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Abstract

A comprehensive literature review of self-balancing robot (SBR) provides an insight to the

strengths and limitations of the available control techniques for different applications. Most

of the researchers have not included the payload and its variations in their investigations. To

address this problem comprehensively, it was realized that a rigorous mathematical model

of the SBR will help to design an effective control for the targeted system. A robust control

for a two-wheeled SBR with unknown payload parameters is considered in these investiga-

tions. Although, its mechanical design has the advantage of additional maneuverability,

however, the robot’s stability is affected by changes in the rider’s mass and height, which

affect the robot’s center of gravity (COG). Conventionally, variations in these parameters

impact the performance of the controller that are designed with the assumption to operate

under nominal values of the rider’s mass and height. The proposed solution includes an

extended Kalman filter (EKF) based sliding mode controller (SMC) with an extensive mathe-

matical model describing the dynamics of the robot itself and the payload. The rider’s mass

and height are estimated using EKF and this information is used to improve the control of

SBR. Significance of the proposed method is demonstrated by comparing simulation results

with the conventional SMC under different scenarios as well as with other techniques in liter-

ature. The proposed method shows zero steady state error and no overshoot. Performance

of the conventional SMC is improved with controller parameter estimation. Moreover, the

stability issue in the reaching phase of the controller is also solved with the availability of

parameter estimates. The proposed method is suitable for a wide range of indoor applica-

tions with no disturbance. This investigation provides a comprehensive comparison of avail-

able techniques to contextualize the proposed method within the scope of self-balancing

robots for indoor applications.
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Introduction

With growing size of indoor commercial facilities like airports, warehouses, hospitals, and shop-

ping malls need for two-wheel self-balancing robots having provision for the rider is growing.

This is a compelling need for social service providers and operation personals to provide state of

the art services to the public. Unfortunately, pace of research in this area is slow. A safe and effi-

cient two-wheel SBR is expected to enhance the performance of the indoor commercial facilities.

A reasonable accurate mathematical model of two-wheel self-balancing robot (SBR) includ-

ing rider and equipped with a controller capable of disturbance rejection and handling uncer-

tainties have to be developed. Suitable parameter estimation approach will make available

unknow data to the control system without installing costly measuring sensors and actuators

on the robot. A suitable estimation algorithm integrated with the nonlinear controller will

make it possible to develop a cost effective and efficient SBR with provision of rider.

Unfortunately, the available solution uses expensive measuring systems to measure unknow

parameters or have no rider facility. Best existing approach uses gyroscope and inertial mea-

suring units to measure unknow data and make the solution expensive and cumbersome. We

hope to integrate Extended Kalman Filter with Sliding mode controller to simplify the SBR

with rider and make it efficient for indoor applications.

Due to theoretical significance of the inverted pendulum, it has been investigated as one of the

most fundamental problems in control system theory. It was used time and again to comprehend

experimental models, corroborate the efficiency of emerging control techniques, and substantiate

their implementations [1, 2]. One of its practical applications included a self-balancing two-

wheeled transport system or a self-balancing robot (SBR). These robots have faster maneuverabil-

ity which makes them very useful for several applied areas. These systems are a modified form of a

simple cart and pendulum system, with wheels located at multiple positions. Modeling and con-

trol design of the cart and pendulum system laid the foundation for the required SBR algorithms

[3, 4]. In literature, fabricated SBR systems range from scaled prototypes to life-size robots.

Researchers have carried out extensive modeling of the robot system using Euler Lagrange equa-

tions and Newtonian dynamic modeling method. Various control techniques were utilized in the

design and implementation of upright stability control for these robots [5–8].

Different types of self-balancing robots have been used for multiple applications and envi-

ronments. This calls for a substantial dynamic model of a nonholonomic SBR. Although this

problem was investigated earlier, however, the mathematical model encapsulated the dynamics

of a riderless prototype with a sluggish control response [9]. As a tradeoff, some nonlinear and

perceptual control techniques were used to incorporate robustness against system uncertain-

ties of riderless SBRs. Nonetheless, the disturbance rejection capability of the control system

was sluggish and the tilt response had significant oscillations [10, 11]. Altan and Hacıoglu have

used three-axis gimble system mounted on UAV for external disturbance rejection to solve tar-

get tracking problem. However, this system may not be feasible to install on SBR system due to

its nature of application and cost [12]. Hence, to delineate an exact SBR mathematically, it is

important to consider the variations in payload parameters of the system that cause a mis-

match in the model and the actual robot dynamics. This mismatch occurs due to error in the

global center of mass and moment of inertia of the system. This can ultimately affect the dis-

turbance rejection capability of the controller [13–15]. Although more robust control algo-

rithms have been developed for system stability, however, they allow payload variations within

a narrow upper and lower bound [16–19].

SMC design can be broadly categorized into two parts. The first part deals with the design-

ing of a sliding surface with desirable attributes like tracking and stability. The second part

entails the designing of discontinuous control law that makes the sliding surface an invariant

PLOS ONE Modern control of mobile robots

PLOS ONE | https://doi.org/10.1371/journal.pone.0285495 August 9, 2023 2 / 44

https://doi.org/10.1371/journal.pone.0285495


set. This control law also ensures that the sliding surface has finite time reachability. Some

researchers used fuzzy based SMC to solve the control system problems. For low level of exter-

nal disturbances, the chattering problem in SMC was addressed but for higher disturbances

level chattering effects were more pronounced [20–22]. Kim and Kwon have suggested distur-

bance compensation method for two-wheel robot. They have solved the problem of distur-

bance rejection effectively for the robot without rider on it [23]. In another work, effectiveness

of adaptive self-balancing technique has been illustrated by using payloads of 85 kg and 60 kg.

Nonetheless, this research did not discuss variations outside this range of payload with a linear

model to design and realize the stability control [24]. Arbitrary Order Sliding Mode Control

was another approach that was used to mitigate disturbances in static systems. This approach

is bound to fail for dynamic systems with payload variations [25].

In another proposal, a multi-objective controller design to tackle the payload uncertainties

for an electric unicycle was investigated. Even though, it takes into account the variations in

the swing arm of the vehicle, however, the simulations lack the validation of the rider’s mass

variation [26]. A self-balancing robot, KUWAY, was developed at Kookmin University. This

robot used a control moment gyroscope that effectively rejects disturbances caused due to the

change in the payload without changing its position. However, this method requires a lot of

space on the robotic system. Also, it is noisy, expensive, and had poor power efficiency [27].

Another proposition was made by researchers at Pusan National University, Busan, Korea.

They incorporated series elastic actuators into the base of SBR that credibly compensates for

rider inertia during acceleration and deceleration. While the results were substantial, mechani-

cal impedance was generated by the actuators and the hardware adds to the expense of the

final product [28]. Payload dynamics can be separately incorporated into the system. Some

researchers modeled the mass, height, and moment of inertia of payload separately from the

robot mass, height, and moment of inertia. The mass in the human body is not uniformly dis-

tributed. Hence, the COG in the case of a rider is defined to be a bit higher than the geometric

center [29, 30]. However, this does not enable the system to accommodate any change in the

payload. The controller designed would still have a limited payload allowance unless an extra

sensor is used to actively measure the change in mass and height of the rider.

Several SBRs have taken into consideration the payload variations and have provided some

solutions for them. Two self-balancing robot systems, with one having a linear workspace

extension, have been developed at the Chungnam National University. A simple self-balancing

robot system used a neuro-fuzzy control algorithm to reject load disturbances. However, the

magnitude of the load disturbance was very small as compared to the disturbances caused by a

dynamic rider. The robot with linear workspace extension devised control strategies for a plat-

form that can extend itself linearly with mass being constant [31, 32]. A material handling plat-

form has also been developed by Louwrens J. Butler and Glen Bright. The material handling

platform used an LQR controller to stabilize itself, but the deviation in load parameters

degraded the control performance. For example, in this case, the controller requires approxi-

mately 7 seconds to come back to its reference angle after disturbance rejection [33].

Advanced techniques have been developed to reconstruct the dynamics of the uncertain

Euler–Lagrange systems. This includes the optimal bounded ellipsoid (OBE) identification

which uses upper and lower bounds to prevent blow-up and ensure good identification perfor-

mance for time-varying parameters [34]. Whale and Grasshopper optimization algorithms-

based adaptive control systems have been used for 3D printer to efficiently reject disturbances.

