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Abstract—This paper proposes an integrated design of fault- estimate fault magnitudes and use the estimates to compensate
tolerant control (FTC) for nonlinear systems using Takagi-Sugeno the fault effects with closed-loop control systems. Although
(T-S) fuzzy models in the presence of modelling uncertainty passve FTC might achieve acceptable control performance
along with actuator/sensor faults and external disturbance. An . . .
augmented state unknown input observer is proposed to es- _[3]’ [4], _[10]' [11]_’ it cannot _Obtam '9°a' fault mggnltude
timate the faults and system states simultaneously, and using information and this approach is not suitable for on-line system
the estimates an FTC controller is developed to ensure robust repair in the presence of faults.
stability of the closed-loop system. The main challenge arises The traditionalactive FTC approach makes use of fault
from the bi-directional robustness interactions since the fault detection and isolation (FDI) that generates information about

estimation (FE) and FTC functions have an uncertain effect th d itv of the fault which Id b d
on each other. The proposed strategy uses a single-step linear € occurrence and severity of the fault which cou e use

matrix inequality formulation to integrate together the designs tO facilitate a closed-loop system reconfiguration based on
of FE and FTC functions to satisfy the required robustness. various forms of redundancy. In addition to obtaining fault
The integrated strategy is demonstrated to be effective through information one important goal is to achieve suitable fault

?ogldgr?lse?uin;plgeg an inverted pendulum system (based on i jerance and acceptable control performance and approaches
i y gns). based on FDI have been proposed to achieve this [7], [9].

Index Terms—Integrated fault-tolerant control, augmented However, these approaches are complex in design and im-
state unknown input observer, nonlinear systems, T-S fuzzy \ementation requiring fault residual design in some optimal
systems, H., optimization . . . h .
sense including robust design of detection thresholds. This

strategy also requires the development and design of a suitable

[. INTRODUCTION system reconfiguration mechanism and this is a subject of

During two decades there has been a growing imerestq-ﬂnsiderablg comple_xity involving requirements for discretg—
robust fault-tolerant control (FTC) system designs which aRyent, adaptive and time-delay system concepts. The resulting
capable of tolerating faults whilst accounting for effect ofétection and reconfigurable delays and uncertainty impose
modelling uncertainties [1], [2]. Recent attention has turned f)(gjdltlonal complexities Ieadlng to potential lack of reliability
methods of handling nonlinearity in FTC considering specifif the overall FTC system design.
system structure [3], [4]. The nonlinear nature of dynamic sys- 1N alternativeactive FTC approach seeks to overcome
tems means that methods such as Takagi-Sugeno (T-S) fu§§yeral pf these d|ff|cult|(_as by using fau_lt estimation (FE) asan
[5] inference reasoning can be combined with the approprigtéernative to FDI (see Fig. 1). This active approach comprises
FTC theory as an extension to the linear robustness strategfs, FE observer and an FTC control modules without the
Using this approach a continuous nonlinear system can peed for active recoqflguratlon. The FE modulells expecteq to
modelled as a multiple-model representation correspondi#gnerate all the requwed_faultmformatlon (magnitude, location
to a number of regions of state space behaviour. Each gjyd time occurrence)_ using a robust ob;erver-based approach.
the multiple T-S models is represented by an IF-THEN ru[ghe_ robust fault estimates are used in th_e control system
corresponding to a linear system. Based on this the existiwgdlrectly compensate the fault effects subject to acceptable
robust FTC theory can be applied to each of the local linegPntrol performance and robustness.
models, so that the T-S system can then have both local anPeveral FE strategies based on T-S fuzzy systems have
global robust FTC properties (including good fault-tolerancB€€N Proposed, e.g. using: adaptive observers (AO) [12]-[16],
etc.) [3], [4], [6]-[9]. augmented state obser_vgrs (ASO) [17], unknown input ob-

Existing FTC approaches based on T-S approaches pvers (UIO) [6], and sliding mode augmented state observers
be eitherpassive or active. The passive approach treats the (SMASO) [8], [18]. These approaches are based on robustness

faults as system uncertainties using optimization methods ggmepts and are thus good candidates to include in active FE
a

an extension of robust control), but thetive methods actively Pased FTC system analysis and design. _ o
The direct use of the observer-based FE brings significant
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of disturbances. The ASO and the SMASO both reqaire

Actuator Process component Sensor ) : )
faults faults faults priori knowledge of the fault bounds. In this study, an ASUIO
. Bﬂﬂ is proposed to estimate the T-S fuzzy system states and fault
Reference [y input | ! output using a continuous linear observer with no requirements for
Controller | Actuators L) Plant L Sensors L. e g
: fault bounds or rank conditions. The fault is assumed to be

in polynomial form with bounded-th (highest) derivatives
corresponding to known positive constantsThis approach
| is non-conservative in the robustness sense and it canagstim
time-varying or even unbounded faults [23].

e A systematic strategy for integrated FE/FTC design is
developed. The integrated observer and state estimate con-
troller designs (based on T-S fuzzy systems) aim to obtain
the observer and controller gains simultaneously. Thidés t

. , ; ith widely known strategy for robust state estimate controhgsi
and FTC design is proposed in [6] for systems with actuatgf ontimization which is typically achieved using a single-

faults. AO based reconfigurable FTC designs are developed jinear matrix inequality (LMI) formulation [24]. Hower,
[13] which also include model reference tracking contraoh Athis optimization approach does not take into account the

AQ based dynamic output feedback FTC design, focusing @iem modelling uncertainty [24] and furthermore, FTC is
actuator faults and external disturbance is presenteddh [1Out of the scope of this study considered.

