || € (0, 1),
therefore (5.7) follows from (5.6). The proof is analogous if Q € T>. ]
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Lemma 5.2 Let A, B € R2*? with det B # 0 and det(B — A) = 0, then
|B] < V2K(B)|A]. (5.8)
In particular, if A € R>*? and Q € T;, j € {1,2}, are such that det(A — Q) = 0, then
dist(A, T}) < |A — Q| < (1 +~2K) dist(A, T}).

Proof The first part of the statement is exactly like in [2, Lemma 3.14]. For the second part,
one can easily adapt the proof of [2, Lemma 3.14] to the present context taking into account
(5.5) and (5.7). For the reader’s convenience we recall the argument. Let A € R2%2, QeT
and Qo € T such that dist(A, T1) = |A — Qp|. By (5.5), we can apply the first part of the
lemmato A — Qg and Q — Qp to get

10 — Qol = V2K(Q — Q0)|A — Qol = V2K|A — Qo,
where the last inequality follows from (5.7), since Q — Qg € T;. Therefore
|A = QI < 1A= Qol+10 — Qol = (1 +V2K)|A = Qol = (1 + V2K) dist(A, T1).
The proof for 7> is analogous. O

Lemma 5.3 Every A = (a, b) € R>*2~ {0} lies on a rank-one segment connecting Ty and
E . Precisely, there exist matrices Q € T1~{0} and P € Ex,~{0}, with det(P — Q) =0,
such that A € [Q, P]. We have P = tJ Ry, for some t > 0 and 04 as in (5.4). Moreover,
there exists a constant cx > 1, depending only on K, Sy, S», such that

1
;|A|§|P_Q|»|P|,|Q|§CK|A|- (5.9)

Proof The proof can be deduced straightforwardly from the one of [2, Lemma 3.15]. We
decompose any A = (a, b) as

1 1
A= (a, di(a)) + ?(0, th — [dl(a)) = Q + ;PI’

with Q € T and P; € E. The matrices Q and P; are rank-one connected if and only if
la| = |dy(a) +t(b — dy(a))|. Since det Q > 0 for Q # 0, it is easy to see that there exists
only one 7y > 0 such that the last identity is satisfied. We then set p := 1 4 1/#¢ so that

1 1
A=—(p Q)+ —(p Py).
1Y fop
The latter is the desired decomposition, since p Q € T, p Py, € E are rank-one connected,

o >0and p~! + (t9p)~! = 1. Also notice that p P, = pto|b — dy(@)|J Ry, as stated.
Finally let us prove (5.9). Remark that

dist(A, T1) + dist(A, Ex) < |A— P|+|A— Q| = |P — O|.

By the linear independence of 7} and E,, we get
1
—I|Al =[P - QI
CK
Using Lemma 5.2, (5.5) and (5.7) we obtain

|P| < cklAl, 19| = cklAl, Q] =ck|P|, |P] =ckl|Ql
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By the triangle inequality,
[P — Q| = |P|+1Q] < (14 ck)min(|P|, |Q]),
and (5.9) follows. ]

We now turn our attention to the study of rank-one connections between the target set T
and E.

Lemma 5.4 Let R = (r, 0) with |r| = 1 and a € C~{0}. For j € {1, 2} define
O1(a) == r(a,di1(@) € T, 02(a) :=rx(—a,dr(a)) € T,

rja) == ! , (5.10)
JBi@ + Aj@) + Bj(a)
Aj(a) == det(a,d;j(a)) = |a|2—|dj(a)2, 5.11)
Bj(a) =N (rdj(a)).

Then Lj > 0, A; > 0and det(Q; — JR) = 0. Moreover there exists a constant ck > 1
depending only on K, Sy, S» such that

1
— <|0j(a)| < k., (5.12)
CK
for everya € C~{0} and R € SO(2).
Proof Condition det(Q; — JR) = 0 is equivalent to |A;a| = |A;d;(a) — 7|, that is
Aj(@))5 +2Bj(@hr; —1=0 (5.13)

with A, B; defined by (5.11). Notice that A; > 0 by (5.5). Therefore A ; defined in (5.10)
solves (5.13) and satisfies A; > 0.