However, they are limited to PID controllers and fail to handle parameter variations of SBR

with rider dynamics [35, 36]. Jasim has used grey wolf optimization-based State feedback con-

troller for two-wheeled self-balancing robot. Neither he has considered payload in SBR nor

external disturbances [37].
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Another way of looking at the problem is to link unknown parameters to the known parame-

ters. For instance, variation in mass and height of the payload can generate a pitch angle difference

between the geometrical center of the robot and the gravity center of the combined body. Pertur-

bations caused due to this angle can be adjusted using control algorithms [33]. To further increase

the effectiveness of the controller, an observer can be designed to identify and compensate for

modeling mismatch and add robustness to the control strategy [38]. Although, this is a very effec-

tive way to deal with the modeling mismatch, however, these approaches cannot be used in the

case of a personal transporter. A controller has been designed and validated for a two-wheeled

mobile manipulator whose application and dynamics slightly vary from that of an SBR. Further-

more, the observer estimates the modeling mismatches of the robot mass and manipulator arm

length, leaving the parameters of payload undetermined [39]. To deal with modeling uncertain-

ties, a robust control strategy can be devised with adaptive simultaneous stabilization of multiple

degrees-of-freedom robot systems. Although the technique looked promising, the varying control

gain caused the initial control torque to shoot-up considerably under non-nominal conditions.

This can originate problems, considering the saturation limit associated with electric motors [40].

Chand et al investigated Certainty equivalence-based robust sliding mode control for disturbance

for maximum power extraction from wind turbine. However, for a reasonable performances an

estimation technique is required to integrated with the suggested approach [41]. The rider’s height

and mass, being variable parameters, may cause a mismatch in the real model of the system by

changing moment of inertia and shifting the position of COG of the combined system. Hence,

these parameters need to be added to the mathematical model. The rider’s mass and height were

unknown and cannot be measured easily. A feasible solution was required to address the parame-

ter estimation problem. A generalized estimator has been designed using an EKF that worked in

combination with SMC. EKF and its variants has been utilized in literature for the parameter esti-

mation in many systems. It has been used for the aerodynamic model estimation and model

uncertainty estimation of airship [42–44]. EKF can estimate the mismatch caused by the varying

payload parameters. The knowledge of this mismatch has been utilized to minimize the gain of

the SMC. Due to phase delays in the system, these low gains have been verified to reduce the initial

magnitude and oscillations in the control effort. Therefore, maximizing system performance with

a minimum control effort requirement.

Major contributions and novelty: -

• Derivation of the mathematical model of the SBR with the inclusion of variable payload

dynamics and their effect on the system states.

• Inclusion of motor parameters with decoupled voltage signals as the control input.

• Design of sliding mode controller for the proposed mathematical model.

• Design of an EKF based parameter estimator.

• Proposed ESMC technique and its comparison with the existing SMC stability method.

• Validation of the results using simulations.

• Comparison of the results with existing techniques to justify novelty.

Section 2 describes the detailed mathematical model for a life-size SBR capable of transporting

a human rider. Newtonian modeling approach is used to develop an elaborated model.

Through the model equations an insight into the dynamics of SBR is developed. In section 3,

Designed of a nonlinear sliding mode control system to regulate the pitch and yaw angle of the

SBR is discussed. Sliding surface design needs the information of modeling error. Estimation
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of error is made through extended Kalman filter and used to design the sliding mode control-

ler. Section 4, investigates the proposed algorithm for EKF based SMC to ensure stability of

SBR. The proposed estimation algorithm requires carefully tune the EKF parameters to achieve

the required performance. In section 5, controller stability analysis is performed using the SBR

model, the sliding surfaces defined, given controllers, and the EKF estimator designed for esti-

mation of M̂R and L̂r. Section 6 covers the discussions on simulations conducted to validate

the proposed ESMC balancing control. The objective of these simulations is to demonstrate

the enhanced performance of the proposed method on account of the estimations made for

M̂R and L̂r. and section 7 concludes the investigations with emphasizing major achievements

of the proposed algorithms in comparison with existing works in the literature. It also gives a

future road map to further research in this field for interested researchers.

Description and modeling of self-balancing robot

Fig 1 shows a life-size SBR capable of transporting a human rider which is the system under

consideration in this research. The robot dimensions are given in the nomenclature section.

The actuation and stability of the robot are attained through a feedback control mechanism.

An inertial measurement unit(IMU) is embedded in the center of robot’s chassis. As the rider

is tilted forward, pitch and yaw rate data measured through IMU is fed back to the controller.

This information is processed by the controller and generates a control torque command to

adjust the states of the robot accordingly. Hence, performing stabilization and actuation action

on the SBR, simultaneously. To design an effective control system, the dynamics of the physical

body must be modeled mathematically. The model used in this paper is based on the parame-

ters characterizing the robot. Model equations are resulting equations are derived using New-

tonian modeling approach. Fig 2 shows the free body diagram (FBD) of the SBR used for the

derivation of a mathematical model in this investigation. The FBD is divided into sub-dia-

grams to effectively extract the equations that represent the dynamics of the system. As the

Newtonian method is used to model the system, linear and angular versions of the second law

of motion is used to describe the sum of forces and torques, respectively.

a ¼

P
T
I

ð1Þ

X
F ¼ ma ð2Þ

Fig 3 shows the sum of torques observed about the z-axis. As a convention for derivation,

clockwise torque is taken as positive and counterclockwise torque as negative. Sin θP component

of (VL+VR) and sin (90−θP) component of (HL+HR) generate the required torques. Since, sin (90

−θP) = cos θP, both HL+HR and CL+CR generate counterclockwise torques and (VL+VR) contrib-

ute to the clockwise torque. Eq (3) represents the sum of torques observed about the z-axis.

J€yP ¼ ðVL þ VRÞL sin yP � ðHL þ HRÞL cos yP � ðCL þ CRÞ ð3Þ

Fig 4 shows the sum of torques acting on the chassis of the robot about the y-axis. With a

moment arm of D
2
, HL and HR generate clockwise and counterclockwise torques, respectively.

Eq (4) gives the sum of torques acting on the chassis of the robot about the y-axis.

Jd€d ¼ HL
D
2
� HR

D
2

ð4Þ
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OR

Jd€d ¼ HL � HRð Þ
D
2

Where

Jd ¼
1

3
Mð

D
2
Þ

2
¼

MD2

12
ð5Þ

Fig 1. Self-balancing robot (SBR) in parking position.

https://doi.org/10.1371/journal.pone.0285495.g001
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All the forces are directed towards the right-hand side. Hence, using Newton’s second law

of motion, sum of these forces can be represented by Eq (6).

M€x ¼ fdp þHL þHR ð6Þ

Fig 5 shows the force vector diagram of the horizontal reaction forces between wheels and

chassis, and the disturbance force at the COG of the robot.

Fig 6 shows the force vector diagram of the vertical reaction forces between wheels and

chassis. FCθ, Mg are acting at the COG. These forces act on the chassis along the y-axis. Upward

forces were taken as positive, whereas downward forces as negative. Using this convention, the

sum of forces on the chassis along the y-axis are given by Eq (7).

M€y ¼ VL þ VR � Mg þ FCy ð7Þ

Fig 7 demonstrates the force vector diagram of the components of FCθ. Ratio of sum of tor-

que and moment arm results in the force acting at the COG i.e.
ðCLþCRÞ

L . The cosine component

of this force is same as FCθ. Where γ = 180−90−θP reduces to γ = 90−θP. Since cos (90−θP) =

sin θP, therefore, FCθ can be written by using Eq (8).

FCy ¼
ðCL þ CRÞ

L
sin yPð Þ ð8Þ

FCθ is substituted in Eq (6) to yield Eq (9).

M€y ¼ VL þ VR � Mg þ
ðCL þ CRÞ

L
sin yPð Þ ð9Þ

Fig 8 shows a force vector diagram representing the components of L for the distance trav-

eled by the chassis along the x-axis. Eq (10) gives the distance traveled by the chassis that was

Fig 2. Free body diagram of the self-balancing robot platform (a) left wheel (b) right wheel (c) chassis.

https://doi.org/10.1371/journal.pone.0285495.g002

PLOS ONE Modern control of mobile robots

PLOS ONE | https://doi.org/10.1371/journal.pone.0285495 August 9, 2023 7 / 44

https://doi.org/10.1371/journal.pone.0285495.g002
https://doi.org/10.1371/journal.pone.0285495


Fig 3. Torque diagram about the z-axis (a) vertical reaction forces between wheels and chassis (b) horizontal reaction

forces between wheels and chassis, (c) control torques from left and right wheel.

https://doi.org/10.1371/journal.pone.0285495.g003
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equal to the sum of the average distance traveled by the wheel circumference and the sin com-

ponent of the distance of COG from the z-axis.

x ¼ L sin yPð Þ þ
xWL þ xWR

2
ð10Þ

Fig 9 depicts the force vector diagram representing the components of L for the distance

traveled along the y-axis. It has been assumed that the wheels of the robot do not leave the sur-

face but the movement of the handlebar along the y-axis can be associated with its changing

height due to the change in tilt angle. It could be seen that with the change in angle θP, the

component of length Lcos(θP) that is along the y axis, changes as well. Hence, the displacement

in the y-direction at any point can be given by the difference between the total length and the

component of length along the y-axis.