[8] and [18] deal with the FE/FTC for stochastic systems with |\ 1his work the bi-directional concept described by [22]

actuator/sensor faults and disturbance within the framlewqS extended here to take into account properly the robustnes
of SMASO. [17] proposes an ASO FE/FTC design for tim&garactions between the FE and FTC modules for nonlinear
dfalay systems in the presence of actuator faults and e*ter&?’stems using T-S fuzzy modelling approach. An FTC strategy
disturbance. [14] proposes an ASO fault tolerant tracking ronosed for the nonlinear systems considered in the pres
control problem application to an offshore wind turbineteys oo of model uncertainty, faults, and external disturbanc

with sensor faults and external disturbance. [15] deveBps the ASUUIO based FE and FTC designs are re-formulated

AO based FTC strategy for systems with actuator fault using, o integrated design problem solved using a single-ste

a delta operator approach. Finally, [16] proposes an AOasg,, procedure.

FTC scheme for descriptor systems subject to actuatorsfault the paper is organized as follows. Section Il formulates the

and disturbance. problem. Sections IIl - V present the designs of the ASUIO
However, few studies take into account the system mogased FE and FTC controller. A tutorial example of a nonlinea

elling uncertainty, and the FE and FTC modules are designgderted pendulum and cart system is provided in Section VI.

separately. Actually, the uncertainty quite often exists iThis is followed by the Conclusion in Section VII.

practical applications and might degrade the control syste |n the paper the symboj represents the Moore-Penrose

performance if not taken into accouatpriori in the design pseudo inverseHe(WW) = W + W', and » represents the

procedure. It has become apparent that the observer basgémetric part of a matrix.

FE and FTC modules must be designed together to achieve

optimal control system performance and robustness [1]-[19 [l. PROBLEM FORMULATION

[21]. However, no systematic strategies were proposedeiseth  Consider a class of nonlinear systems described by

studies. Moreover, due to the presence of uncertainty and .

disturbance, there are bi-directional robustness intierss ¢ = fal@u fo,d)

between FE and FTC controller modules as defined by [22]. y = fyl@, fs) 1)

This bi-directional robustness coupling implies immeeliat \where s ¢ R*, u € R™, andy € RP stand for the state,

that the generally known Separation Principle cannot appppntrol input, and output, respectivelf, € R¢ and f, € R®

In this respect, the separated FE/FTC design results inj@note the actuator and sensor faults, respectively. R!

suboptimal solution of the overall FTC system design calisigienotes the external disturbance. It is assumed that the non

degraded overall system performance. linear functionsf, (-) and f, () are continuous and bounded in
The above studies motivate the proposal in this paper te int®me sector: € [a, b] with some constants andb. It should

grate the observer based FE and FTC designs for applicatisnoted that without loss of generality the system progerti

to a class of nonlinear systems subjected to actuator/sensidied in this paper, including controllability, obsebiliy,

faults. The modelling strategy considers external distnde and stability, are all local properties.

and uncertainty by using the T-S fuzzy approach. ComparedConsidering modelling uncertainty, the system (1) can be

with the literature, contributes of this paper are: modelled by the following T-S fuzzy system using sector
e An augmented state unknown input observer (ASUIO) is  nonlinearity [5]

proposed. Although there are many FE observers as listed h

above, the proposed AO estimates the faults with finite error;; = Z pi(0(1)) [(Ai + AAy)x + Biu+ Fi fo + D;d]

The UIO is designed subject to a well-known rank condition i=1

concerned with the number of measurements and the number = Cx + F;fs (2)

T Usystem

FE
Observer

Fig. 1. Framework of FE based FTC systems



where A; € R"™", B; € R"*™, F, € R"*9, D, € R" !, I1l. AUGMENTED STATE UNKNOWN INPUT OBSERVER
C; € RP*" and F, € RP*% are known constant matri- BASED FE
ces. AA; € R™™ are perturbed matrices with structures

; _ () _ +® _
AA; = Mo;Fy;No;, where Fy; are known Lebesgue mea- Igef'ie(;%l* f“k andlvtt; f sth wher(tas = (2)’ L., k- 1t g
surable matrices satisfying (t)Fo;(t) < p;I for some &N t=0.,1,....k — 1, then the system (2) is augmente
known scalarsu; and matricesM,; and Ny; of appropriate into
dimensions#h is the number of sub-models, apg(d(t)) are h - - - e
the membership functions depending on the premise variable T = Z pi(A;Z + Biu+ AA;T + D;d)
vector 6(t) = [01,...,05], where s is the number of the i=1
premise variables. The premise variables are some meésurab y = Cz 3)
variables of the system states.
Definen;; (i = 1,...,handj = 1,...,s) as the fuzzy Wher(_a wo Yo
sets characterized by the membership functions. Furttgrede z w1 vy
7:;(6;) as the grades of the membershipein the fuzzy sets * = | ¥ |, W = , U= :
7:5. Then the membership functions can be defined by LY Wh1 T
A, F; 0 0 0
oi(0) [ d 0 0 Iy_ 0 0
pi(0) = hiea oi(0) = Hnij(ej) d=| wr1 A; = 0 0 ( Ol)q 0 0
> iz10i(0) j=1 - ’ 0 0 0 0 I
1 1—l)aq1
0 0 0 0
which satisfies) < p;(6) <1 andY", p;(8) = 1.
Throughout this study, the following assumptions are made. AA; 0 0 0
Assumption 2.1: All the sub-models of (2) are observable 0 0 0 0 - B.
and controllable in the fuzzy sets which they are defined, i.é\A4; = 0 0 - 0 0 ,B; = { 0 ! }
the pairs(4;,C) are observable and the paifsl;, B;) are R (katkiqr)xm
controllable. Moreover, the fuzzy system (2) is observaiple 0o 0 --- 0 0
controllable in the sectat € [a, b].
Assumption 2.2: The actuator faultf, is in the range D; 0 0
space of the control input, i.erank(B;, F;) = rank(B;), 0 Opk—1)gxq 0
i=1,2,...,h. Di=1| 0 I, 0
Assumption 2.3: The k-th derivative of f, and thek;-th 0 0 Ok —1)a1 xax
derivative of f; are bounded for some given scalarandk;. _ 0 0 Ig,