We will now prove (5.12). Since a # 0, we can write a = tw for some r > 0 and w € C,
with |w| = 1. We have A(a) = tzAj(a)) and Bj(a) = tBj(w) so that A ;(a) = Aj(w)/t.
Hence

01(a) = M(0)(w, di(), 02(a) = r(w)(—w, dr(®)). (5.14)
Since A is continuous and positive in (C~\{0}) x SO(2), (5.12) follows from (5.14). ]
Notation. Let § € (—, 7r]. For Ry = (¢, 0) € SO(2), define x := cos#, y :=sin6 and
X
k

where s is defined in (4.6). Identifying SO (2) with the interval (—m, 7], for j = 1, 2, we
introduce the function

a(Ry) = = +i % (5.15)

Aj:(=m, ] — (0, +00) definedby X;(Rp) :=Aj(a(Rp)) (5.16)
with A (a(Rp)) as in (5.10). Furthermore, for n € N set
A M|+ M; . Ms
Mi(Rp) i=—————— I(Rg) = ——— — 1, m:=
i (Ro) M—HLZ—}\A (Ro) 2 " eel(lllnn,n]Z—Mz
2 172 (5.17)
141 1+1 2L
L(Rp) :=—— Ry) =1— —— Rg) i= ——.
(Rg) =7 Bn(Ro) pant P(Rp) I+l
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Lemma 5.5 For j = 1,2, the functions

s k
)“J (_7T,7T]—) |:1J,—sl7 m]s l: (_ﬂ,ﬂ]—)[ssk]v
L:( 1= 1[5, K] ( 1 2 2K
T, — 5 5 P G’/ 28 — 5 )
e P s T K +1

are even, surjective and their periodic extension is C L. Furthermore, they are strictly decreas-
ing in (0, 7w /2) and strictly increasing in (7t /2, i), with maximum at 0 = 0, & and minimum
at 0 = /2. Finally

0<M;j <2, m>0, (5.18)
- i(Ry) = ! 01 5.19
1_[113/( 9)_W+ ; , (5.19)
j:

where O(1/n) — 0 as n — oo uniformly for 0 € (—m, ].

Proof Letus consider A first. By definitions (5.11), (5.15) and by recalling that x> +y% = 1,
we may regard A;, B; and A; as functions of x € [—1, 1]. In particular,

1 — k2 1 —s2 ) 1 —s2 Si\ 2 S
Aj(x):<kz—szf x? + Szf, Bj(x):(l—?j)x +f. (5.20)

By symmetry we can restrict to x € [0, 1]. We have three cases:
1. Case s1 = s3. Since 51 = 55 = s, from (5.20) we compute

1 1 ) 1
M) =x@ =1+ (ﬁ_?>x "‘:z

By (5.1),(5.2) this is a strictly increasing function in [0, 1], and the rest of the thesis for A ;
readily follows.
2. Case s1 < s2. By (5.1) we have

—sm<sp<s and O0<s <sm. (5.21)

Relations (5.20) and (5.21) imply that

A’j(O) =0, A’j(x) <0, for xe(0,1], (5.22)

Bi(O) =0, Bi(x) >0, for xe(0,1], (5.23)

BQ(O) =0, Bé(x) <0, for x e (0,1]. (5.24)
We claim that

)L;- 0) =0, A/J- (x) >0, for xe(0,1]. (5.25)

k
Before proving (5.25), notice that A ;(0) = l—iisj and A;(1) = 76 therefore the surjec-

tivity of A; will follow from (5.25). Let us now prove (5.25). For j = 2 condition (5.25) is
an immediate consequence of the definition of X, and (5.22), (5.24). For j = 1 we have
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1 A/l +2BlBi

L s kbl
M\ 2B+ A

and we immediately see that 1] (0) = 0 by (5.22) and (5.23). Assume now that x € (0, 1].
By (5.23) and (5.26), the claim (5.25) is equivalent to

A (x) = + B (5.26)

A2 £ 4A|B\B] —4A\B]* >0, for xe€(0,1].
After simplifications, the above inequality is equivalent to
4f(slv 52) 2
Sy
k*(s1 + s52)
where f(s1, s2) = abcd, with
a=-=2k+ (1+k)s1+ (1 —k)ss, b=2k++k)s1 + 1 —k)s2,
c=—"2k—(—k)ss —(+k)sa, d=2k—(1—-k)s; — (1 +k)sy.

