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ABSTRACT
In this study, a reduced-order fast proportional integral (PI) observerwith a fast convergence function
based on the equivalent control notion is developed to estimate the side slip angle β . An unknown
state can be discovered by forcing the PI term on the state error, which is the difference between the
real and estimated states. A secondorder slidingmode control (SOSMC) basedon aproposednonlin-
ear slidingmanifold is designed to achieve improved transient response and control performance by
robustness. The proposed sliding manifold ensures the convergence of the roll angle in finite time.
To validate the assertion regarding the proposed SOSMC, classical SOSMC and proportional inte-
gral derivative (PID) SOSMC are simulated both in the absence and presence of disturbances. The
simulation results show that the proposed SOSMC over-performs in terms of achieving the desired
response in both cases. Additionally, a numerical analysis is also performed for both scenarios to
evaluate the effectiveness of the proposed controller in terms of the power consumption of the con-
trol law and burden on the aileron control surface. Finally, Monte Carlo simulations are performed to
demonstrate the robustness of the proposed controller against external disturbances.
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1. Introduction

To meet the demands of aerial dominance, modern air-
craft and jet aircraft are designed for high speed, high
angles of attack and manoeuverability. These criteria
require aircraft to operate with a low aspect ratio, a high
swept-back or delta wing and a long slender body, result-
ing in exceedingly complicated aircraft dynamics in non-
linear flying regimes, and an increase in maximum possi-
ble speeds owing todrag reduction (Ghorawat, 2015). Fly-
ing at low speeds (subsonic, transonic) with a high swept
back or delta wing necessitates relatively high angles of
attack, which induces a characteristic vortical flow, and
these geometric configurations provide more longitudi-
nal stability than lateral stability (Pakmehr, 2005). Thus,
weak lateral stability reduces the rolling inertia, and any
formof perturbationmay result in instability under a high
swept back or delta wings. Whenever a lateral perturba-
tion occurs, the vortical flow begins to interact with the
aircraft body, causing oscillations, predominantly in roll,
that vary with variations in the angle of attack. This leads
to damped oscillations at low angles of attack, but dimin-
ished damping at high angles of attack, resulting in a limit
cycle. Hence the appearance of a limit cycle along the
roll channel is called the Wing Rock Phenomenon (WRP),
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as illustrated in Figure 1. The WRP is further classified as
slenderwing rock, conventionalwing rock andwingbody
rock according to the intricacy of its interaction with rigid
body motion (Saad, 2000).

To eliminate WRP, feedback control that ensures sta-
bility and maintains aircraft performance is essential.
Based on the uncertainties generated by aerodynamic
factors and unknown disturbances, Yin et al. (2019) for-
mulated two control schemes for the aircraft to reduce
wing rock motion. The first scheme employs adaptive
control to estimate all unknown rolling coefficients and
an observer is used in the second scheme to evalu-
ate uncertainties such as parameters perturbation and
external disturbances. To eliminate wing rock oscilla-
tions and track the roll angle of a linear referenced
model, Andrievsky, Kudryashova, Kuznetsov, Kuznetsova,
Tomashevich et al. (2019) and Andrievsky, Kudryashova,
Kuznetsov and Kuznetsova (2020) proposed an adaptive
control based on an implicit reference model. They also
improved the adaptive control strategy by taking into
account the coupling relationship between roll and side
slip motion, as well as the constraints on aileron deflec-
tion. To deal withWRP in the presence of matched uncer-
tainty, Roshanian and Rahimzadeh (2021) suggested
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Figure 1. Wing Rock Phenomenon (Zribi et al., 2013).

model reference adaptive controlwith an integrator term,
and they composed the adaptive laws with exponen-
tial quadratic terms incorporating a novel quadratic Lya-
punov function. Ene (2013) deployed an adaptive back-
stepping control strategy to realize the parameters as
well as stabilize the wing rock oscillations. Malekzadeh,
Khosravi et al. (2015) sought to deal with the high oscilla-
tions along the roll axis of aircraft at high angles of attack
by developing the conventional backstepping control
technique. For dealing with wing rock variations, D. Wu
et al. (2017) reporteda robust adaptivebackstepping con-
trol approach and an adaptive radial basis function neural
network to predict the uncertainty of the wing rock sys-
tem. An auxiliary system is offered as well to deal with the
actuator saturation problem during backstepping con-
trol, and a dynamic surface control strategy is introduced
to avoid the complicated computation of virtual control
derivatives that occur in backstepping control.