Fig 2(A) and 2(B) represent the free body diagram of the left and the right wheel, respec-

tively. These diagrams are used to represent the sum of torques and forces in Eqs (11)–(20).
Forces acting at moment arm generate torque along the axis of rotation of the wheels. Using

Newton’s second law for rotational bodies, the sum of these moments for the left and right

wheels are represented in Eqs (11) and (12).

Jwl€yWL ¼ CL � HTLR ð11Þ

Fig 4. Torque diagram of the horizontal reaction forces between wheels and chassis about the y-axis.

https://doi.org/10.1371/journal.pone.0285495.g004
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and

Jwr€yWR ¼ CR � HTRR ð12Þ

The generated torque rolls the wheel and covers a distance. It may be represented as the sec-

tor of the wheel having a radius R. The sector length for both wheels is given by Eqs (14) and

(15)

y ¼ � L � ð� L cos yPÞ ð13Þ

Fig 5. Force vector diagram of the horizontal reaction forces between wheels & chassis, and the disturbance force

at the COG of the robot.

https://doi.org/10.1371/journal.pone.0285495.g005
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or

y ¼ � Lð1 � cos yPÞ

xWL ¼ yWLR ð14Þ

xWR ¼ yWRR ð15Þ

Fig 6. Force vector diagram of the vertical reaction forces between wheels and chassis, FCθ, Mg acting at the COG.

https://doi.org/10.1371/journal.pone.0285495.g006
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Using Newton’s second law of motion, sum of forces acting on the wheel along the x-axis

are given in Eqs (16) and (17).

MW€xWL ¼ fdl þHTL � HL ð16Þ

and

MW€xWR ¼ fdR þHTR � HR ð17Þ

Similarly, Eqs (18) and (19) represent the sum of forces along the y-axis.

Fig 7. Force vector diagram of the components of FCθ.

https://doi.org/10.1371/journal.pone.0285495.g007
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MW€yWL ¼ VTL � MWg � VL ð18Þ

and

MW€yWR ¼ VTR � MWg � VR ð19Þ

Fig 8. Force vector diagram representing the components of L for the distance traveled along the x-axis.

https://doi.org/10.1371/journal.pone.0285495.g008
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Linear movement of chassis are characterized by the position xwm that is the average of the

sector length covered by the circumference of two wheels. This can be written as in Eq (20).

xwm ¼
xWL þ xWR

2
ð20Þ

Fig 10 shows the force vector diagram of the chassis representing the yaw angle (δ). The

robot has a yaw rotation when there is a difference in the rotation rate of the wheels. Yaw

Fig 9. Force vector diagram representing the components of L for the distance traveled along the y-axis.

https://doi.org/10.1371/journal.pone.0285495.g009
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angle (δ) can be represented in terms of difference between the distance covered by the two

wheels. Eq (22) is used to represent the yaw angle δ.

tanðdÞ ¼
xWL � xWR

D
ð21Þ

or

d ¼ tan� 1 xWL � xWR

D

h i
ð22Þ

where δ is positive for XWL>XWR and vice versa.

The wheels are characterized as circular discs and both have the same mass and radius.

Therefore, their moment of inertia can be expressed by Eq (23).

Jw ¼ Jwl ¼ Jwr ¼
1

2
MWR

2 ð23Þ

The total moment of inertia of the system is characterized as the sum of the rider’s moment

of inertia and the chassis moment of inertia. The robot’s moment of inertia is calculated using

an Autodesk inventor model of the robot and has turned out to be equal to 1.49 kgm2. Rider’s

moment of inertia is approximated as that of a cylinder to simplify the model. As the moment

of inertia for a cylindrical body can be represented as 1

3
ML2, therefore, the total moment of

inertia of the system is represented by Eq (24).

J ¼ Jr þ Jv ð24Þ

Fig 10. Force vector diagram of the chassis representing the yaw angle δ.

https://doi.org/10.1371/journal.pone.0285495.g010
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Where

Jv ¼ 1:49 ð25Þ

and

Jr ¼
1

3
MRLr

2 ð26Þ

Fig 11 shows a free body diagram of the rider and its contribution to the value of L. This dis-

tance is represented using the center of mass equation with two-point masses. Mass of the

rider MR is represented as a point mass at 0.55 Lr. This value is chosen because the center of

gravity (COG) for an average human being lies around that height. Similarly, the mass of the

robot MV is represented as a point mass at the center of the rod h
2
. The sum of these two-point

masses was characterized as M = MR+MV yielding the following Eq (27).

L ¼
MV

h
2
þMR0:55Lr

� �

M
ð27Þ

Fig 11. Free body diagram of the rider and its contribution to the value of L.

https://doi.org/10.1371/journal.pone.0285495.g011
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Fig 12 represents an effective model of a direct current motor. When voltage (vl/r) is applied

to the motor terminals, current (i) flows in its armature. This current passes through the resis-

tor (r) inductor (L) pair and generates a torque (CL/R). This torque is represented by Eq (28).

CL=R ¼ kmi ð28Þ

The current carrying coil of the motor is placed in a magnetic field and hence generates a

back emf ve. This back emf can be approximated as a linear function of the velocity of the

robot’s wheel.

ve ¼ Ke
_yWL=WR ð29Þ

Application of Kirchhoff’s voltage law on the model results in Eq (30).

vl=r � ri � Li
di
dt
� ve ¼ 0 ð30Þ

Newton’s second law of motion states that the sum of all the torques acting on the shaft is

linearly related to its acceleration by the inertial Load JR. The preceding statement is written in

Eq (31).

CL=R � Kf
_yWL=WR � ta ¼ JR _yWL=WR ð31Þ

Where, Kf and ta are taken as the frictional constant of the motor and load torque on the

motor shaft, respectively.

To yield the differential equations that can represent the dynamics of the SBR, all the pre-

ceding equations are utilized. Eqs (6) and (9) were substituted into Eq (3) to yield Eq (32).

J€yP ¼ MLð€y sinðyPÞ � €x cosðyPÞÞ þMgL sinðyPÞ þ fdp cosðyPÞ � ðCL þ CRÞð1þ sin2ðyPÞÞð32Þ

Eq (20) is substituted into Eq (10) and the double derivative of the resultant equation is cal-

culated. After multiplying cos (θP) on both sides of the equation, Eq (33) is deduced.

€x cosðyPÞ ¼ � L sinðyPÞ cosðyPÞ _yP
2 þ L cos2ðyPÞ

€yP þ €xwm cosðyPÞ ð33Þ

Eq (34) was derived by multiplying sin(θP) on both sides of the double derivative of Eq (13)

€y sinðyPÞ ¼ � L sinðyPÞ cosðyPÞ _yP � Lsin2ðyPÞ
€yP ð34Þ

Fig 12. Schematic diagram of a direct current motor.

https://doi.org/10.1371/journal.pone.0285495.g012
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Eq (35) can be obtained by solving for the difference of Eqs (33) and (34)

€y sinðyPÞ � €x cosðyPÞ ¼ � L€yP � €xwmcos ðyPÞ ð35Þ

Eqs (24) and (35) are substituted into Eq (34). The resultant equation can be represented by

Eq (36).

1

3
MRLr

2 þ 1:49þML2

� �

€yP þML€xwm cos ðyPÞ

¼ MgL sinðyPÞ þ fdpL cosðyPÞ � CL þ CRð Þ 1þ sin2ðyPÞð Þ ð36Þ

Eq (37) is inferred from Eqs (16) and (17)

MWð€xWL þ €xWRÞ ¼ ðHTL þHTRÞ þ ðfdl þ fdrÞ � ðHL þ HRÞ ð37Þ

Eqs (38) and (39) are deduced by substituting Eqs (14) and (15) in Eqs (11) and (12), respec-

tively.

HTL ¼
CLR � Jwl€xWL

R2
ð38Þ

HTR ¼
CRR � Jwr€xWR

R2
ð39Þ

Eq (6), (20), (23), (38) and (39) are substituted into Eq (37). The resultant equation can be

represented as follows.

2MW€xwm ¼ � M€x þ fdp þ
ðCL þ CRÞ

R
�

2Jw€xwm

R2
þ fdl þ fdr ð40Þ

Eq (20) is substituted into Eq (10) and double derivative of the resultant equation is evalu-

ated. The resultant equation is formulated as

€x ¼ L cosðyPÞ€yP � L sinðyPÞ _yP
2 þ €xwm ð41Þ

Eq (41) is substituted in Eq (40). The resultant equation yields as Eq (42).

3ðMW þMÞ€xwm ¼ ML sinðyPÞ _yP
2 � ML cosðyPÞ €yP þ

ðCL þ CRÞ

R
ð42Þ

For an effective model including motor dynamics, a relationship between motor voltages vl,
vr and the control torque of the wheel CL, CR is derived. Eq (29) is substituted into Eq (30). The

resultant equation is rearranged and written as Eq (43).

i ¼
vl=r
r
�

Ke
_yWL=WR

r
ð43Þ

Here, inductance Li of the motor is assumed to be zero. Eq (28) is substituted into Eq (31)
to yield Eq (44).