>0, for x e (0,]1], (5.27)

We have that a, ¢ < 0 since 51 < sp and b, d > 0 since 51 > —s». Hence (5.27) follows.
3. Case sy < s1. In particular we have

—s1<sry<s and O0<s <sy. (5.28)
This is similar to the previous case. Indeed (5.22) is still true, but for B; we have
B{(0)=0, Bj(x)<0, for xe(0,1], (5.29)
By(0) =0, Bj(x)>0, for xe(0,1]. (5.30)
This implies (5.25) with j = 1. Similarly to the previous case, we can see that (5.25) for
j = 2 is equivalent to
4f(s2,51)
=Ty
k#(s1 + 52)

Notice that f is symmetric, therefore (5.31) is a consequence of (5.27).
‘We will now turn our attention to the function /. Notice that

1 2hihn 1 1\!
|=———1, where H := =2— 4+ — (5.32)
1-H A+ Ao Al A2

>0, for xe(0,1] (5.31)

is the harmonic mean of A; and X,. Therefore H is differentiable and even. By direct com-
putation we have

2,52
) )\/])\2 + )‘1)‘/2 '
(M + 12)?

!/

Since A; > 0, by (5.25) we have
H'(0)=0, H'(x)>0, for xe(0,1]. (5.33)

k
Moreover H(0) = T and H(1) = m.Thenfrom (5.32) wededucel(0) = s,I(1) =k
s

and the rest of the statement for /.
The statements for L and p follow directly from the properties of / and from the fact that
1+t

t—> —, 1 —>
1—1t¢

t
T are C! and strictly increasing for 0 < ¢ < 1 and 7 > 1, respectively.
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Next we prove (5.18). By (5.1) and the properties of A ;, we have in particular
| 1
O<tj<=, 0<H<-—, 5.34
<Aj < 5 < H < 2 ( )

where H is defined in (5.32). Since A; > 0, the inequality M; > 0 is equivalent to H < 1,
which holds by (5.34). The inequality M> < 2 is instead equivalent to A1(1 — 242) > 0,
which is again true by (5.34). The case M| < 2 is similar. Finally m > 0 follows from
0 < M> < 2 and the continuity of A ;.
2L
Finally we prove (5.19). By definition we have 1 +1 = —— = p. By taking the

L+1
logarithm of ]_['}zl Bj(Rg), we see that there exists a constant ¢ > 0, depending only on

K, S1, S», such that

n
log l_[,Bj(Rg) + p(Rg)logn| < ¢, forevery 6 € (—m,m]. (5.35)
j=1

Estimate (5.35) is uniform because B; and p are 7 -periodic and uniformly continuous. O

5.2 Weak staircase laminate

We are now ready to construct a staircase laminate in the same fashion as [2, Lemma 3.17].
We remark that the construction of this type of laminates, first introduced in [5], has also been
used in [3,4] in connection with the problem of regularity for rank-one convex functions and
in [6,10] for constructing Sobolev homeomorphisms with gradients of law rank.

The steps of our staircase will be the sets

S, =nss0@) ={(0.ne) : 6 e (~m.7l}, n=1.
For 0 < § < /2 we introduce the set
Bl =1{0.2) € Eoo: |argz| <8}, 8 =8, NEL,.
Lemma 5.6 Let0 < § < w/4and0 < p < min{m, %}, withm > 0 defined in (5.17). There

exists a constant cx > 1 depending only on K, Sy, Sa, such that for every A = (a, b) € R**?
satisfying

dist(A, S,) < p, (5.36)
there exists a laminate of third order v, such that:

(i) va =4,
(i) sptva C T USy41,
(iii) sptvy C {€ € R**2: clzln < |&| < cg n},
@iv) sptva NS,41 ={(n 4+ 1)JR}, with R = Ry, asin (5.4).

Moreover
(1= ex 2) BalR) = vaSaen) = (14 cx 2) Brsa(®), (5:37)
n n
where B, is defined in (5.17). If in addition n > 2 and
dist (A, S}) < p, (5.38)
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Fig. 1 Weak staircase laminate E.
\\\ ~ (n+ 1)JR9A ///
N P
\\\ tJReA //
AL Ty
A
Q>
N (o Ey
Q ////l \\\\ T2
then
larg R| = 04| < & + p. (5.39)

In particular sptvy C T U Sﬁif.