Midhat (2017) presented a comparison of linear
quadratic regulator (LQR) and min–max control schemes
to deal with the WRP and redesigned the LQR controller
for the disturbance environment. To prevent wing rock
motion, Kuperman and Zhong (2015) developed a robust
control strategy based on the uncertainty and distur-
bance estimation. Malekzadeh, Sadati et al. (2016) incor-
porated a proportional integral derivative (PID) controller
to stabilize the wing rock limit cycle, and proposed a
wavelet neural network-based automechanism to adjust
the PID control design gains. To reduce the influence of

wing rock motion, Abdul-Kareem et al. (2022) proposed
linear and nonlinear active disturbance rejection control
methods as well as a butterfly optimization approach to
optimize the gains of both controllers. A Lyapunov-based
full states feedback approach with parametric uncertain-
ties compensation is designed in Ibrir and Su (2014) to
stabilize wing rock dynamics. Immersion and invariance
based adaptive control to stabilize the wing rock motion
is presented in Lee and Singh (2017). To achieve finite
time convergence along the roll angle, a nonlinear ter-
minal manifold is designed. To estimate the parameters,
an adaptive control law is designed with frozen capa-
bility, which implies that once the estimated parameter
reaches the measured parameter, it remains the same
throughout the time and further truncates the estima-
tion process. Cao et al. (2006) developed an L1 adaptive
control scheme to handle WRP in the presence of uncer-
tainties and disturbances. To address the sensitivity of
roll moment coefficients at different angles of attack and
WRP,Xin andBalakrishnan (2004) operated the θ − D sub-
optimal control and solved the optimality problem to
obtain the wing rock suppression by introducing a per-
turbation into the Hamilton–Jacobi–Bellman equation.

Intelligent approaches such as fuzzy logic and neural
networks are capable of performing in situations where
plant information is inaccurate and operating conditions
are uncertain. To address the WRP of delta wing air-
craft, fuzzy logic-based control, fuzzy PD control and an
upgraded version of fuzzy PD control, variable universe
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fuzzy control, are employed in Sreenatha et al. (2000) and
Z.L. Liu et al. (2003, 2004). A single hidden layer-based
adaptive neural network controller (Calise et al., 2004),
and an L2 adaptive controller with a recurrent neural net-
work identifier (Hsu et al., 2005) are developed to cope
the wing rock oscillations. Lin and Hsu (2004) developed
a supervisory recurrent fuzzy neural network to control a
wing rock system, and employed a recurrent fuzzy neural
network to adaptively simulate a linear reference model.

To eliminate wing rock oscillations by cancelling out
the roll angle error, Guglieri and Sartori (2013) proposed
a conventional Sliding Mode Control (SMC) and anal-
ysed the parametric uncertainties of thewing rockmodel,
which varied dynamically with the angle of attack. The
backsteppingSMCanddisturbanceobserver-basedback-
stepping SMC are presented in Humaidi et al. (2019) to
dealwithwing rockmotion anddisturbances. To dampen
the wing rock motion in a delta wing aircraft, Al-Qassar
et al. (2021) constructed a supertwisting SMC, andutilized
a heuristic optimization approach, specifically the whale
optimization algorithm, to compute the optimal gains of
the supertwisting SMC, and then compared the results
of both controllers to verify the superiority of the opti-
mal supertwisting SMC. Based on state transformation,
feedback linearization control and classical SMCmethod-
ologies are developed in Zribi et al. (2013) to convert the
wing rockmodel into a controlled companion form to sta-
bilize the fluctuations of the delta-wing aircraft along the
roll axis. The asymptotic error convergence of both con-
trollers is explored through simulations, and it is found
that feedback linearization demonstrates a faster conver-
gence than SMC. However, there is a disadvantage in the
form of an undershoot when the roll angle is stabilized.
In the presence of time-varying uncertainties, an intelli-
gent control strategy based on type-2 fuzzy logic and the
SMC technique is developed by Tao et al. (2012) to sup-
press wing rock and track the intended roll angle. To esti-
mate the rolling function, an extended sequential adap-
tive fuzzy inference system is constructed. Furthermore,
after estimating the function, SMC-based law is devel-
oped to compensate for the error introduced by the fuzzy
technique andmanage theWRP in Rong et al. (2014). The
dutch-rollmodeoscillationsofdelta-wingaircraft are sup-
pressed by SMC in Z. Liu and Svoboda (2003) and to han-
dle the imprecision of Dutch roll dynamics, a fuzzy logic
control is integrated with SMC. The chain of integrator
control approach is implemented in D.W. Wu et al. (2014)
to solve the problemofwing rock stability in the presence
of disturbances, and a higher order sliding mode distur-
bance observer is proposed to handle the disturbances
during wing rock motion.