CL=R ¼ kmi ¼ JR _yWL=WR ð44Þ

Motor frictional constant Kf and applied torque on the motor ta are approximated as zero.

PLOS ONE Modern control of mobile robots

PLOS ONE | https://doi.org/10.1371/journal.pone.0285495 August 9, 2023 18 / 44

https://doi.org/10.1371/journal.pone.0285495


Eq (43) is substituted into Eq (44) resulting in Eq (45)

JR _yWL=WR ¼
kmvl=r
r
�

kmKe
_yWL=WR

r
ð45Þ

A combination of Eqs (44), (45), (14) and (15) is used to formulate following equations for

the left and right motor of the SBR.

CL ¼
kmvl
r
�

kmKe _xWL

rR
ð46Þ

and

CR ¼
kmvr
r
�

kmKe _xWR

rR
ð47Þ

Equations for the pitch and yaw angle control torques Cθ and Cδ are formulated as func-

tions of pitch and yaw angle control voltages vθ and vδ, respectively. This has been done using

Eqs (46), (47), (20) and (22).

Cy ¼ CL þ CR ¼
km
r

vyð Þ �
2kmKe

Rr
_xwmð Þ ð48Þ

and

Cd ¼ CL � CR ¼
km
r

vdð Þ �
kmKe

Rr
D sec2ðdÞ _d
� �

ð49Þ

Where, vθ = vl+vr and vδ = vl+vr.
Decoupling of these control terms lead to individual voltages for the left and the right

wheel. This is done using the Eqs (50) and (51).

vl ¼
vy þ vd

2
ð50Þ

and

vr ¼
vy � vd

2
ð51Þ

System of Eqs (33) and (42) are solved simultaneously to formulate differential equations

that represent dynamics of the system. Eq (48) is then substituted into the resultant differential

equations to deduce Eqs (52) and (53).

€yP ¼
C1

A
þ

B1M2

A
_xwmð Þ �

B1M1

A
vyð Þ �

Dy

A
ð52Þ

and

€xwm ¼
C2

A
�

B2M2

A
_xwmð Þ þ

B2M1

A
vyð Þ þ

Dx

A
ð53Þ

Where

A ¼ 1:49M þ 4:47MW þM2L2 sin2ðyPÞ þ
MLr

2MR

3
þ 3ML2MW þMWLr

2MR
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B1 ¼ M þ 3MWð Þ 1þ sin2ðyPÞð Þ þ
ML cosðyPÞ

R

C1 ¼ ML sinðyPÞ½ðM þ 3MWÞg � ML cosðyPÞ _yP

2

�

B2 ¼
1:49þML2 þ

Lr2MR
3

R
þML cosðyPÞ 1þ sin2ðyPÞð Þ

C2 ¼ ML sinðyPÞ 1:49þML2 þ
Lr

2MR

3

� �

_yP

2

� MLg cosðyPÞ
� �

M1 ¼
km
r

M2 ¼
2kmKe

Rr

Dy ¼ ML cosðyPÞðfdl þ fdrÞ � 3LMWfdp cosðyPÞ

Dx ¼ fdp 1:49þML2 sin2ðyPÞ þ
Lr

2MR

3

� �

þ fdl 1:49þML2 þ
Lr

2MR

3

� �

þ fdr 1:49þML2 þ
Lr

2MR

3

� �

On the other hand, Eqs (11), (12),(14),(15),(16) and (17) are used to infer yaw angular

acceleration.

HL ¼
CL

R
� €xWL

Jwl
R2
þMW

� �

þ fdl ð54Þ

and

HR ¼
CR

R
� €xWR

Jwr
R2
þMW

� �

þ fdr ð55Þ

Eq (55) is subtracted from Eq (54) to yield Eq (56).

HL � HR ¼
Cd

R
� €xWL� €xWRð Þ

Jw
R2
þMW

� �

þ fdl � fdr ð56Þ

Eq (57) can be inferred from Eq (22)

€xWL� €xWR ¼ 2sec2ðdÞtanðdÞ _d2Dþ sec2ðdÞD€d ð57Þ

Eqs (5), (23), (49) and (57) are substituted into Eq (56). Eq (58) represents SBR’s dynamics

about the y-axis.

€d ¼
12M1

A3

vd �
12M3

A3

_d �
B3

A3

þ
Dd

A3

ð58Þ
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Where

A3 ¼ 2RDM þ 18RDMWsec
2ðdÞ

B3 ¼ 36RDMWsec
2ðdÞtanðdÞ _d2

M3 ¼
KmKe

Rr
D sec2ðdÞ

Dd ¼ 12Rðfdl � fdrÞ

Design of sliding mode controller for self-balancing robot

A nonlinear sliding mode control system is designed to regulate the pitch and yaw angle of the

SBR. In practical systems, it may not be possible to measure the parameters of the system with

reasonable accuracy. Which causes modeling error and as a result, the stability of the system is

compromised. Therefore, it is important to ensure the stability of the system against modeling

errors. To achieve this, EKF is used in coordination with the SMC, which increases the robust-

ness of the system against modeling errors. SMC is a variable structure control method that

alters the dynamics of the nonlinear system by applying a discontinuous control signal. This

signal forces the system to "slide" along the system’s normal behavior. SMC design can be

broadly categorized into two parts. The first part deals with the designing of a sliding surface

with desirable attributes like tracking and stability. The second part entails the designing of

discontinuous control law that makes the sliding surface an invariant set. This control law also

ensures that the sliding surface has finite time reachability.

Sliding surface design requires the knowledge of estimation error. The estimation errors for

pitch and yaw angle are defined in Eqs (59) and (60) as the difference between the measured

and desired pitch & yaw angles, respectively.

yPe ¼ yP � yPd ð59Þ

de ¼ d � dd ð60Þ

Hence, the sliding surface is defined as the error based linear hyperplane shown in Eqs (61)
and (62)

Sy ¼ _yPe þ ayyPe ð61Þ

Sd ¼ _de þ adde ð62Þ

Where aθ and aδ are tuning variables that must be positive integers to ensure convergence

of error to zero. After designing the sliding surfaces, an appropriate reaching law is designed.

This law ensures the convergence of the measured angle to the sliding surface and keeps it

there. Although SMC is a very efficient controller, using the sine function generally causes the

problem of chattering. As a solution, a reaching law with tanh as shown in Eqs (63) and (64) is

used.

_Sy ¼ � Ky tanhðSyÞ ð63Þ

_Sd ¼ � Kd tanhðSdÞ ð64Þ

Where Kθ and Kδ are controller gains for pitch and angle control, respectively. These gains
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can be tuned to achieve the desired performance. For the angles to reach the sliding surface,

the reachability conditions must be satisfied i.e. Sy _Sy < 0 and Sd _Sd < 0. To validate these con-

ditions, we have assumed _Sy ¼ � Ky tanhðSyÞ and _Sd ¼ � Kd tanhðSdÞ. Controller equations for

both pitch and yaw may be derived using the reaching law, sliding surface, and the estimation

error. Substituting Eqs (61) and (62) into Eqs (63) and (64), respectively, lead to Eqs (65) and

(66).

€yPe þ ay _yPe ¼ � Ky tanhðSyÞ ð65Þ

€de þ ad _de ¼ � Kd tanhðSdÞ ð66Þ

Eqs (67) and (68) are derived by substituting the double derivative of Eqs (59) and (60) into

Eqs (65) and (66), respectively.

€yP �
€yPd þ ay _yPe ¼ � Ky tanhðSyÞ ð67Þ

€d � €dd þ ad _de ¼ � Kd tanhðSdÞ ð68Þ

Substituting the values of €yP and €d from Eqs (52) and (58) in Eqs (67) and (68), respectively,

then rearranging the controller equation for pitch and yaw angle, their respective control laws

can be deduced. They are represented in Eqs (69) and (70).

vy ¼
Ky tanhðSyÞ þ D1 �

€yPd þ ay _yPe

E1

ð69Þ

Where

D1 ¼
C1

A þ
B1M2

A _xwmð Þ; E1 ¼
B1M1

A and it is assumed that Dθ = 0

vd ¼
� Kd tanhðSdÞ � D3 þ

€dd � ad _de

E3

ð70Þ

Where

D3 ¼ �
12M3

A3

_d �
B3

A3
; E3 ¼

12M1

A3
and it is assumed that Dδ = 0.

EKF algorithm is a nonlinear extension of the Kalman filter. It gets the first-order linear

approximation of the nonlinear system at each sampling time. For this sampling time, it acts as

a linear Kalman filter. It is utilized widely in several real-world applications for the estimation

of unknown and un-measurable system states, unknown parameters, faults, and disturbances.