C = [C Opxkq 8 OpX(kl—l)ql]'

R k 2.1: Assumption 2.1 implies that theth (i = Remark 3.1: Since the pair§A;, C) are observable for all
1,2,...,h) sub-models are locally observable/controllable, - 1 b it follows that

and the whole fuzzy system (2) is globally observable ad”
controllable within the entire sectar € [a, b]. The local ob- sI, — A;
servability/controllability together with Assumption2allow rank [ C ] =n, VseC
the existence of observers/controllers for each of theyfuzz

models to achieve FE/FTC functions. The global observabjkhich leads to

ity/controllability guarantee the existence of an obseiued M sl A

a controller to achieve FE/FTC performance for the whole rank "+kq+g(“ ' }
fuzzy system. In this paper, the observer and controlletHer -
whole fuzzy system are fuzzy observer/controller, obtzhiog

combining the observers/controllers of each sub-models wi

membership functions. = rank

The local observability and controllability can be verified
using the following criteria: thei-th sub-model of (2) is C
(a) observable ifrank[C; CA;; CAZ;...;CAM '] = n, and -
(b) controllable if rank[B;, A, B;, A?B;, ..., A" 'B;] = n. = ntkgtha
Sufficient criteria of robust observability and controilép s, —I,.
for fuzzy systems are given in [25] and [26]. This paper
considers only the observability and controllability ofcea itn 7, (1,.) = sl
triple (4;, B;,C) of the fuzzy system (2), which are special R
cases of [25], [26]. Therefore, the sufficient criteria irb]2 sl
[26] can be directly modified to verify the global observébil Thus, all the sub-models of the augmented system (3) are
and controllability of the fuzzy system (2). observable so that the overall augmented system is obdervab

SIn — Az [7

0
0
0
0




The new stater is estimated by an ASUIO in the form of  Substituting (11) into (2) gives the closed-loop system

h h h

¢ o= > pi(Miz+ Giu+ Liy) io= ) D pipi [(Ai+ BiKuj)x + Eije
i=1 i=1 j=1
i = z+Hy 4) +AA;z + Did] (12)

where z, & € R"tkatkiar gre the observer state and the B
estimate ofz, respectively. The design matricds;, G;, L;, where E;; = [—BiKq; F; 0].
and H are of compatible dimensions.

Define the estimation error as= & — z, then V. FE AND FTC SYNTHESIS

A. Separated Designs of FE/FTC

As summarized in the Introduction, the state-of-art of the
+EAA;T + EDi(ﬂ (5) way to synthesize the FE and FTC modules is the separated
_ N design approach, by designing first the FE observer and then
where= = Inyrqihign — HC, Li = Lii + Lai, ©1 =EA; —  the FTC controller. This separated FE/FTC design idea is
L1;C'—M;, ©; = EB;—G; andO3 = (EA; — L1;C)H — Lai.  achieved based on the satisfaction of the Separation pienci
Lemma 3.1: Without uncertainty and disturbance, the errognq it neglects the bi-directional robustness interastiba-
dynamics (5) are asymptotically stable if it holds that ftir apween the observer and the controller which results from the
i=1,....h, disturbance and uncertainty. In this respect, the erroadyos
6) are rearranged into

h
i=1

M; are Hurwitz

EAZ — LMC’ — MZ = 0 (7) h _ _ _
=B~ G = 0 ®) ¢ = D pi[EA - LuC)e+EDid]
_ _ 1=1
(E4; — L1;,C)H — Ly; = 0. 9) ze = Cee (13)

Proof: Consider that no uncertainty and disturbance A ere
acting on the system and the conditions (6) - (9) hold, thrﬁatrix g
error dynamics (5) then become

h
i=1

which are stable angli}m e(t)y=0foralli=1,...,h. ®
Upon the satisfaction of conditions (7) - (9) and considgrin

€ R* is the measured output arid., is a constant

f appropriate dimension. Suppose that the observer
has already been made stable, ice= 0, then the feedback
control system becomes

Il
N

1=1j

h
J=1
F,f
x

. . Ye =Y
the uncertainty and disturbance, (5) can be rearranged as
y ) 9 s = Ca (14)
h
¢=Y pi [(EA; — LC)e + EAA;z + EDyd] . (10) wherey. is the compensated system outpfit,is the sensor
i=1 fault estimate,z, € R?* is the measured output, and the

Remark 3.2 It should be noted thaf; = =B;, and the constant matrixC',, is of appropriate dimension.
remaining matrices»; and M; can be derived immediately Theorems 5.1 and 5.2 are sufficient pre-requisites to the de-
from (7) - (9) once the matrices,; and H are designed to termination of the observer and controller gains, respeiti
ensure the robust stability of (10) in the sequel. Thus, theTheorem5.1: Given a positive scalayi, the error dynamics
design of the observer (4) is reduced to a comparativelylsimf§13) are stable withH, performance|G., 4| < 1, if there
design of L;; and H, which facilitates the FE/FTC design€Xists a symmetric positive definite matri§, and matrices

procedure_ Wy, Wy, such that for alk = 1,2,..., A,
¥y Y1D;—WiCD; C]
IV. FTC CONTROLLER * —2I 0 <0
Design an FTC controller for the system (2) as * * -1
h R whereV; = He(Y; A; — W,C A; — Wo,;C). Then the gains are
w= ZPZKZQZ (11) given byH = Y1_1W1 andL; = Y1_1W2i.