Following the aforementioned exhaustive literature
review on WRP, much of this research focuses on the
adaptive formulations and parameter estimation of wing
rock models. Some attention is given to the effectiveness
and convergence behaviour, as well as the state estima-
tion. Consequently, it is crucial to develop a nonlinear
controller that can suppress the WRP and exhibit a sat-
isfactory convergent behaviour and transient response,
while accounting for disturbances and incorporating
state estimation. The main contributions of this study in
WRP suppression are as follows:

• Extended state observers (Fan et al., 2023), high gain
observers and sliding mode observers are full state
observers. If only one state has to be estimated,
a reduced-order observer is designed. A reduced-
order sliding mode observer (ROSMO) (Mahmood
& Okasha, 2024) offers an attractive state estimation
capability, but it has the significant disadvantage of
chattering. To prevent chattering from ROSMO, a low-
pass filter is introduced, which also depends on the
switching frequency and frequency of the system
dynamics. Basedon thenotionof equivalent control (V.
Utkin, Poznyak, Y.V. Orlov et al., 2020), a reduced-order
fast proportional integral (ROFPI) observer is proposed
that takes into account these obstacles and estimates
the side slip angle.

• To steer the state of the wing rock system to its
intended set point or reference signal with a satisfac-
tory transient response, a nonlinear sliding manifold
based on the tanh function is developed. Furthermore,
in the presence of an external disturbance, the control
law based on the suggested sliding manifold ensures
the control efficacy in terms of less power consump-
tion and stress on the control surface.

• The ROFPI observer and reduced-order proportional
integral (ROPI) observer without the convergence
function are compared to evaluate the convergence
performance. In addition, the efficiency of the SOSMC
in suppressing the WRP is characterized by a simula-
tion comparison with classical SOSM and PID SOSMC,
and the closed-loop stability of the SOSMC is estab-
lished by the Lyapunov theory.

The rest of the manuscript is organized as follows:
Section 2 explains the wing rock dynamics and objective
formulation for controller design. The observer design
and SOSMC controllers are described in Section. 3.
Section 4 presents simulation results for the classical, PID,
and proposed SOSMC schemes, as well as Monte Carlo
simulations. Finally, the paper is concluded in Section 5.
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Figure 2. Delta wing configuration aircraft (Saad, 2000).

2. Wing rockmodelling and problem
formulation

Wing rock is normally represented as a self-induced,
pure rollingmotion, characterized by the rollingmoment
being a nonlinear function of the roll angle φ, and the roll
rate P. A wing rock dynamicmodel of a delta wing config-
uration aircraft as shown in Figure 2 has been described
in Ghorawat (2015), Tewari (2000), and the following
assumptions are taken into account.

Assumption 2.1: The nonlinear terms of β are smaller
than the φ.

To obtain pure rolling dynamics, sideslip dynamics is
incorporated into themodel by permitting a yawmotion.
Thus, the rolling moment can be formulated as:

IXX φ̈ = μφ̇ + Cβ̃β − CR̃β̇ + Cδ̃a
δa + F(φ, φ̇) (1)

where IXX is the moment of inertia about the X-axis,
μ is the sting damping coefficient, and Cβ̃ , CR̃, and Cδ̃a
are the coefficients of the sideslip angle, yaw rate and
aileron deflection respectively.F(φ, φ̇) is a nonlinear self-
induced rolling function and is written as:

F(φ, φ̇) = a1φ + a2φ̇ + a3φ̇
3 + a4φ

2φ̇ + a5φφ̇2 (2)

where ai, i ∈ {1, 2, . . . , 5} is computed from the experi-
mental data at a certain angle of attack. Decomposing (1)
yields the roll angle φ and roll rate P as follows:

φ̇ = P (3)

Ṗ = 1
IXX

(a1φ + a2P + a3P
3 + a4φ

2P + a5φP
2

+ μP + Cβ̃β − CR̃β̇ + Cδ̃a
δa)

= A1φ + A2P + A3φ
2P + A4P

3 + A5φP
2

+ Lββ − LRβr + Lδaδa (4)

where A1 = a1/IXX , A2 = (a2 + μ)/IXX , A3 = a4/
IXX ,A4 = a3/IXX ,A5 = a5/IXX , Lβ = Cβ̃ /IXX , LR =

CR̃/IXX , Lδa = Cδ̃a
/IXX . Neglecting the lateral forces

due to β , the resulting yaw moment involving the yaw
angle (−β) and yaw rate (−β̇) is defined as

IZZ β̈ = −CPP − Cββ + CRβ̇ (5)

where IZZ denotes the moment of inertia about the Z-
axis, and CP, Cβ , and CR are the coefficients of the roll
moment, sideslip angle andyawmoment, respectively. As
in (1), after splitting (5), we can extract β and the sideslip
angle rate βr as follows:

β̇ = βr (6)

β̇r = −NPP − Nββ + NRβr (7)

where NP = CP/IZZ , Nβ = Cβ/IZZ , and NR = CR/IZZ .
To realize the WRP and cope with the actuation com-
mand, thedynamics of an aileron actuator is expressed as:

δ̇a = T (δacom − δa) + Da (8)

where δa and δacom are the aileron deflection and the
commanded aileron deflection respectively. The actuator
dynamics acts as a control input. T is the time constant of
the actuator andDa is the lumped external disturbance.

Remark 2.1: |Da| ≤ D ∀ t ∈ �0+, where D is a constant
defining the upper bound of external disturbance.

Consider the following general wing rock nonlinear
system as:

Ẋ = F(X) + BU + D

Y = HX

X(0) = X0 (9)
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where

F(X) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

P
A1φ + A2P + A3φ

2P + A4P3 + · · ·
A5φP2 + Lββ − LRβr + Lδaδa

βr

−NPP − Nββ + NRβr

−T δa

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

BU =

⎡
⎢⎢⎢⎢⎣

0
0
0
0

T δacom

⎤
⎥⎥⎥⎥⎦ , D =

⎡
⎢⎢⎢⎢⎣

0
0
0
0
Da

⎤
⎥⎥⎥⎥⎦ , H =

⎡
⎢⎢⎢⎢⎣
1
0
0
0
0

⎤
⎥⎥⎥⎥⎦

T

Moreover, X = [ φ P β βr δa]T is a state vector, U is a con-
trol input variable, andY is the desired output that needs
to be controlled or stabilized. So objective of this study is
narrated as follows:

Given a desired set point X
tg
φ , design a feedback con-

trol algorithm to suppress the limit cycles that cause the
WRP such that X

tg
φ is an attractive set for (9) by existing

W > 0, such that, X(t : t0,X0) → X
tg
φ as t → ∞ for any

initial condition (t0,X0) ∈ �+ × P(X
tg
φ : W). For the syn-

thesis of the control objectives, the following assumption
is made

Assumption 2.2: Wing Rock’s nonlinear model is con-
trollable and output controllable.

3. Controller design

In this section, the PI-based low-order observer and
second-order slidingmode control scheme are discussed.

3.1. Observer design

The availability of system states is crucial for systemmon-
itoring, control and stabilization. However not all the
states can be directly measured in general. Therefore, the
measured output is used to estimate the unknown state.
State estimation depends on observability. If this condi-
tion is fulfilled, it means that the state can be estimated.
If, at any initial condition, a state vector can be extracted
from the output of the system in finite time, then the sys-
tem is observable. To verify the observability of the non-
linear dynamical systems, an observation space (Boutat
& Zheng, 2021) is established as follows:

O =

⎡
⎢⎢⎢⎢⎢⎣

Y
Ẏ
Ÿ
...
Y i

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎣

H
LFH
L2FH
...