In this proposed technique, riders’ mass MR and length Lr are estimated. This estimation is

based on the convergence of the measured and calculated state values. EKF algorithm imple-

mentation is divided into two steps: prediction and correction. The process noise and mea-

surement noise covariance matrixes are represented by Qm and Rm, respectively. Pk is the state

error covariance matrix. Fig 13 shows the flowchart for prediction and correction steps for

each sampling instant. Where

X̂ ¼ ½yP; _yP; xwm; _xwm; d;
_d; M̂R; L̂r�:

X̂ represents a modified SBR model state vector consisting of 8 states. The stopping criteria

of the algorithm depend on the run time and sampling rate of the simulation. Stopping time
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(tend) can be defined by Eq (71)

tend ¼ tstart þ
Run time

Ts
ð71Þ

Prediction is carried out in two steps. In the first step, states are predicted for the next sam-

pling instant using the previous state estimates. In the second step, the state error covariance

matrix is predicted for the next sampling instant using the model Jacobian matrix and process

noise covariance matrix. Correction is accomplished in three steps. In the first step, Kalman

filter gain K is calculated using the predicted state error covariance matrix. In the second step,

states are corrected using available measurements and Kalman gain. In the third step, the pre-

diction of the state error covariance matrix is made.

Proposed algorithm for SBR control system design

Modeling mismatch affects the performance of the control system; hence, estimation of model

uncertainties ensures the improved performance of SMC beyond the given bounds in the liter-

ature. An Extended Kalman Filter is used to estimate model uncertainties of M̂R and L̂r . Fig 14

Fig 13. Flowchart for the extended Kalman filter algorithm.

https://doi.org/10.1371/journal.pone.0285495.g013
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shows the block diagram for the proposed Extended Kalman Filter based Sliding Mode Con-

troller (ESMC). The desired pitch θPd and yaw angle δd are fed to the SMC. The value of θPd is

kept zero and δd changes according to the turn command given by the rider. For the purpose

of simulation, it is taken as a sinusoidal signal. The states calculated by the differential equa-

tions in the SBR simulator are also fed to the SMC. These states are represented as

X ¼ ½θP;
_θP; xwm; _xwm; δ; _δ�. EKF estimates the values of M̂R and L̂r. These values go into SMC

as inputs as well. SMC utilizes these inputs to generate the control effort U = [vθ, vδ]. This is

provided to the SBR simulator containing the dynamic equations of the system, ensuring its

stability as per the desired angles. EKF takes X and U as inputs and estimates the values of rid-

er’s mass M̂R and length L̂r .

Fig 15 gives the flow chart of the proposed algorithm for efficient regulation of desired

angles and stability. The SBR simulator is initialized with initial states X0. In the next step SBR

simulator receives the control inputs U0. As the system under examination is an underactuated

one, it tends to destabilize. Resulting states of the system X along with the inputs U0 are fed to

the EKF. The dynamic model of the SBR implemented in EKF contains the nominal values of

the rider’s mass and length. EKF calculates the system’s states X̂ð½1 : 6�Þ based on these nomi-

nal values. It then compares them to the states X measured by the SBR simulator which con-

tains the actual information of the rider’s mass and length in its dynamic model equations.

Since both EKF and the SBR simulator use the same inputs at any given time, the difference

between X̂ð½1 : 6�Þ and X states can only be justified by some unknown value. In this proposed

method, all disturbances are ignored due to its limitations for the indoor environment applica-

tions. However, variations due to the rider’s mass MR and length Lr are examined. EKF tries to

minimize the difference between the calculated states by estimating these values. The SMC

block implements the proposed stability control method.

It utilizes the estimates of EKF, calculated system states X, and the desired angles and their

derivative to calculate the control action necessary to attain system stability. It is then fed back

to the EKF and SBR simulator to start this process all over again. This loop runs until the crite-

ria given in Eq (71) is satisfied. With each iteration, EKF tends to converge its estimate (M̂R

and L̂r) to the actual values of MR and Lr.
Two types of tuning parameters are used in this manuscript. The first refers to the control-

ler gains that include the sliding surface gains (aθ, aδ) and the switching law gains (Kθ, Kδ). The

sliding surface gains should be positive to ensure the asymptotic decay of the error. The

Fig 14. Block diagram representation of the proposed algorithm for EKF based SMC.

https://doi.org/10.1371/journal.pone.0285495.g014
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switching law gains are chosen to ensure the robustness properties of the controller. High con-

troller gains may ensure superior robustness; however, it will require high control effort to

swiftly attain stability. This high gain not only causes oscillations due to the inherent phase lag

in the system but also drops the energy efficiency of the system. The robustness of the control-

ler is also linked to the availability of accurate model information. If the model is accurately

known and is subjected to zero disturbances, then the small controller gains will serve the pur-

pose in both nominal and robust scenarios. However, in real-world scenarios, the model infor-

mation cannot represent the physical system with absolute accuracy. That calls for the design

of SMC with high controller gains to achieve robustness characteristics. In the proposed work,

we have ensured the accurate availability of modeling information by pinpointing the parame-

ters that are more vulnerable to the changes. These parameters are estimated online and pro-

vided to the controller. Consequently, we have ensured the small gains to achieve robust and

nominal performance. The gains are heuristically chosen to best fit the closed-loop perfor-

mance of the system.

The second type of parameter refers to the tuning variables of the Extended Kalman Filter.

Three tuning parameters are required to carefully tune in Kalman filter estimation algorithms.

They are P0, Q, and R. P0 is the initial state error covariance matrix having only diagonal

entries that refers to the initial error of system states yP;
_yP; xwm; _xwm; d;

_d;MR; Lr . The pitch

Fig 15. Flow chart for the proposed SBR’s stability control algorithm.

https://doi.org/10.1371/journal.pone.0285495.g015
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angle, pitch rate, yaw angle, yaw rate, forward distance traveled, and forward velocity are mea-

sured using the IMU package. The possible initial error due to the measurements of IMU is

considered here. Moreover, the possible initial error of mass of the rider and its length are con-

sidered ±30% of the nominal values. The parameter Q refers to the state covariance matrix. Its

values correspond to the modeling errors in the dynamic equations. The modeling errors in

the dynamic model are minor, however, the rate of change of rider mass and its length is

assumed to be zero because it will not vary during the ride of Segway. It will only be uncertain

at the start of the ride. The modeling deficiency of the rider’s mass and length is accommo-

dated by selecting high gains of the corresponding entries of the Q matrix. The tuning of the

measurement matrix R is done by the possible measurement errors of IMU.

Controller stability analysis

Using the SBR model given in the Eqs (54) and (60), the sliding surfaces defined in Eqs (61)

and (62), the controllers defined in Eqs (69) and (70), and the EKF estimator designed for esti-

mating M̂R and L̂r will stabilize the closed-loop system. The two control laws will perform the

upright stability task and tracking of yaw command, respectively. That follows with the errors

defined in Eqs (59) and (60) asymptotically approaching zero.

Selecting the Lyapunov function given in Eq (72).

V ¼
1

2
S2

θ þ
1

2
S2

δ > 0 ð72Þ

Differentiating Eq (72) and expanding its terms yields Eq (73).

_V ¼ Sθð
€θPe þ aθ

_θPeÞ þ Sδð
€δe þ aδ

_δeÞ ð73Þ

Taking the time derivative of Eqs (59) and (60) twice and substituting the resultant expres-

sion in Eq (73) we will get Eq (74)

_V ¼ Sθð
€θP �

€θPd þ aθ
_θPeÞ þ Sδð

€δ � €δd þ aδ
_δeÞ ð74Þ

Substituting Eqs (52), (58), (69), and (70) in Eq (74) and simplifying leads to Eq (75).

_V ¼
Sθ½ðC1B̂1 � Ĉ1B1Þ þ

€θPdðB1Â � AB̂1Þ þ aθ
_θPeðB̂1A � ÂB1Þ � ÂB1KθtanhðSθÞ�

AB̂1

þ
Sδ½ðA3 � Â3Þaδ

_δe þ ðÂ3 � A3Þ
€δd � KδtanhðSδÞÂ3�

A3

ð75Þ

Figs 16 and 17 depict the convergence of M̂R and L̂r to MR and Lr, respectively. This conver-

gence leads to the equation of following terms. A ¼ Â; B1 ¼ B̂1; C1 ¼ Ĉ1, and A3 ¼ Â3. Tak-

ing into account these equations, Eq (75) can be rewritten as Eq (76).

_V ¼ � ðSθKθ tanhðSθÞ þ SδKδ tanhðSδÞÞ < 0 ð76Þ

Remark

Hence, The ESMC controller ensures the Lyapunov stability of the SBR defined by Eqs (54)

and (60). The controller ensures that the errors defined in Eqs (59) and (60) asymptotically

converge to zero within a finite time. In the proposed method, EKF made an estimate of M̂R

and L̂r and provides that information to the SMC. The method ensures the closed-loop stabil-

ity of the system. The proposed method also mitigates the chattering issues that usually come

due to the selection of large controller gains for robustness in the conventional SMC.
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Fig 16. EKF based estimation for the upper limit of (a) rider’s mass, (b) rider’s length.

https://doi.org/10.1371/journal.pone.0285495.g016

Fig 17. EKF rider’s estimation for lower limit (a) mass (b) length.

https://doi.org/10.1371/journal.pone.0285495.g017
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The performance of the proposed ESMC control scheme is evaluated using rigorous simu-

lations for different cases.