Proof: The proof of Theorem 5.1 directly follows from
whereK; = [Kui Kfi Omx((h—1)g+k1q)] With Kz; € R™*"  the Bounded Real Lemma [27] with’; = Y1 H and Ws; =
andKy; € R™* the state-feedback control gains and actuat®fi L1;, i = 1,2,..., h. u
fault compensation gains, respectively. According to Assu Theorem 5.2: Given positive scalars, andeg;, the control
tion 2.2, K ;; are chosen a& s, = —B! F}. system (14) is stable witlif, performance|G., 4| < 72, if



there exists a symmetric positive definite matix and ma- Define H = [Hy; Ho; Hs; Hy; Hs), it follows that
tricesWs;, j =1,2,--- ,h, suchthatforall,j =1,2,...,h, (I, — HiC)A Az

\IIQ Dz ch;:rl M()i XlNO—C B 7HQCAAZZ
x x ~I 0 0 <0 (15) —H,CAA;w
* * * —EQZ‘I 0 —H5CAAZJ)
* * * * 7(6()““‘)71[ (In — ch)Dld
where ¥, = He(A; X, + B;Ws;). Then the control gains are o —HyCD;d
given bszj = deXfl EDZd = —H3CDid + Wk—1 . (19)
Proof: Denote yo; = ' AA] Xox + o7 XoAAz, it —H4CD;d
follows that for some positive scala¢s;, —H5CD;d + vg, —1
_ T From (18) and (19) we can see that: (i) The state esti-
_ ——1 3T _ N . .
Xoi = = [VeO'L Mo; Xoz VeO'LFOlNOII} mation and FE are affected by the disturbantend the
—1,,T uncertaintyA Az, whilst the FE is also affected by the fault
X [\/€0i M. X, — 4/ iF zNz . . ..
[ € 0i 20T T VE0iH0i N0 I} modelling errors, i.e.w,_1 and vy, _1; (i) The feedback

+eoit " XoMo; My; Xox + eoir ' Ny, Fo; FoiNoiz  control system is affected by the uncertainty, disturbance
< eglta’ XoMoiMy, Xox + eospiz | Ng; Noj. and estimation errors. This important phenomenon of bi-
directional robustness interactions between the FE and FTC

i i _ T e :
Consider a Lyapunov functiobi,o = a* Xo, then modules has been defined in [22] as a robustness issue for

) h h uncertain linear systems. This paper extends the notion of
Vio = Z Z pip; [z He(Xo(A; + BiKyj))x + Xos this robustness interaction into the framework of a T-S yuzz
i=1 j=1 system representation of a nonlinear system.
+He(z " X D;d)] Usually when controllers and state observers are designed
hoh for nonlinear systems it is assumed that in a state spacerregi
< Z Z pip; {z " [He(Xo(A; + BiKy;)) close to the system operation a locally linear dynamicaksys
i=1 j=1 can be used for design. Hence, for such systems it is well
+egi1X0M0,-M(;XO + EOi,UiN(;;NOi] r known that the Separation Principle cannot apply in genéral

T this work we consider the application of a T-S fuzzy approach
+He(z " XoDid)} . to a nonlinear system problem and hence a form of specially
By the Bounded Real Lemma [27], the system (14) is stabl{egrated design must be used to achieve the robustness
with H,, performance|G._ 4| < 72, if it holds that in the estimator and controller designs. From the statement
above for the FE and FTC problems bi-directional robustness

. T
? i(o% Cgl <0 (16) interactions exist between the FE and FTC controller madule
. 12 7 and hence a true integration of these module designs must be

achieved to obtain satisfactory robust FTC performance.
where © = He[Xo(A4; + B;K,;j)| + egilXOMOiM(;XO + So, although the separated design method in Section V-A
€0ifti Ng; Noj- can avoid the design complexity resulting from the coupling
Note that the inequality (16) is nonlinear. Defidg = between the observer and controller, it only permits a stibop
X, !. Multiplying both sides of (16) byliag(X1, I, 1) and its mal solution of the overall FTC system design to be achieved,
transpose and using the Schur complement, then (16) becoteeasling to degraded FE/FTC performance. To overcome this,
T T Section V-B describes an integrated FE/FTC design strategy
Yoo Do XCo o Mo X1, (see Fig. 2) for the system (2) by taking into account the bi-

2
* =l 0 0 0 S ’ .
« N 7 0 0 <0 (17) directional interaction.
* * * —EQZ‘I 0 .
* * * % —(eipi) 1T B. Integrated Design of FE/FTC

Combining (10) and (12) gives the following composite
closed-loop system including fault estimation with fawit
Snsation control, based on the T-S formulation given in (2)

where ¥y = He(A; X7 + B;K,;X1). Further defineélVs; =
K,;X,, then (17) directly leads to (15).
Recalling here the error dynamics (10) and the closed-lo8
system (12) h I o
T = Z Z pipil(Ai + BiKy;)xr + Eijje + AA;z 4+ D;d
pz[(E‘ZL - Llié)e + EA/LJ_S' + EDZ _] =1i=t

h
=1

Il
.M:

s
Il
—

PipPj [(Az -+ BZKx]>l' —+ Eije R
1j=1 Yye = y—Fsfs
AA;x + D;d]. (18) z. = Chx+Cee (20)

Il
B
™=

+
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Fig. 2. Frameworks of the separated and integrated FE/FB@misystems

wherey,. is the compensated system outpﬁt,is the sensor then for some positive scalas;,

fault estimatez, € R" is the measured output, and the matri- -

cesC, andC. are of appropriate dimensionB; = [D; 0].  y,, = — [\/e_u’lMOTiETYe — \/G_UFOZ.NOZ.Q;}
Note that the integrated FE/FTC design for the T-S fuzzy o TeT

system (2) is now reformulated into an observer-based tobus x [V i MyuS Ye—y E”F(”N(”x}

cor_1tr0| problem of thg composite clos_ed—loop system (20), +e;'e " YEMyMy;Z Ye + ez No; Fy; Foi Noix

w_hmh WI|| be solved in the seguel using ., optimization efileTYEMmMOTiETYeJreuuixTNoTiNm:c.