LjFH

⎤
⎥⎥⎥⎥⎥⎥⎦

(10)

whereF ∈ C∞ andH ∈ C∞, Y i is the kth time derivative
ofY , LjFH is the kth Lie derivative ofH in the direction of
F . If the observation space satisfies condition (11), then
the nonlinear dynamical system is observable in the local
(x ∈ X) or global (x ∈ �n) context.

dim (dO|x) = N (11)

whereN is the rank number and the proposed observer
is modelled as

Ẋ =F(X) + KSX∗

˙̂X =F(X) + �P
I (12)

where F(X) is a nonlinear function of the known states
of the system, KS ∈ � and X∗ is unknown state. �P

I is PI
term and can be represented as

�P
I = Ko

PE + K̄o
II

o

İo = Ko
IE

E = 2
π
tan−1(�̄X̃) (13)

where Ko
P ∈ �, Ko

I ∈ �, and K̄o
I ∈ � are proportional,

integral and distributive gains respectively. It can be real-
ized from (13) that E is the output error and must quickly
converge to zero. To accomplish this, a convergence func-
tion with �̄ ∈ �+ is implemented, where �̄ serves as the
convergence speed constant. According to X̃ = X − X̂ ,
the following relationship can be obtained as:

˙̃X = KSX∗ − �P
I (14)

By imposing �P
I on error X̃ = X − X̂ , it is possible to esti-

mate the unknown state X∗. The convergence of X̃ can
be established by assigning the gains of �P

I such that
E → 0 and Io → 0 as t → ∞. Based on an equivalent

control concept (V.I. Utkin, 2013), substituting X̃ = ˜̇X = 0,
the equivalent value of (14) can be found as

X̂∗ = (�P
I )eq

KS
(15)

Remark 3.1: It is observed that after adding the conver-
gence function, the gains of �P

I need to be chosen less
than the corresponding gains without the convergence
function, and the proportional term is also responsible for
the convergence errorwhile the integral term reduces the
steady-state error.
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In this study, the unknown state β can be estimated by
compelling �P̃ term on the error P̃ as

˙̂P = AA + BB + �P̃
˙̃P = Lββ − �P̃ (16)

where AA = A1φ + A2P + A3φ
2P + A4P3 + A5φP2,

BB = Lδaδa − LRβr . After employing equivalent control
approach, β can be estimated as

β̂ = (�P̃ )eq

Lβ
(17)

3.2. Second order slidingmode control

In first order Sliding Mode Control (FOSMC), the equiv-
alent control (Ueq) is formulated by calculating the first
derivative of the sliding manifold SM and obeys the
essential stability requirement (SMṠM < 0) (Mahmood
& Bhatti, 2023; Mahmood, Okasha & Saeed, 2024; Mah-
mood, 2025; V. Utkin, Poznyak, Y.V. Orlov et al., 2020).
The FOSMC’s key challenge is to ensure the reaching
phase in terms of state or error, and then to ensure slid-
ingmotion at the specified slidingmanifold SM (Mechali
et al., 2022; Ullah et al., 2016). Another situation exists in
which Ueq arises after considering multiple time deriva-
tives of SM. This approach is called the rth SMC if SM =
ṠM = S̈M = · · · = Sn−1

M = 0. In the rth SMC, the main
intention is to steer the state or error on the sliding man-
ifold SM and ensure its successive derivatives to zero (V.
Utkin, Poznyak, Y. Orlov et al., 2020). In the case of SOSMC,
the control law aims to drive the slidingmanifoldSM and
its derivative ṠM to null (Ding et al., 2021).

Remark 3.2: rth SMC also deals with affine systems. The
design procedures of the FOSMC and SOSMC are similar
and consist of consecutive selection of a SM. The control
law enforces state trajectories to this manifold.

3.2.1. Nonlinear second order slidingmode control
To dampen the WRP, the difference between the refer-
enced roll angle φd and the actual roll angle φ is treated
as a control variable in the SOMSC, and the controller
formulates a control input that is applied to the wing
rock dynamicmodel to achieve the desired objective. The
tracking error is defined as follows:

E = φ − φd (18)

Based on (18), the three consecutive derivatives of the
tracking error dynamics are given as⎧⎪⎪⎨

⎪⎪⎩
Ė = P − φ̇d

Ë = Ṗ − φ̈d...
E = 	 + ℘Ṗ + ðδacom + LδaDa − ...