Proof Letus start by defining v4. From Lemma 5.3 there exist ck > 1 and non zero matrices
Q € Ti, P € Ex, such that det(P — Q) =0,

A=m QO+ 1A —up)P, forsome pu;€]l0,1], (5.40)

1
alAlflP—Ql,lPl,lQIECK [A]. (541)
Moreover P = tJIi with R = Ry, = (r,0) as i13 (5.4) and r > 0. We will estimate ¢. BY
(5.36), there exists R € SO(2) such that |[A —nJR| < p. Applying Lemma 5.2to A —nJR

and P — nJR yields ~
P —nJR| < 2p, (5.42)

since P —nJR € E . Hence from (5.42) we get
[t —n| < p, (5.43)
since |JR| = |JR| = +/2. We also have

A— P—A
L L (5.44)
[P — Q] |P — QI n
since |P — A| < 3pand |P — Q| > n/ck, by (5.38), (5.41), (5.42).
Next we split P in order to “climb” one step of the staircase (see Fig. 1). Define x :=
cosfy,y :=sinfy and

i

X .y
=i,
a k ls
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as in (5.15). Moreover set
01 :=Ai1(a,di1@), Q2:=rx(—a,dr(a)).

Here A1, A7 are chosen as in (5.10), so that Q; € T} and, by Lemma 5.4, det(Q; — JR) = 0.

Furthermore, set
My — (t —n)M;

e T Myt (-2 = Ma)’ (5.45)
M= —n)M '
B="0+n
with M; as in (5.17). With the above choices we have
tJR = 2t Q1 + (1 — ) P,
m2t Q1+ (1 — p2) (5.46)

P=p3(n+ 10+ (1 —pu3)(n+1)JR,

and wa, n3 € [0, 1] by (5.18). In order to check (5.46), we solve the first equation in P to
get

ntJR+ (1 —y)tQr=y3(n+ 102+ (1 —y3)(n+1)JR, (5.47)

with up = 1 — 1/, and u3 = y3. Equating the first conformal coordinate of both sides of
(5.47) yields

n+1A
=14y 2 (5.48)
t Al
Substituting (5.48) in the second component of (5.47) gives us
_ -0 —-n)
73 (k122 = ke (@) + do(@) 1Y) = — = . (5.49)
By (5.15), di(a) + d>(a) = 2r and equation (5.49) yields
1—(— A 1—(—
A el Gl ! S Gl DY (5.50)

n+1l A +r—20Mr  2+1)
Equations (5.48) and (5.50) give us (5.45). Therefore, by (5.40) and (5.46), the measure
va = 180 + (1 — ) (1280, + (1 = 112) (138 1y0s + (1 — 138 1)7R))

defines a laminate of third order with barycenter A, supported in 73 U 7> U S, 41 and such
that sptvg N S,41 = {(n + 1)J R} with R = Ry, . Moreover

1

sptvg C {€ e R?*?: cg n <&l <cgnl,

since ci'n < | Q| < cgn by (5.36), (5.41) and
cx'n < tQ1l. I(n + 1) Qs < ckn
by (5.43), (5.12). Next we prove (5.37) by estimating

VA(Spt1) = pi(l — p2) (1 — pu3). (5.51)

Notice that v4(S,4+1) depends on R. For small p, we have

M 1 M, 1
mr=——+p0(-), u3=—+p0|-|,
2n n 2n n
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so that
M+ M 1 1+1 1
(1—m>(1—u3)=1—17+p0<—2> :1——+p0(—2),
2n n n n
with [ as in (5.17). Although this gives the right asymptotic, we will need to estimate (5.51)

for every n € N. By direct calculation

n+@—n) 2n+2—M;+ (@& —n)M,
n+1 2n+My+(t—n)2— M)’

(= pu2)(d —p3) =

so that

~ t—n | 2 (1 = (t —n))
(1_”2)(1_”3)_(1+ " )(1_n+1)(1_2n+M2+(t—n)(2—Mz))'

(5.52)

Let us bound (5.52) from above. Recall thatt —n < p < 1 and 2 — M3 > 0, by (5.18), so
the denominator of the third factor in (5.52) is bounded from above by 2(n + 1) and

P 1 l P
(1_M2)(1_M3)S<1+;)(1—m> (1—n+1+ln+1)

{ ; (5.53)
0
< (1 =)(1- 1- )
_( +CKn)( n+l>< n—l—l)
where cg > 1 is such that
o o . l
[ —(1+—) < -—H=(1- .
n+1( +n)_(cK )n( n+1>
Moreover
1 1 1+1 l 1+
1 — 1 — =1- <1- = R).
( n+l>< n+l> n+1+(n+1)2_ n+2 Pria(R)
(5.54)

The upper bound in (5.37) follows from (5.53) and (5.54).