with a single-step LMI formulation.
The strategy for solving the integrated FE/FTC robudthus the time derivative oV, is

design is in general a bilinear matrix inequality (BMI) plein

IN

h
as outlined in Lemma 5.1 below. However, Lemma 5.1 leads  _ Zpi [e THe(Y (E4; — L1,C))e + He(e T YED,d)
to a statement that Lemma 5.2 will transform the integrated —
design into a single-step LMI problem, which facilitate® th +x14]
solution strategy. Lemma 5.1 is inspired by [28] as follows. h
Lemma 5.1: Given positive scalarsy, ei;, and es;, the < Zpi{eT[He(Y(EAi — L;0))
closed-loop system (20) is stable witH,, performance i=1 o o
|G, 4ll < =, if there exist two symmetric positive definite +e, YEMy; My;Z"Y]e + He(e YED;d)
matricesX andY, and matricesK,;, Li;, Xii, Xij = Xji, +€1iui$TN0TiNm:E}- (24)

i#j,4,7=1,2,..., h, such that
Consider a Lyapunov functiol, = 2" X« for the control
system. Defineyz; = 2T AA Xz + 2T XAA;z, it follows

[ He(X Ay) XE;; B that for some positive scalats;,
I * He(Y I;) } < X (21) -
- y N o 1T N
He()i/ll]) XI(_IEEL(JY—;E)N) :| < Xij +XZ-—]|—- (22) X2i [\/ €2 My Xw— €2LFOLNOLJ/':|
- R —LlasT _ SN
Yo o T x [ fezi M Xz ,/—GQZFO,LNOZx}
. _ . . teite T X Mo; My, Xx + gz No; Fy; Foi Noix
X;L . Xhh ﬁh <0 (23) S e;ileX]WOiMJ;Xx + EQiMixTN(;;NOifL‘.
moo... 1 1 - | - |
o Similarly, the time derivative oV, is
) h h
L1;C, Aij = Ai+ Aj+ BiK o j+ B Ky, Iy = 2(EA;— L1;0), i=1 j=1
Eij = [—BLKJ,J Fi 0], EJL = [—BJKLL Fj O], HL = T n T - ’:|
A +He(x' X Fj;e)+ xo; + He(x' X D;d
diag(My;, a;), Ty = [AiX Mo ANy, 0 A XD; C[], ( i) x2 ( )

HQZ' = [0 0 )\&YEM()Z >\4ZYEDZ C;r], )\li = \/6271-1,

Aoi = flier Aai = \Jer; s and Ay =y i=1j=1
-1 ML NI N,
~ Proof: Consider a Lyapunov functio, = ¢ Ye. Define gy X MoiMo; X + GQ’M’N‘)ZANf"]x
My; = [My; 0]T andy;; = 2 AAJZETYe + e YEAA;Z, +He(z " X Ejje) +He(:cTXD,-d)}. (25)

IN

h h
SN pips{e T He(X (4 + Bikaj)



andV =V, + V.. By (24) and (25),

h h
S pipig” [

iljl

Define¢ = [z" e']"

J1ij

*

XEZ'j
Joii

- ZszpJ—gsTPD D] P¢
1=1 j=1
h — ~ ~ —
+> pi(d" D P¢+¢TPDid) — 2]z (26)
i=1
where D; = [D; D;], P = diag(X,Y), pe = (e1; + €2:) i,
Ty = e [X (A, + B )] ey X Mo Mg X g Not
LXDiD] X +C]C,, and Joy; = He [V (24; — L1,C)] +
; YED, DT”TY + e 'YEMuMSETY + CT C..
The H,, performance|G, ;|| < v is represented by
J = / (2] 2 —y%d"d)dt < 0. (27)
0
Under zero initial conditions,

o0
/ (z;r Zr
0

/ (2 2 —42d"d 4 V)dt.
0

(oo}
J —72f&+1'/)dt—/ Vdt
0

<

Subsequently, a sufficient condition for (27) is

Ji :z,,—‘rz,,A—'de)rcz—i—V<0.
Defineé = [¢T d"]T and use (26), then equivalently
b Ju; XE
_ L FT 1ij ij |z
Jl - Zzptpjg |: *J J2iiJ :| §

< (28)

By applying the Schur complement to (28), we have

R h
S pip (Tij +ILIL)
i=1 j=1

wherell;, = diag(Hh-, HQZ'),

u * He [Y(EAZ - lec)} '

with I, = [)\ILXMOL )\QLN 0 \y; XD; CT] and I, =

[00 \3;YEMo; A\;YED; CT]

Actually, if (21) - (22) hold, then it follows from (29) that

h
Z Z pip; (Xij +ILIL))

i=1j=1

<0 (29)

<0,

which can be ensured by (23). |

It should be noted that (21) - (22) are nonlinear inequalitie
which cannot be solved by LMI tools directly. To tackle this
problem, Lemma 5.1 is further converted into the following
equivalent Lemma 5.2 with LMI constraints.

Lemma 5.2 There exist two symmetric positive definite
matricesX andY’, and matricesK,;, L1;, X, Xij = in,

i # j,4,7 = 1,2,...,h, such that (21) - (23) hold if and
only if there exist two symmetric positive definite matricks
andY, and matriced(,;, L1;, P;;, and@;; with P;; and Q;

symmetric,i < j, 4,5 = 1,2,..., h, such that
He(/l“X) < Py,
He(YTy) < Qus,
He(A;; X) < Pij + PL—lj—v
He( )<QLJ+QL]) Z<.j7
[ P Py, Iy
IT : . < 0,
Py, Py 1ip,
L Hirl Hirh -1
Qll th
: : < 0
I Qnn

Whereﬂh- = [)\liM()i )\QZXNO—C 0 \g;D; XCJ]

Proof: The proof of Lemma 5.2 is achieved with minor
modification according to the proof of Lemma 2 in [24], and
thus is omitted here. |

Now Theorem 5.3 based on Lemma 5.2 is given to solve
the integrated design problem for the composite closeg-loo
system (20).