φ d

(19)

where 	 = A1P + 2A3φP2 + A5P3 + Lββr + LR(NPP +
Nββ̂ − NRβr) − ðδa, ℘ = Ṗ(A2 + 3A4P2 + A3φ

2 + 2A5

φP), and ð = T Lδa . The expected performance of the
SMC is determined by the planned slidingmanifold (Afifa
et al., 2023). To address the trade-off between effec-
tiveness and control effort while achieving convergence
behaviour and improved transient response, the follow-
ing nonlinear sliding manifold is developed:

SM = 	 tanh(E) + ϒ Ė (20)

where 	, ϒ ∈ �+ > 0. To satisfy the convergence of the
error on the sliding manifold SM, a Lyapunov function
V = 0.5E2 is considered. The reduced-order dynamics
can be formulated to attain error convergence as follows:

V̇ = EĖ = −	ϒ−1E tanh(E) (21)

Eventually, the tracking error will converge to SM by
selection of proper design gains 	,ϒ . The time required
to converge any initial error E(t0) to the equilibrium error
E(te) is computed as

tc = ϒ(ln(sinh(E(t0)) − ln(sinh(E(te)))/	 (22)

Remark 3.3: The derivative of tanh may increase the
complexity of overall control law but has a positive effect
as it increases the error convergence rate and elimi-
nates the undershoot/overshoot because it is smooth,
uniformly bounded, monotonic, antisymmetric and has
convexity for �− while concavity for �+.

Todesign theSOSMC, two successivederivatives of the
desired SM are taken as{

ṠM = 	∅Ė + ϒ Ë
S̈M = 	∅(Ë − 2Ė2 tanh E) + ϒ

...
E

(23)

where∅ = 1/ cosh2(E). The equivalent control (Ueq) acts
as a continuous control during contact with the slid-
ing manifold and ensures that the change in the system
trajectory of the system is perpendicular to the sliding
manifold SM. Thus, Ueq of SOSMC offers asymptotic con-
vergence of the SM to zero according to the desired
problem. Tomaintain the trajectories onSM while devel-
oping the SMC, Ueq is first established. According to the
equivalent control principle S̈M = 0, we obtain

Ueq = 	∅(2Ė2 tanh E − Ë)/ϒð + (
...
φ d − 	 − ℘Ṗ)/ð

(24)

To ensure finite time convergence and the slidingmotion
of the system trajectory on SM, a discontinue control
(Udis) having high-frequency switching control is intro-
duced which makes the SMC law insensitive to distur-
bances and uncertainties (Ajwad et al., 2015). Owing to
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high-frequency switching, chattering is introducedwhich
degrades the performance of the SMC and may saturate
the actuators. To copewith this inherent problem in SMC,
discontinuous control (Udis) is introduced as:

Udis = − 2
π
K̄ tan−1(�ṠM) − 2

π
K̃ tan−1(�SM) (25)

where K̄, K̃ ∈ �+ are switching gains, and �, � ∈ �+
tune the convergence speed by adjusting the slope of the
switching function defined as

2
π
tan−1(SM) =

⎧⎪⎪⎨
⎪⎪⎩
1, SM > 0

0, SM = 0

−1, SM < 0

(26)

To achieve suppression of wing rock and robustness
against disturbances, the SOSMC law (Uδacom = Ueq +
Udis) is designed as follows:

Uδacom = 	∅(2Ė2 tanh E − Ë)/ϒð + (
...
φ d − 	 − ℘Ṗ)/ð

− 2
π
K̄ tan−1(�ṠM) − 2

π
K̃ tan−1(�SM) (27)

After developing the proposed SOSMC for wing rock, the
closed-loop existence of the SOSMC can be corroborated
by the following theorem.

Theorem 3.1: The closed-loop existence of the SOSMC law
for thewing rock dynamicmodel (9) can be globally asymp-
totically stable in the presence of the proposed slidingmani-
fold SM (20) and the proposed embedded lawUδacom (27) if
the discontinuous control gains K̃ and K̄ satisfy the follow-
ing conditions:

K̄ > D, K̄ ∈ �+

K̃ > 1/ϒð, K̃ ∈ �+ (28)

Consequently, φ will converge to the set point to eliminate
theWRP.