Let us now bound (5.52) from below. We can estimate from below the denominator in the
third factor of (5.52) with 2n, since t — n > —p by (5.43) and the assumption that p < m
with m as in (5.17). Therefore

1 l
(1—m)<1—u3>z(1—5)(1—“])(1_;_1%)

1 ; (5.55)
P
>(1—cxg—)(1- 1—-—
_( CKn)( n—i—l)( n)’
if we choose cx > 1 such that
l
(1—£>15(c,<—1)<1—7>.
n n
Finally
( 1 )( l) 141
1-— 1l——)>1———=8,(R). (5.56)
n+1 n n

The lower bound in (5.37) follows from (5.55) and (5.56).
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Finally, the last part of the statement follows from a simple geometrical argument, recalling
that arg R = 64 = — arg(b — d;(a)) and using hypothesis (5.38). O

Remark 5.7 By iteratively applying Lemma 5.6, one can obtain, for every Ry € SO(2),
a sequence of laminates of finite order v, € L(R%*2) that satisfies U, = J Ry, sptv, C
T1 UT, US4, and

lim IL|PRD gy, (L) = oo, (5.57)

n—>00 Jp2x2
where p(Ry) € [f—fl, If—fl] is the function defined in (5.17). Indeed, setting A = J Ry
and iterating the construction of Lemma 5.6, yields v, € £(R?*?) such that v, = J Ry and
spt vy, C T1 U T2 U Sp,4+1. Notice that v, contains the term ]_[] (1= /,L2)(1 — ;L3)8(,,+1)]R9,

with /Lz, /L3 as defined in (5.45). Therefore, using (5.19) and (5.37) (with p = 0), we obtain

ﬁ (1-m3) (1-0d) ~ ]_[ Bj(Ro) ~ p(Re) (5.58)

j=1

which implies (5.57).

Remark 5.8 In the isotropic case S = K, the laminate v4 provided by Lemma 5.6 coincides
with the one in [2, Lemma 3.16]. In particular, the growth condition (5.37) is independent of
the initial point A, and it reads as

(1_cK )ﬂn(1><m<sn+1)<(1+c,< ) busa(), ,3,,(1)_1_1T+k

Moreover, by Remark 5.7, for every Ry € SO(2), J Ry is the center of mass of a sequence of
laminates of finite order such that (5.57) holds with p(Ry) = Kz—fl which gives the desired
growth rate.

In contrast, in the anisotropic case 1 < S < K, the growth rate of the laminates explicitly
depends on the argument of the barycenter J Rg. The desired growth rate corresponds to
6 = 0, that is, the center of mass has to be J.

In constructing approximate solutions with the desired integrability properties, it is then
crucial to be able to select rotations whose angle lies in an arbitrarily small neighbourhood
of 6 =0.

We now proceed to show the existence of a piecewise affine map f that solves the differ-
ential inclusion (4.2) up to an arbitrarily small L* error. Such map will have the integrability
properties given by (5.59).

Proposition 5.9 Let Q@ C R? be an open bounded domain. Let K > 1, a € (0, 1), ¢ > 0,

0 < 6 < g—ﬁ — Sz—_fl, y > 0. There exist a constant cx s, > 1, depending only on

K, Si, S», 80, and a piecewise affine map f € Wh1(S: R?) N C*(Q; R?), such that

(1) f(x)=JxonaL,
G [f — Jx]Ca@) <&,
(i) dist(Vf(x), T) <y a.e. in Q.