Results and discussion

Simulations are conducted to validate the proposed ESMC balancing control. System parame-

ters used for this purpose are listed in the nomenclature and acronyms section. The objective

of these simulations is to demonstrate the enhanced performance of the proposed method on

account of the estimations made for M̂R and L̂r. This includes the illustration of improved per-

formance at low Kθ gain. Ultimately leading to reduced initial magnitude and oscillations in

the control effort. Therefore, maximizing the performance of ESMC with a minimum control

effort requirement. The simulation scenarios emulate 7 cases to effectively depict the perfor-

mance comparison between ESMC and SMC systems. Cases 1–4 consider the ‘upper limit’ of

the payload with MR = 200 kg and Lr = 3 m. It starts with the comparison of ESMC and SMC

at similar gains for Kθ. Progressively, the gain Kθ increases, effectuating the performance of the

SMC system to approach the ESMC system. Finally, a combination of low Kθ gain for ESMC

and high Kθ gain for SMC is used in such a way that the performance of the SMC based system

becomes better than the ESMC based system. The control efforts of the two systems are then

compared to justify the proposed solution. Cases 5–7 consider the ‘lower limit’ of the payload

with MR = 0 kg and Lr = 0 m. To justify the solution at the lower limit, a similar progressive

scheme is used as in cases 1–4. For the upper and lower limits discussed in these cases, EKF is

used for estimation. Fig 16 shows the simulation results of EKF estimates for the upper limit of

unknown parameters. This is done using the proposed algorithm discussed in the previous sec-

tion. Initial values that initiate the iterative estimation process are taken as the nominal values

of the system parameters. For MR and Lr, they are taken as 80 kg and 1.8 meters, respectively.

Performance of the proposed technique is tested under extreme payload variations. For mass

and length, variations in addition to the ones caused by the dynamics of the rider are incorpo-

rated e.g. the mass and length of something being carried by the rider. EKF converges to 96%

and 86.6% of the true value of the rider’s mass and length respectively in 0.5 seconds. It takes

3.3 seconds for the EKF to achieve 100% convergence. There is an overshoot of 6% in the esti-

mation of the rider’s length. This is due to the relatively low quantitative variation of the length

from the nominal value as compared to the mass. Fig 17 shows the simulation results for the

lower limit. It takes 0.28 seconds for the EKF to achieve 100% convergence. Due to low inertia

of the system, EKF converges relatively quickly. This speed comes with an undershoot that is

settled instantly. These estimation results are fed to the SMC and the performance comparison

of ESMC and SMC based systems is made for the 7 cases.

Case 1: Comparison between ESMC and SMC for gains Kθ = 2, aθ = 1, Kδ =

1, aδ = 1 and upper limit of MR, Lr
Initially, the Theta controller gain Kθ is taken as 2 for both ESMC and SMC based systems.

The controller tuning variable for error convergence aθ is taken as 1. As our main concern is

pitch angle stability, the gains for Kδ and aδ are taken as 1 throughout the case study. Fig 18

shows a comparison of system response of the two systems for the states: pitch angle (θP), yaw

angle (δ), distance (xwm), and velocity ( _xwm). At this gain, SMC based system becomes unstable,

but the ESMC manages to stabilize. For the proposed ESMC based system, θP and δ meet the

desired angle demand. It also maintains a relatively constant position with negligible velocity.

In the SMC based system, however, θP starts oscillating. This jerky motion causes the position

of the vehicle to change with an oscillating velocity. Also, δ deviates from its desired trajectory.
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Case 2: Comparison between ESMC and SMC for gains Kθ = 6, aθ = 1, Kδ =

1, aδ = 1 and upper limit of MR, Lr
Fig 19 shows the performance comparison at Kθ = 6 for the two systems. Unlike case-1, the

SMC based system stabilizes at this gain. This is the minimum control gain at which the SMC

based system becomes stable. Although, θP deviation is extremely small for the SMC based sys-

tem, however, it fails to reach the desired angle value even after 20 seconds. To ensure system

stability, the velocity of the vehicle increases and so does the distance covered. This delay

causes the system to reach a high velocity by the time θP becomes zero. On the other hand, the

ESMC based system stabilizes within 2 seconds with negligible velocity and distance covered. δ
tracks the desired angle faster with the ESMC based system with the max difference of 0.012

rad between the two systems.

Table 1 shows the maximum difference between the states of the two systems with ESMC

based system leading in performance.

Case 3: Comparison between ESMC and SMC for gains Kθ = 50, aθ = 1, Kδ =

1, aδ = 1 and upper limit MR, Lr
Fig 20 shows simulation results for case 3. For both the systems, the controller gain Kθ is taken

as 50. With the progressive increase in controller gain, performance of both SMC and ESMC

tend to approach one another. This is because, at such high gain, SMC becomes robust enough

to tackle the uncertainties that previously were affecting the system’s performance. However,

the proposed method of ESMC based system still outperforms the SMC based system. This

shows the effectiveness of estimation even at high controller gains. δ still tracks the desired

angle faster with the ESMC based system with the max difference of 0.012 rad between the two

systems.

Fig 18. A comparison of system response for case 1: (a) Pitch angle, (b) Yaw angle, (c) Distance, (d) Velocity.

https://doi.org/10.1371/journal.pone.0285495.g018
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Table 2 shows the maximum difference between the states of the two systems with ESMC

based system performing slightly better than the SMC based system.

Case 4: Comparison between ESMC having gains Kθ = 2, aθ = 1, Kδ = 1, aδ =

1 and SMC having gains Kθ =50, aθ = 1, Kδ = 1, aδ = 1 and upper limit MR, Lr
Figs 21, 22 show the performance and control effort results for case 4. It is evident from the

previous cases that increased Kθ gain improves the performance of the SMC based system.

Hence, in this case, a comparison between high Kθ gain SMC based system and low Kθ gain

ESMC based system is examined. Although, this combination shows that the system with SMC

gives a better performance, its high gain demands a very high initial control effort of 9.8 volts

to stabilize the underactuated system. That can cause problems in a system with low saturation

voltage electric motors. It also affects the energy efficiency of the system. Alternatively, the

ESMC based system estimates the values of the rider’s mass MR and length Lr. This estimation

enables the system to operate with a low Kθ gain of 2. This reduces the initial voltage spike in

the control effort to just 0.8 volts. δ tracks the desired angle faster with the ESMC based system

Fig 19. A comparison of system response for case 2: (a) Pitch angle, (b) Yaw angle, (c) Distance, (d) Velocity.

https://doi.org/10.1371/journal.pone.0285495.g019

Table 1. Maximum difference between the states of ESMC and SMC for Case 2.

State Difference Unit

Max θP difference 0.0005 rad

Max δ difference 0.012 rad

Difference in xwm after 1 min 6.2 m

Max difference in velocity _x_
wm

0.18 m/s

https://doi.org/10.1371/journal.pone.0285495.t001
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still. The max difference between the δ angle of the two systems is of 0.012 rad. This demon-

strates the use of estimation and the effectiveness of the proposed method when MR = 200 kg
and Lr = 3 m.

Table 3 shows the maximum difference between the states and the control effort of the two

systems where SMC based system’s performance is better than the ESMC based system except

for δ angle. Control effort response of the system with ESMC is better.

Case 5: Comparison between ESMC and SMC for gains Kθ = 6, aθ = 1, Kδ =

1, aδ = 1 and lower limit MR, Lr
With the conclusion of the upper limit, the simulation is turned towards the lower limit of the

payload. This scenario indicates that there is no rider or payload. Fig 23 shows the results of

case 5. Due to the absence of payload, the system has a lower moment of inertia. Hence, its sta-

bilization is relatively easy. Apparently, θP stabilizes more effectively with the SMC based sys-

tem but ends up generating much more velocity in comparison to the ESMC based system.

This increased velocity further deviates the position of the vehicle. This happens because the

system falls backward initially due to its low inertia. The ESMC based system is aware of this

Fig 20. A comparison of system response for case 3: (a) Pitch angle, (b) Yaw angle, (c) Distance, (d) Velocity.

https://doi.org/10.1371/journal.pone.0285495.g020

Table 2. Maximum difference between the states of ESMC and SMC for Case 3.