Theorem 5.3: Given positive scalarsy, €1;, and ey;, the
system (20) is stable with th& . performance|G, 4l < 7,
if there exist two symmetric positive definite matric&sand
Y, and matricesk;, H, L;, P;j, andQ;; with P;; and Qy;

symmetric,i < j, 4,5 = 1,2,..., h, such that
He((Y — HC)A; — L;C) < Qui,

.
+ P,

He(A; X + A, X + BiK; + B;K,) < P,

He(2((Y — HC)A; — L;i0)) < Qi + QF,
[ Pu Py, T
. : AZ < 0’
IflTh Py 1ip,
pith Iy, —I
Qll th
. N < O
I Qnn

whereIl; = [A; Mo, >\21XN01 0 \i; D; XCT] Then the
gains are given byK,; = K, X'\, H=Y 'H,andLy; =
YL, i=1,2,...,h.

Proof: DenoteK; = K,; X, H=YH, andL; = Y Ly;,
i1=1,2,...,h, then the proof of Theorem 5.3 follows directly
from Lemma 5.2. [ |



C. Computational Complexity Analysis results shown in Section VI, which then help to illustrate th

. l'fnlportance and advantages of the integrated design idea.
The design parameters of the observer (4) and the controlle

(11) are obtained mainly by solving the LMIs in Theorem VI. SIMULATION EXAMPLE
5.3 using the Matlab LMI toolbox [29]. For the LMIs in
Theorem 5.3, defind?y; and Sp; as the total row size and
the total number of scalar variables, respectively. Acitard
to [29], the computational complexity (or number of flops
N(e) needed to get am-accurate solution of the LMIs in

In this section the effectiveness of the proposed intedrate
approach is demonstrated by applying it to the stabilizatio
ior an inverted pendulum on a cart. The pendulum used has a

onlinear model [30]

Theorem 5.3 isN(g) = RoS; log(V/¢), whereV is a data- 1 = @2

dependent scaling factor. For the proposed integratedTRE/F gsin(z1) — amla3 sin(2z1)/2 — acos(z1)u
approach,Ry = (h* + 3h + L)n + (h? + 3h)(kq + k1q1)/2 = 41/3 — aml cos?(z1)

and Sy = hnm + p(n + kq + kiq1) + (h? + h + 2)[n(n + y = [o12a]"

1) + (n+ kg + kigi)(n + kg + kigi + 1)]/4. Similarly,
it can be calculated for the separated FE/FTC approasherez; andx, represent the angle of the pendulum from the
Ro=h[4n+ (k+2)qg+ (k1 +2)g+ 20+ 2 +p] andS, = vertical and the angular velocity, respectivejyis the gravity
hnm 4 (1 + h)p(n + kq + kiq1) + [n(n + 1) + (n + kg + constantm is the pendulum massy is the cart massy/ is
kiqi)(n + kq+ kiqr +1)]/2. the pendulum lengthy is the force applied to the cart, and
Compared with the separated approach, the proposed Gri= 1/(m+ ). The model parameters used in this study are
tegrated approach has higher computational complexitg. TH = 2.0 kg, M = 8.0 kg, and2/ = 1.0 m. _
computational complexity of the integrated design mainly The balancing problem for the pendulum with actuator
depends on (i) the system and fault dimensions, (i) the suults and disturbance is studied in [12] using separately
model numbers of the fuzzy system and (iii) the fault orderdesigned adaptive observer and dynamic output feedback
Among the above three factors, (i) and (i) can be tunegontroller. The pt_endulum syst.em is nonlinear but two pdimts
Although increasing (i) and (iii) can provide more accerat(71,72) are considered to derive the two-rule T-S fuzzy pendu-
approximation of the nonlinear system and fault modelling, U™ model. Moreover, the pendulum system model is assumed
leads to higher computational complexity. Therefore, dera t© havg uncertainty, d|sturbe_1nce, and actuator/sensdisfau
off needs to be made for choosing the numbers of fuzzy rul@§cording to [30], the following two-rule pendulum system

and fault modelling orders. model is valid in the controllable region, € (—90,90) deg,
Furthermore, since the combined observer and controller 2
structures of the integrated and separately designed FTCE = »_ pi(1) [(Ai + AAi)z + Bi(u + fa) + Did]
systems are the same, it also follows that their online com- i=1
putational loads are identical. As the design parametetseof ¥ = C7+ Fofs (30)
observer/controller are obtained from the LMIs off-lineeth\yherep, (z,) = 1 — 20a1], po(x1) = 2|z,
resulting on-line computational burden is expected to e lo 0 1 0
Remark 5.1: Two more groups of scalars;; and es;, = [ m 0 } By = [ _m } C=1I,
i = 1,2,...,h, need to be chosen to solve Theorem 5.3, 0 1 0 1
due to the consideration of the presence of the uncertainfe = [ 29 0 } By = { _ af ,
Note that although [24] and [28] in their T-S fuzzy system ”<4l/3—“6'”52> 01 4/3—amif? ]
control problems use observer-based state feedback, they/$ = Dy = 0.01 |’ Fy = { 0'3 , and 8 = cos(88°).
not consider the presence of faults. In the light of this the ' ' 0 o
current work faces a bigger challenge since both the robusiThe uncertainties arédA; = AA; = o 01 where

fault estimation a_nd fgult tolerant conjpe_znsation are idetl o1 = 0.1cos(t) and s = 0.1sin(¢). The disturbance ig —
However, by taking into accoura priori the presence of 0.01sin(10¢) and the faults are

uncertainty and disturbance and the subsequent bi-cbresdti 1, 0<t<5 0.1, 0<t<14
robustness interactions between the FE observer and the FJZi;C‘i sin(t), 5 <+<920 =14 02, 14 <t<93 .
control system, the proposed integrated approach is aibdic 1, +> 20 0.1, +> 93