Moreover 1 xeQ: [VF@)| > 1}
2K X € : X)| >t
— 1 K < f <ckst P, (5.59)
CK .5 |2
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where p € (1<2+1 8o, K+1] Thatis, Vf € LWeak ( ;szz) andV f ¢ LR (Q; R2X2).
In particular f € Wh4(; Rz)for every g < p, but fQ |Vf(x)|l?7§l dx = o0

Proof By Lemma 5.5 the function p: (—m, 7] — [Sz—fl Ig—fl] is uniformly continuous. Let

a: [0, o0] — [0, oo] be its modulus of continuity. Fix 0 < § < 7 /4 such that
o (5) < do. (5.60)

Let {p,} be a strictly decreasing positive sequence satisfying
1 8
p1 < Zmin{m, g dist(S1, T). v}, pn < 12_", (5.61)
where m > 0 and cx > 1 are the constants from Lemma 5.6. Define {§,,} as
n—1
51:=0 and &, :=» p, forn>2. (5.62)
j=1
In particular from (5.61),(5.62) it follows that

8
Sy < 5 forevery n € N. (5.63)

Step 1. Similarly to the proof of [2, Proposition 3.17], by repeatedly combining Lemma 5.6
and Proposition 3.2, we will prove the following statement:

Claim. There exist sequences of piecewise constant functions 7, : 2 — (0, co) and piecewise
affine Lipschitz mappings f,: Q — R?, such that

(a) fu(x)=Jxonade2,

®) [fu — Jx]ca(ﬁ) < (I =2")e,

(©) dist(V f,(x), T US) < 7,(x) ace. in ,

(d) tu(x) = pp in Qp,

where
={x e Q: dist(Vf,(x), T) > pn}.

Moreover

n—1 -
I1 <1 - cx—) B (Ro ]‘[ <1 + cK—) Biva(Rs).  (5.64)
Jj=1 Jj=1
Proof of the claim. We proceed by induction. Set f1(x) := Jx and 71(x) := p; for every
x € Q. Since J € S?, then f; satisfies (a)-(c). Also, p; < dist(7T, S1)/4 by (5.61), so
Q1 = Q and (d), (5.64) follow.
Assume now that f; and 7, satisfy the inductive hypothesis. We will first define f,,;1 by
modifying f,, on the set 2,,. Since f;, is piecewise affine we have a decomposition of €2, into
pairwise disjoint open subsets €2, ; such that

o0
Qi JQui| =0, (5.65)
i=1
with f,(x) = A;x + b; in Qj,;, for some A; € R**? and b; € R?. Moreover
dist (A;, S2) < pn (5.66)
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by (c) and (d). Sincel (5.66) and (5.61) hold, we can invoke Lemma 5.6 to obtain a laminate
V4, and a rotation R' = RgAl_ satisfying, in particular, V4, = A;,

larg R'| = 104, ] < Sut1, (5.67)
sptva, C TUSH, (5.68)

since 8,41 = 8, + p, by (5.62). By applying Proposition 3.2 to v, and by taking into account
(5.68), we obtain a piecewise affine Lipschitz mapping g; : €2,,; — R2, such that

(e) gi(x) = Ajx + b; on 9L, ;,

0 [8i = fulcagy) <27 He,

(2) cEln < |Vgi(x)| < cknae.in 2,

(h) dist(Vg; (x), T US" 1) < puy1 ae.in Q.

n+1
Moreover
(1-ex) o (R) = 20 < (145 2) oa (). (5.69)
n (25, n
with
wni = Hx € Qy,;: dist (Vgl-(x), Sﬁf:ll) < anH.
Set
(x) ifx € Q\Q2,,
Snr1(x) = In . !
gi(x) ifx e Q.

Since 2,11 is well defined, we can also introduce

T,(x) forx € Q\Q,41,

Tpt1(x) i= {

Pn+1 forx € 41,

so that (d) holds. From (e) we have f;,11(x) = Jx on 9. From (f) we get [ fu 11— fulce @ <

2-(+D ¢ 50 that (b) follows. (c) is a direct consequence of (d), (h), and the fact that p, is
strictly decreasing. Finally let us prove (5.64). First notice that the sets w, ; are pairwise
disjoint. By (5.61), in particular we have p, 1 < dist(T, S1)/4, so that

—=0. (5.70)

oo
Qi (Jon
i=1

By (5.67) and (5.63) we have | arg Ri| < 8. Then by the properties of 8, (see Lemma 5.5),
Ba(R') = Bu(Ro) and Buya(R') < Buya(Rs). (5.71)
Using (5.71), (5.65), (5.70) in (5.64) yields

P, o
121 (1= ek 2) B (Ro) = 190l = 121 (14 ek ™) Bria(Rs).

and (5.64) follows.