Proof: To demonstrate the existence claim of SOSMC
and confirm the statement of the above theorem, a Lya-
punov function (Furat & Eker, 2014) is written as

L = |SM| + 0.5Ṡ2
M (29)

Taking the timederivativeofLand then inserting (23) and
control law (27) into the resulting equation, we get

L̇ = |SM|
SM

ṠM + ṠMS̈M

= |SM|
SM

ṠM + ṠM
(

− 2
π

ϒðK̄ tan−1(�ṠM)

− 2
π

ϒðK̃ tan−1(�SM) + ϒðDa

)

≤ |SM|
SM

ṠM − 2
π

ϒðK̃ tan−1(�SM)ṠM

+ ϒðDaṠM − ϒðK̄|ṠM|

≤ |ṠM|
( |SM|

SM
− 2

π
ϒðK̃ tan−1

× (�SM) + ϒðDa − ϒðK̄
)

≤ |ṠM|
( |SM|

SM
− ϒðK̃ |SM|

SM
+ ϒð(Da − K̄)

)

≤ |ṠM|
( |SM|

SM
− ϒðK̃ |SM|

SM
− ϒð(K̄ − Da)

)

≤ |ṠM|
( |SM|

SM
(1 − ϒðK̃) − ϒð(K̄ − Da)

)
(30)

To maintain the negative definiteness of (30), the last
inequality provides clear evidence for achieving global
asymptotic stability. If we choose K̄ > D, then robustness
is ensured against external bounded disturbances and if
K̃ > 1/ϒð, then slidingmotion is guaranteed. Therefore,
it can be concluded that the existence of the proposed
SOSMCmeets the requirements of the theorem. �

Figure 3 shows a comprehensive block diagram that
includes the proposed observer and the controller.

4. Results and discussion

To examine the superiority of the proposed nonlin-
ear SOSMC approach over the classical SOSMC and PID
SOSMC, wing rock suppression simulations are illustrated
graphicallywith the proposedobserver in the presence of
disturbances and without disturbances. Aero coefficients
for the WRP simulation of a slender delta-wing aircraft at
a 25 deg angle of attack are taken from Zribi et al. (2013).
To attain the desired response of wing rock motion, a set
point is chosen as φd = 0. Moreover, the proposed ROFPI
observer gainsKo

P ,K
o
I , and K̄o

I are selected as 7, 3, 5 and
�̄ is 7.7 respectively.

4.1. Nominal environment

In this section, an environment without external distur-
bance is considered and the outcomes of the wing rock
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Figure 3. ROFPI observer based SOSMC.

Figure 4. Estimated side slip angle profile.

regulation or stabilization are presented. To approximate
the side slip angle of the wing rock dynamic model,
a comparative analysis between the ROPI and ROFPI
observers is shown in Figure 4, where it can be noted that
the ROFPI observer is outperforming the ROPI observer in
termsof convergence.Additionally, in termsof estimation
error, Figure 5 evaluate the effectiveness of the suggested

observer. It is vital to remember that the observer gains
Ko
P ,K

o
I and K̄o

I are kept same for both observers.
It is important to point out that the discontinuous con-

trol Udis is kept the same for both the referenced con-
trol approaches and the nonlinear SOSMC approach by
choosing the gains as K̄ = 2, K̃ = 5, � = 3 and � = 1
respectively. The set point tracking of the roll angle φ
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Figure 5. Estimation error profile.

in the presence of the proposed SOSMC is illustrated in
Figure 6. The proposed control approach publicizes the
desired roll angle in terms of settling timewith a negative
overshoot. Classical SOSMC and PID SOSMC stabilize the
roll angle within 6.02 sec and 6.31 sec respectively. Fur-
thermore, the suggested tanh SOSMC nullifies the WRP
within 4.61 sec. Compared with classical SOSMC and PID
SOSMCcontrol algorithms, the proposed SOSMChas zero
negative overshoot.

Figure 7 presents the results of the roll rate and it
can be identified that the proposed and classical con-
trollers demonstrate stable performance. In contrast, the
PID SOSMC controller delivers a jerky response, leading
to a negative overshoot during the stabilization of the
roll angle. In Figure 8, phase portrait is illustrated as a
way to analyse the dynamic behaviour of the controllers
under investigation. The controllers asymptotic stability
and phase trajectory towards the equilibrium point are
evident from the figure. The wing rock model’s conver-
gence can also be seen in the phase portrait and it is
clear that the proposed controller’s phase trajectory has a
faster response than the classical SOSMC and PID SOSMC
controllers.