to systems with faults, uncertainty, and external distndea The two sub-models of fuzzy system (30) are verified
Remark 5.2: As reviewed in the Introduction, there is noto be locally observable and controllable, whilst the whole
such a systematic integrated FE/FTC design strategy for Tfzzy system is also verified to be globally observable and
fuzzy systems. The existing works mostly follow the sepatat controllable using the methods proposed in [25] and [26].
FE/FTC design idea, although using different FE observersThe integrated FE/FTC design for the pendulum system is
and control designs. Thus, without loss of generality, &fbrisolved with parameters: = 3, k;, = 2, C, = I, C. = I,
presentation of the separated design idea and its conservatn, = 0.1, 8s = 0.1, u = 1, e; = 100, e = 15, and~ = 1.
ness are provided in Section V-A for the proposed ASUIO artebr comparison, the separated FE/FTC design is also sieallat
FTC controller. This motivates the research on the integratwith the same system parameters and= 0.86 and~, = 0.5.
FE/FTC design in this paper. Comparisons of the performanceThe H,, attenuation levels together with computational
of these two design methods are provided in the simulaticomplexity (see Section V-C) of the integrated and sepdrate



designs are listed in Table I. Compared with the separated —99.1268 3.7239 —0.0019
FE/FTC approach, the proposed integrated approach loses a 111.3488 ~ —0.9468 —0.0221
certain degree of FTC robustness resulting from the sharfing 601.9768  —229.2507 —1.4005
the common Lyapunov matrices in the observer and controltee = | 216.8746  —83.4618 |, G = | —0.5553 |,
designs. The proposed integrate design also has highénen-| 44.6287  —16.3783 —0.1231
design computational complexity. However, it is shown ia th 93.7791 9.0680 0.0433
table that for these two approaches the solutions for thesgai | 83.5292 3.6323 0.0204
are not time consuming (performed on a PC computer with a 15.8632 —0.1463
3.10GHz 4 cores Intel i5-2400 CPU). 77810 —0.6906
349.1615 —106.9607
TABLE | H = 137.8961 —42.4106
Hoo ATTENUATION LEVEL AND CONSUMING TIME 30.0311 —9.3986
_ —31.1252  3.3054
Integrated design Obigfvaef?twc(lﬁlr%ﬂer | —20.3739 1.5573
Yemin 0.10 0.77 0.01
Cpg Omﬁg s) 4&’1%?32 31‘);12% 02.(2)’3172 A. Comparison of Linear FTC and T-S Fuzzy Integrated FTC

This section demonstrates the superiority of the proposed
Solving Theorem 5.3 with the chosen parameters giv@sS fuzzy integrated FTC design to the linear FTC design
the following observer and controller gains of the integdat (with the pendulum model linearized around the stable point

approach

Ko, = [1062 309.2], K,, = [2379.1 672.7],

M,y

M,

Ly

—0.4482
14.3939
7.2944
2.8023
0.5608
—0.8619
—2.0198

—0.9877
9.5774
2.9603
1.0841
0.1947

—1.5368

| —1.6108

—107
—81
—15150
—6029
—1340
588
307

—14.1330
—0.7661
69.8885
27.7887

6.2677
1.3328
1.9634

—0.0878
—1.0144
—64.1764
—25.4464
—5.6391
1.9833
09344 0

oSO o~ O O
DO OO OO

i.e., p2(x1) = 0). The ranges of the balancing initial angle
considered for each of the methods are examined here with
2(0) = [0.1;0.1;0.1;0.1;0.1; 0.1;0.1] and z(0) = 0, along

with different initial angles.

Linear FTC
T

500

400

300

200

100

——21(0) =5 deg
— —-,(0) = 10 deg /
-11(0) = 18.8 deg i

—0.1698
—0.4324
—125.1272
—49.7641
—11.1597
—1.2495
—2.0623

—1.5424 |
—0.5709
—2.8279
—1.0664
—0.1835
3.1209
1.5702

—9.5573
—1.5836
—1.6618
—0.5824
—0.0669
1.9598
1.8959

1.3561
1.2341

-0.0019 0 O
—-0.0221 0
—1.4005 1
—0.5553 0
—0.1231 0
0.0433 0

0.0204 O

—1.5424
—0.5709

S OO ~= OO

16
98
5936
2361
525
—182

87 |

4.4030

1.5952

0.2092
—5.8085

—4.2464

7G1

[ —0.0878

—2.8279
~1.0664 |,
—0.1835
3.1209
1.5702

—1.0144
—64.1764
—25.4464
—5.6391
1.9833
0.9344

10 I I I I I I

600 T
——21(0) =5 deg
— = -2,(0) =20 deg
—omey(0) = 441 deg

Pendulum angle (deg)

400

200

20 I 1 I I I I I I

Fig. 3. Angle response using linear and T-S fuzzy integr&t€g

TABLE Il
MAXIMUM INITIAL ANGLE |z1(0)| OF THE PENDULUM
Cases T-S fuzzy design linear design
Actuator fault case 45 deg 19.5 deg
Sensor fault case 44.1 deg 18.8 deg
Actuator/sensor faults case 44.1 deg 18.8 deg

In the presence of both actuator and sensor faults, siroulati
results in Fig. 3 indicate that the proposed T-S fuzzy iraesgt
FTC can balance the pendulum for initial angles(0)| <
44.1 deg (x2(0) = 0). In contrast, the linear control fails to
balance the pendulum for initial anglés; (0)| >= 18.8 deg.
Similar simulations are performed for the cases when the
pendulum has either an actuator fault or a sensor fault. The
maximum initial angles of the pendulum for all the three sase
are summarized in Table Il, from which it is concluded that
the proposed T-S fuzzy integrated FTC design balances the
pendulum for much larger initial angles than the linear FTC.