State Difference Unit

Max θP difference 4.36e-5 rad

Max δ difference 0.012 rad

Difference in xwm after 1 min 0.016 m

Max difference in velocity _x_
wm

0.0015 m/s

https://doi.org/10.1371/journal.pone.0285495.t002
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Fig 21. A comparison of system response for case 4: (a) Pitch angle, (b) Yaw angle, (c) Distance, (d) Velocity.

https://doi.org/10.1371/journal.pone.0285495.g021

Fig 22. Comparison of the control effort generated by the controllers to stabilize the pitch angle.

https://doi.org/10.1371/journal.pone.0285495.g022
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response and does not over actuate the system. The initial velocity spike brings θP back to zero

from negative. Hence, reducing the net velocity due to cancellation of the positive velocity

effect with θP stabilization. This in return leads to a smaller displacement from the starting

position at a given point in time. δ tracks the desired angle slightly better with the SMC based

system for the initial few seconds. After reaching the sliding surface, both systems give the

same performance for δ tracking.

Table 4 shows the maximum difference between the states of the two systems. θP stability

and δ tracking response are better for the SMC based system. Whereas distance and velocity

responses are better for the ESMC based system.

Case 6: Comparison between ESMC and SMC for gains Kθ = 50, aθ = 1, Kδ =

1, aδ = 1 and lower limit MR, Lr
Figs 24, 25 show the simulation results of case 5 implementing a strategy similar to the upper

limit cases. Increase in Kθ gain to 50 results in approximately similar performance outcome for

both of the systems. However, the controller without EKF tends to experience chattering in the

Table 3. Maximum difference between the states of ESMC and SMC for Case 4.

State / Input Difference Unit

Max θP difference 0.000148 rad

Max δ difference 0.012 rad

Difference in xwm after 1 min 0.1 m

Max difference in velocity _x_
wm

0.001 m/s

Initial vθ difference 9 V

https://doi.org/10.1371/journal.pone.0285495.t003

Fig 23. A comparison of system response for case 5: (a) Pitch angle, (b) Yaw angle, (c) Distance, (d) Velocity.

https://doi.org/10.1371/journal.pone.0285495.g023
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control effort for a longer period as compared to the one with EKF. Furthermore, θP, _xwm, and

vθ response oscillates initially for both of the systems. This happens due to the high gains used

in a low inertial system with no payload. These oscillations come to a halt after 0.01 seconds in

the ESMC based system and 0.04 seconds in the SMC based system. The position response of

both systems is the same. δ tracks the desired angle slightly better with the SMC based system

for the initial few seconds. After reaching the sliding surface, both systems give the same per-

formance for δ tracking.

Table 5 shows the maximum difference between the states and the control effort of the two

systems. θP stability and velocity response are better for the ESMC based system. δ tracking

response is better for the SMC based system whereas distance response is the same for both

systems. Control effort vθ gives a better response with ESMC based system.

Case 7: Comparison between ESMC having gains Kθ = 2, aθ = 1, Kδ = 1, aδ =

1 and SMC having gains Kθ = 50, aθ = 1, Kδ = 1, aδ = 1 and lower limit MR, Lr
Figs 26, 27 show the performance and control effort vθ response for case 7. Similar to case 4, in

this comparison, the performance of the systems is observed under a low Kθ gain for ESMC

Table 4. Maximum difference between the states of ESMC and SMC for Case 5.

State Difference Unit

Max θP difference 3.5e-5 rad

Max δ difference 0.007 rad

Difference in xwm after 1 min 0.01 m

Max difference in velocity _x_
wm

0.00023 m/s

https://doi.org/10.1371/journal.pone.0285495.t004

Fig 24. A comparison of system response for case 6: (a) Pitch angle, (b) Yaw angle, (c) Distance, (d) Velocity.

https://doi.org/10.1371/journal.pone.0285495.g024

PLOS ONE Modern control of mobile robots

PLOS ONE | https://doi.org/10.1371/journal.pone.0285495 August 9, 2023 34 / 44

https://doi.org/10.1371/journal.pone.0285495.t004
https://doi.org/10.1371/journal.pone.0285495.g024
https://doi.org/10.1371/journal.pone.0285495


based system and a high Kθ gain for the SMC one. As expected, the SMC based high Kθ gain,

system performs considerably better when it comes to system states. Apart from the initial

oscillations in θP and the system velocity, the pitch angle deviates 0.00017 rad less from the

desired θP in the SMC based system. After 1 minute, the SMC based system face 0.13 meter

less displacement from the starting point as compared to the ESMC one. This is due to the dif-

ference in the velocity between the two which is 0.002 m/s. δ also slightly performs better in

the SMC based system. However, the initial control command for the system with ESMC is 0.8

V as compared to 9.8 V for the system with SMC. Additionally, the control command of the

system with SMC is subjected to more chattering. These results conclude that a system with

low controller gain in combination with the estimation of unknown payload parameters work

better than a system with high controller gain without any estimation when there is no rider or

payload.

This study considers the length (Lr) and mass (Mr) of the rider as the parameters of interest.

Variations in these parameters affect the rider’s moment of inertia (Jr) and, consequently, the

system’s moment of inertia as described in Eq 26 and 24, respectively. Additionally, changes in

these parameters affect the vehicle’s center of gravity (L), but the effect is relatively low com-

pared to the changes in the rider’s moment of inertia.

Fig 25. Comparison of the control effort generated by the controllers to stabilize the pitch angle.

https://doi.org/10.1371/journal.pone.0285495.g025

Table 5. Maximum difference between the states of ESMC and SMC for Case 6.

State / Input Difference Unit

Max θP difference 9.6e-8 rad

Max δ difference 0.007 rad

Difference in xwm after 1 min 1.6e-5 m

Max difference in velocity _x_
wm

0.0001 m/s

vθ difference at 0.01 sec 2.5 V

https://doi.org/10.1371/journal.pone.0285495.t005
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Fig 26. A comparison of system response for case 7: (a) Pitch angle, (b) Yaw angle, (c) Distance, (d) Velocity.

https://doi.org/10.1371/journal.pone.0285495.g026

Fig 27. Comparison of the control effort generated by the controllers to stabilize the pitch angle.

https://doi.org/10.1371/journal.pone.0285495.g027
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Fig 28 illustrates the changes in L and Jr resulting from an incremental 10% increase in Lr

and Mr from their nominal values of 1.8 meters and 80 kg, respectively. Fig 29 depicts the sen-

sitivity of pitch angle resulting from a similar increase in the values of Lr and Mr. The system

becomes unstable with low controller gains when Mr is 150% of its nominal value (120kg) and

Lr is 2.7. However, the proposed method can keep the system stable up to 250% of the nominal

value of Mr with the same controller gains. The detail analysis is performed in results and dis-

cussion section where in section 6.1, performance of both controllers under small gains and

maximum change in rider length and mass is conducted. In Fig 18 of manuscript, it can be

seen that SMC controller with small controller gain is not able to maintain stability while the

proposed method effectively stabilizes the system. Overall, the results of this study highlight

Fig 28. Changes in L and Jr resulting from an incremental 10% increase in Lr and Mr from their nominal values of

1.8 meters and 80 kg, respectively.

https://doi.org/10.1371/journal.pone.0285495.g028

Fig 29. The sensitivity of pitch angle resulting from a similar increase in the values of Lr and Mr.

https://doi.org/10.1371/journal.pone.0285495.g029
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the importance of considering the rider’s length and mass as crucial parameters that affect the

stability of self-balancing vehicles.

Table 6 shows the maximum difference between the states and the control effort response

of the two systems. State response performance of the SMC based system is better, yet the con-

trol effort response strengthens the utility of the proposed method.

Validation and comparison of proposed control algorithm

The performance of the proposed ESMC technique is compared with the earlier techniques in

the literature to justify its novelty. Table 7 shows that Butler and Bright proposed a control

Table 6. Maximum difference between the states of ESMC and SMC for Case 7.

State / Input Difference Unit

Max θP difference 0.00017 rad

Max δ difference 0.007 rad

Difference in xwm after 1 min 0.13 m

Max difference in velocity _x_
wm

0.002 m/s

Initial vθ difference 9 V

https://doi.org/10.1371/journal.pone.0285495.t006

Table 7. Comparison of the proposed ESMC technique with the earlier work reported in the literature.

Techniques

(Year)

Payload

(kg)

Controller Observer Estimation

Parameter

Tilt Angle (rad) Control Effort (V/Nm)

Initial Max

Defl.

SS

error

ST

(sec)

Undershoot

(rad)

Osci.

Mag.

(rad)

Initial Maximum Oscillation

Butler and

Bright 2010

Dynamic

with max

70 Kg

LQR - - 0 0.02 - 10 0.02 - - - -

Shui-Chun

Lin 2011

Dynamic

with max

85 Kg

Linear Adaptive

Robust

Controllers

- - 0.3 - - 0.3 5e-3 - - - -

Zhao-Qin

Guo

2014

Static 1.6

kg

SMC Sliding mode

observer

Tire Joint

Friction,

Slope Angle

0.1 - - 8 0.02 ± 0.05 0.06 V 0.06 V ± 0.05 V

Nguyen

Ngoc Son

2014

Static 26

Kg

Adaptive

Backstepping

Controller

- - 0.15 - - 0.4 - - - 200 Nm -

Byung Woo

Kim 2016

Dynamic

with max

85 kg

Backstepping

Controller with

Unknown Coef.