Step 2. Notice that on 2.2, wehave that V f,, 1| = V f, almost everywhere, so 2,11 C ;.
Therefore { f,,} is obtained by modification on a nested sequence of open sets, satisfying

n—1

pj 12l _ " pj
]‘[(l—cKT.’)ﬂj(Ro)s a S}l:[l(l-l-Cij)ﬂHz(Ral

j=1

@ Springer



Optimal lower exponent for the higher gradient integrability... Page 21 of 23 137

By (5.61) we have p, < min{2~" 8, c'}/4, so that

0 . 0 .
n(l—CKp%)=C1, H<1+CK&>=C27
j j

j=1 j=1

with 0 < ¢; < ¢ < 00, depending only on K, Si, S2, 8 (and hence from 8¢, by (5.60)).
Moreover, from Lemma 5.5,

n
1

[18i(Re) =n""%) + 0 <7) ., uniformlyin (-, 7].
n

=1

Therefore, there exists a constant cg 5, > 1 depending only on K, Sy, S, o, such that

1 _ 2K _
——n K+ < Q| <cgson P, (5.72)
CK,8

since p(Ro) = X 1 ‘= p(Rs). Notice that, by (5.60 2K 5 2K
p( 0)_K+1' ere ps, := p(Rs). Notice that, by (5.60), ps, € | 757 — %0, %77 |»

since p is strictly decreasing in [0, 7 /2].

From (5.72), in particular we deduce |€2,,| — 0. Therefore f, — f almost everywhere
in , with f piecewise affine. Furthermore f satisfies (i)-(iii) by construction.

We are left to estimate the distribution function of V f. By (g) we have that

IVf(x)| > " in , and |Vfx)| <cgsn in Q\Q,.
CK,(S()
For a fixed t > ck 5y, let ny := [ck 50t] and ny = [C;,laot]’ where [-] denotes the integer

part function. Therefore
Qi1 ClxeQ: V()| > 1} C Q,

and (5.59) follows from (5.72), with p = ps,. Lastly, (5.59) implies that V f,, is uniformly
bounded in L!, so that fe Wl’l(Q; Rz) by dominated convergence. O

We remark that the constant ck s, in (5.59) is monotonically increasing as a function of
8o, that is CK,8; = CK.5 if §1 < 8.

We now proceed with the construction of exact solutions to (4.2). We will follow a standard
argument (see, e.g., [5, Remark 6.3], [9, Thoerem A.2]).

Theorem 5.10 Let o1, 0o be defined by (1.2) for some K, S1, Sz as in (5.3) and S as in

(4.7). There exist coefficients o, € L>°(R; {01, 02}), exponents p, € [Sz—_f], ,?—fl],functions

u, € WhH(Q; R), such that

div(o, (x)Vu,(x)) =0 in £, 5.73)
u,(x) = x1 on 0%,
2K
n .2
Vu, € LI (QR%), p, — Fant (5.74)
Vi, ¢ LT (Q; R?). (5.75)

2K
In particular u, € WH9(Q; R) for every q < py, but fQ [Vu, | ¥+T dx = oo.
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Proof By Proposition 5.9 there exist sequences f;, € WL R?) N C*(Q2; R2), v \ O,
Pn € [ 25 2K ] such that, f, (x) = Jx on 9%,

S+ KA1
dist(Vf,(x), 1 UTh) <y, ae.in £, (5.76)

K
Ve Ll (2 R¥?), p, — i V¢ L& (2 RP?). (5.77)

In euclidean coordinates, condition (5.76) implies that
V() En(x) ()
B €.in € 5.78
(anz(x) Rz 0 (x) Ep (x) + by (x) a.e.in (5.78)
! o5 : . 2 0 -1
with fo = (fys fi) 0n = 01XV fen) + 02XV fes)s En: 2 — R, Rz = (4" ) and

an,by — 0 in  L®(; R?). (5.79)

The boundary condition f,, = Jx reads fn1 = x1 and f,,2 = —xp. We set u, := fnl + vy,
where v,, € HO1 (€2, R) is the unique solution to

div(o, Vv) = — div(opa, — Rgb,,).

Notice that v, is uniformly bounded in H 1 by (5.79). Since (5.78) holds, it is immediate
to check that div(c, Vu,) = div(RL V f2) = 0, so that u,, is a solution of (5.73). Finally,
2

the regularity thesis (5.74), (5.75), follows from the definition of u, and the fact that v, €
HO1 (2; R) and fn1 satisfies (5.77) with 1 < p, < 2. ]
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