B. Comparison of Integrated and Separated FE/FTC Designs

In order to demonstrate well the effectiveness of the pr
posed integrated FE/FTC design and its superior FE/F1
performance compared with the separated design, two sets
simulations are carried out for the pendulum with differer
initial angles and different uncertainties, respectively

1) Performance with Different Initial Angles: Simulations
are performed with uncertainties, = 0.1cos(t) and oy =
0.1sin(¢) in three casesCase 1: The pendulum has only
actuator fault;Case 2: The pendulum has only sensor fault
Case 3: The pendulum has both actuator and sensor faults

Separated design
T

Actuator fault estimation error e |

Fig. 4. Actuator fault estimation with different initial gles: Case 1

Separated design
T

Integrated design
T

Pendulum angle (deg)

I I I I I
0 5 10 15 2 2 30
Time (s)

Fig. 5. Angle response with different initial angleSase 1
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T

5 T

4 02
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Sensor fault estimation error [e

T
i
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i .
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H
i 10 15 20 25 30
A} 4
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0 5 10 15 2 2 30
Time (s)

Fig. 6. Sensor fault estimation with different initial aagi Case 2

Pendulum angle (deg)

Separated design
T

4

Integrated design
T

==
— ==y (0) = 39 deg

5 10 15 20 2
Time (s)

Fig. 7. Angle response with different initial anglé3ase 2

Actuator fault estimation error [e |
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T
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Time (s)

Fig. 8. Actuator fault estimation with different initial gles: Case 3

Fig. 9.

Fig. 10.
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From Figs. 4 - 10, it is observed that in the whole range

Separated design
T

11

the balancing initial angles listed in Table I, the propbge T o]
tegrated FE/FTC design achieves better FE/FTC performar o
than the separated design in all the three cases simula ‘ At |

Except forCase 2 when the pendulum has only actuator fauli

the separated design cannot balance the pendulum.

T
71 = 02,0, = 0.1sin(t)
——-0;=01cos(t), oy =1
=01 = 1,0, = L5sin(t)

2) Performance with Different Uncertainties. To test the
robustness of the proposed integrated FE/FTC design, cc
parative simulations of the integrated design and se
arated design are performed initial conditiong0) =

Sensor fault estimation error e |

[0.1;0.1;0.1;0.1;0.1;0.1; 0.1] and 25 (0) = 0 and with differ-
ent uncertainties. The initial angle is setag0) = 15 deg.
Simulations are performed for the following three casgsmse Fig. 13. Sensor fault estimation with different uncerteist Case 2
1: The pendulum has one actuator fault (with no sensor faults);
Case 2: The pendulum has only a single sensor fault (with n

Separated design
actuator faults)Case 3: The pendulum has one actuator faul
and one sensor fault.

Separated design
T

Integrated design
T

Pendulum angle (deg)

|

I
of 0 b |
.g_ 10 15 20 25 30 i *I
5
c ! | i I
§ 10 15 2 2 EY 0 Z\\Y, =
E Integrated design 10 L I I L I ]
H [ [ 0 5 10 15 2 %
? 0.1 Time (s)
2
S t
kit 0.05 i
< i . . . ..

s 1 Fig. 14. Angle response with different uncertainti€sse 2
10 15 20 % 30
A | . i |
5 10 15 20 2 30
Time (s) Separated design
T

T
71 =023, = 0.1sin(t)
— =0 =0.1cos(t), oy = 1
——-01=1,0, = L5sin(t)

Fig. 11. Actuator fault estimation with different uncentiés: Case 1

N B i N, R i T e
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T
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V8 I\
I, o~ 7
L]0 - =

Actuator fault estimation error |e

Pendulum angle (deg)

01 =02,0; = 0.1sin(t)
1

Fig. 15. Actuator fault estimation with different uncergés: Case 3

Separated design
T

I I I I
0 5 10 15 20 2 30
Time (s) 01

Fig. 12. Angle response with different uncertainti€ase 1

In the presence of different uncertainties, it is observethf
Figs. 11 - 17 that the proposed integrated design perforriis w
with better FE/FTC robustness to the uncertainties than t
separated design for all the three fault cases considered. i

L | / N N

T
71 =023, = 0.1sin(t)
——-o1=0lcos(t).or =1
——-0 = 1,0, = L5sin(t)

Sensor fault estimation error le_|

Summarizing the results, in the presence of uncertain 5 - ~ . -
disturbance and faults, the proposed integrated desigawash Time 5
better FE/FTC performance with higher robustness to the S N
uncertainty than the separated design. Moreover, the atear Fig. 16. Sensor fault estimation with different uncertaisit Case 3
design is unable to balance the pendulum when sensor faults
exist.



(4

Separated design
T

(5]

(6]

Pendulum angle (deg)

(7
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Time (s)
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Fig. 17. Angle response with different uncertainti€ase 3 EJ
[10]
VII. CONCLUSION

Although the idea of integration of control and fault diagnad11]
sis was suggested three decades ago by [19], no existingswork
have attempted the true integrated design of FTC systepg
(rather than just control/diagnosis) with FDI/FE for nowar
system. In this paper, a new integrated FE/FTC design girate
is proposed for nonlinear systems subject to actuator apg)
sensor faults along with uncertainty and disturbance u§iSg
fuzzy modelling. [14]

An ASUIO is proposed to estimate the system states and
faults simultaneously, and then the estimates obtainedsae
to construct a reconfigurable fuzzy FTC controller. Comparé15]
to the FDI based FTC system design which requires an optimal
residual threshold setting and a robust stable reconfi¢rira36l
mechanism, the direct use of the observer-based FE within
the FTC system design framework is proposed to enable
the integrated design to be an observer-based robust tonikd
problem with a single-step LMI formulation. The simulation
example corresponds to a physical system illustrating the
effectiveness of the proposed integrated FTC design aidl
its practical potential. By considering in advance the bi-
directional robustness interactions between the FE and, FT{g)
the proposed integrated design can achieve better ovér@ll F
system performance than the separated design. [20

It should be noted that the robustness interaction leads
to increased design complexity, which makes the integrated
FE/FTC design necessarily a challenging problem (BMI prole-
lem). Thus, a simpler way to solve the BMI problem or g2]
strategy to reduce the design complexity, e.g., by decogpli
the FE observer from the FTC controller can help to achiel!
the integrated FTC system design. In addition, pole placéme
can be combined together witH,, optimization to ensure [24]
acceptable time response of the overall system.

[25]
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