& Model

Uncertainty

- - 0.35 - - 3 0.17 - - 150 Nm ± 50 Nm

Nasim

Esmaeili

2017

Static 0.38

kg

Backstepping

+ two-layer

SMC

- - 0 0.3 - 1 0.025 ± 0.1 4 V 4 V ± 3 V

Ji-Hyun

Park 2018

- LQR Disturbance

Observer

+ Control

Moment

Gyroscope

Disturbance

at the Center

of Mass

0 - - 1.5 - ± 0.02 - - -

Thomas

Johnson

2020

Static 0.5

kg

Perceptual

Control

- - - - 0.035 5 0.07 ±
0.035

- - -

Proposed

Work

Varying

with 200

kg max

Sliding Mode

Controller

Extended

Kalman Filter

Rider’s

Height and

Mass

0 1.9e-

4

0 3.5 0 - 0.8 V 3.3 V -

https://doi.org/10.1371/journal.pone.0285495.t007
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technique using the linear quadratic regulator. They took into account the variation in payload

but the maximum load considered was 70 kg as opposed to the 200 kg considered in the pro-

posed ESMC technique. Additionally, the control response was very sluggish with a settling

time of 10 seconds for the tilt angle, and no information about the control torque was pro-

vided. Shui-Chun Lin achieved stability using the linear adaptive robust controller. In these

experiments, author incorporated the variation of payload but with a maximum of only 85 kg.

Although, the settling time of the tilt angle was satisfactory, it experienced an undershoot of

5e-3 rad. No information regarding the control effort was provided for this case either. Zhao-

Qin Guo used a sliding mode controller in combination with an observer to achieve robust

control. Even though the study considered a static payload of just 1.6 kg, the controller

response was sluggish with a settling time of 8 seconds and an undershoot of 0.02 rad. More-

over, oscillations of 0.05 units can be noted in the tilt angle and control effort. Nguyen Ngoc

Son utilized an adaptive backstepping control technique to realize the stability of the SBR.

Although, the controller response was quick with a settling time of 0.4 seconds, it only consid-

ered a static payload of 26 kg. The maximum control effort required for stability was a soaring

200 Nm in contrast to the 33 Nm requirement in the proposed ESMC technique. Byung Woo

Kim examined an SBR with a dynamic load with a maximum of 85 kg using a backstepping

controller with unknown control coefficients and model uncertainties. It took 3 seconds for

the tilt angle to settle with an undershoot of 0.17 rad. The maximum required control effort,

however, rocketed to 150 Nm with oscillations of ± 50 Nm. Nasim Esmaeili proposed a back-

stepping controller in combination with a two-layered SMC. This technique achieved upright

stability within 1 second but experienced oscillations of magnitude ± 0.1 rad. Furthermore, it

considered a 0.38 kg static payload, and the initial control torque requirement for stability was

4 V with an oscillation of ± 3 V. Ji-Hyun Park presented a hardware solution to the stability

control problem by using a control moment gyroscope. An observer was used to estimate the

disturbances and eventually actuate the control moment gyroscope. Stability control was

achieved using a linear quadratic regulator. Tilt angle settled in around 1.5 seconds but experi-

enced an oscillation of ± 0.02 rad. Additionally, the information regarding the control effort

was not discussed. Finally, Thomas Johnson realized a perceptual control technique on a static

payload of 0.5 kg. Even though it rejected disturbances effectively, the stability response was

1.5 seconds slower than the proposed technique with an undershoot, noticeable oscillations,

and a steady-state error. The proposed technique can handle payloads up to 200kg with the

maximum and initial required control effort of 3.3 V and 0.8 V, respectively, with no oscilla-

tion. The tilt angle settled in about 3.5 seconds with no steady-state error or oscillations.

Conclusions and recommendations

Most of the available solutions for the two-wheeled Self-Balancing Robot (SBR) either have

constraint on the payload or their performance is compromised. In this work, a robust control

with unknown payload parameters is realized, A detailed mathematical model, incorporating

payload and motor dynamics, is derived and utilized to formulate the control equations for a

Sliding Mode Controller (SMC). This controller along with an Extended Kalman Filter (EKF)

is used to regulate the stability of the robot. Moreover, the detailed model of the SBR helps to

improve the performance of the control system. EKF estimates the unknown parameters that

are used as input to the SMC which in turn helps to boost the performance of the system. Rig-

orous simulations are carried out to validate the effectiveness of the proposed method for vari-

ous scenarios using seven case studies. These simulation cases are identified according to the

controller gain and payload variations. The results of the proposed method with parameter

estimation (ESMC) are compared with the system without parameter estimation (SMC). It is
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illustrated that the performance of ESMC turns out to be better when similar control gains are

used for both control systems. The combination of gains that exhibit a better performance for

the SMC system, reveals a notable difference between the two systems in the initial control

effort requirement for stability. The proposed technique is effective for the structured environ-

ment and indoor applications. It has a great scope for warehouses and predefined tasks for

indoor environment.

For future recommendations, the system may be subjected to the outdoor harsh environ-

ment that can introduce unwanted disturbances in the system. These issues along with perfor-

mance targets may be addressed in the future work. Since, the mathematical model has a

provision to accommodate disturbances, a solution may be developed in future to design con-

trol system for unstructured environment and outdoor applications. This further signifies the

effectiveness of the proposed ESMC technique.

Nomenclature and acronyms

Constants and variables.

Symbol Value [Unit] Parameter

θP [rad] Pitch angle of the robot about z-axis

_y
_

P
[rad/s] Pitch angular velocity about z-axis

€y
€

P
[rad/s2] Pitch angular acceleration about z-axis

xwm [m] Position of the robot

_x_
wm

[m/s] Velocity of the robot

€x€
wm

[m/s2] Acceleration of the robot

x [m] Position of chassis

_x_ [m/s] Linear velocity of chassis

€x€ [m/s2] Linear acceleration of chassis

δ [rad] Yaw angle of the robot about y-axis

_d
_ [rad/s] Yaw angular velocity about y-axis

€d
€ [rad/s2] Yaw angular acceleration about y-axis

θWL, θWR [rad] Pitch angle of left and right wheel

_y
_

WL;
_y
_

WR
[rad/s] Pitch angular velocity of left and right wheel

€y
€

WL;
€y
€

WR
[rad/s2] Pitch angular acceleration of left and right wheel

xWL, xWR [m] Sector length of left and right wheel

yWL, yWR [m] Vertical position of the wheel

R 0.2 [m] Wheel radius

D 0.48 [m] Lateral distance between the contact patches of the wheels

g 9.8 [m/s2] Acceleration due to gravity

fdp [N] Disturbance force at COG of robot

fdl, fdr [N] Disturbance forces at left and right wheel

CL, CR [Nm] Control torques from left and right wheel

Cθ [Nm] Control torque for pitch angle

Cδ [Nm] Control torque for yaw angle

tm [Nm] Torque applied by motor

ta [Nm] Applied torque on motor

HTL, HTR [N] Horizontal reaction forces between ground and wheels

HL, HR [N] Horizontal reaction forces between wheels and chassis

VTL, VTR [N] Vertical reaction forces between ground and wheels

(Continued)
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Table 7. (Continued)

VL, VR [N] Vertical reaction forces between wheels and chassis

MW 3 [kg] Mass of wheel

MR 80 [kg] (nominal) Mass of rider

MV 30 [Kg] Mass of chassis (robot)

M [kg] Total mass of the system

h 1.03 [m] Height of chassis

Lr 1.8 [m] (nominal) Length of rider

L [m] Distance between z-axis and COG of chassis

Jr [Kgm2] Rider moment of inertia

Jv [Kgm2] Robot moment of inertia

J [Kgm2] Total moment of inertia of system

Jδ [Kgm2] Moment of inertia about y-axis

Jwl, Jwr [Kgm2] Moment of inertia of wheels

JR [Kgm2] Rotor moment of inertia

Ke 0.1 [Vs/rad] Motor back EMF constant

Km 0.1 [Nm/A] Motor torque constant

Kf 0 [Nms/rad] Motor frictional constant

vl, vr [V] Control voltage for left and right motor

vθ [V] Control voltage for pitch angle

vδ [V] Control voltage for yaw angle

ve [V] Back emf of motor

i [A] Armature current

Li 0 [H] Motor inductance

r 1 [O] Motor resistance

Kθ - Theta controller gain

aθ - Theta controller tuning variable for error convergence

Kδ - Delta controller gain

aδ - Delta controller tuning variable for error convergence

θPe [rad] Controller pitch angle estimation error

θPd [rad] Desired pitch angle

δPe [rad] Controller yaw angle estimation error

δPd [rad] Desired yaw angle

https://doi.org/10.1371/journal.pone.0285495.t008
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