The deflection response of the aileron is illustrated in
Figure 9 which also manifests the requirement on the
aileron to stabilize the wing rock dynamics. Therefore, it
is evident that the proposed controller generates a lower
burden on the control surfaces and converges the φ in

less settling timewith negligible negative overshoot. The
proposed SOSMC controller yields −10 deg to 8.8 deg
less deflection, and then the aileron becomes stable after
4.5 sec. It is vital to the highlight that samedesign gains in
the discontinuous control for all the three controllers are
considered in order to fairly investigate the suppression
response of wing rock.

To evaluate the performance of the stated controllers,
a numerical observation is made in terms of average
power (Pavg) and integral absolute value (IAV). The aver-
age power represents the energy consumed by the given
controllers, whereas IAV indicates the load on the aileron
control surface caused by the provided controllers. Pavg
and IAV are given by (31) and (32) respectively.

PUavg = 1
ℵ

ℵ∑
I=1

(Uδacom (I))2 (31)

δIAVa =
∫ tf

t0
|δa|dt (32)

where ℵ indicates the number of total time samples.
Table 1 presents the performance indices and from table,
the numerical statistics indicates that the proposed con-
troller consumes 28.67% less power than the classical
SOSMC and 19.41% less power than the PID SOSMC.
Furthermore, compared with the classical SOSMC, the
proposed controller also exerts 7.33% less stress on the
aileron control surfaces, and compared with the PID
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Figure 6. Roll angle.

Figure 7. Roll rate.

SOSMC, it experiences 16.29% less aileron stress. Con-
sequently, the nonlinear sliding manifold-based SOSMC
for the wing rock dynamic model achieves zero nega-
tiveovershoot and superior control performancewith low
average power and load on the aileron control surface.

4.2. Disturbed environment

In this section, the performance of the proposed SOSMC
subject to an external disturbance Da is analysed and
compared with other SOSMC-based controllers. For this



SYSTEMS SCIENCE & CONTROL ENGINEERING: AN OPEN ACCESS JOURNAL 11

Figure 8. Phase portrait.

Figure 9. Aileron deflection.

purpose, a white Gaussian noise-based sinusoidal distur-
bance Da (deg/sec) is inoculated in (8), and is illustrated
in Figure 10. In the presence of Da, the gains of discon-
tinuous control for the aforementioned control schemes
are given as K̄ = 2.3, K̃ = 2, � = 30 and � = 25, respec-
tively.

Table 1. Performance indices.

Controller Pavg (rad/sec)2 IAV (rad)

Classical SOSMC 5.8196 16.6621
PID SOSMC 36.0300 32.6202
Proposed SOSMC 3.2701 13.6787
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Figure 10. White Gaussian disturbance.

Figure 11. Roll angle profile.

Roll angle simulations in the presence of disturbances
are shown in Figure 11 and it can be investigated that the
proposed controller demonstrates robustness similar to
classical SOSMC and PID SOSMCwith zero negative over-
shoot. Conversely, a negative overshoot in classical and

PID SOSMCcontrollers results in a degradationof the con-
troller’s performance. The proposed method synthesizes
the settling time for the roll angle in 3.6 sec,while the clas-
sical andPIDSOSMCcontrollers require 4.4 sec and5.4 sec
respectively.
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Figure 12. Roll rate profile.

Figure 13. Phase portrait.

According to the roll rate results in Figure 12, the
proposed controller produces a roll rate of −17 deg/sec.
while the classical SOSMC controller produces a roll rate
of −19.4 deg/sec. The PID SOSMC shows an undesirable
roll rate response with a minimum of −14.8 deg/sec and

amaximumof 6.2 deg/sec, resulting in a very slowsettling
time of 4.4 sec when compared to classical and proposed
SOSMC laws. As opposed to theproposed andPID SOSMC
controllers, the classical SOSMC controller stabilizes the
roll rate quickly. The controllers behaviour against the
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Figure 14. Aileron deflection profile.

disturbance in order to inhibit wing rock motion is illus-
trated by the phase portrait given in Figure 13. The classi-
cal SOSMC and PID SOSMC produce phase trajectories at
a slower rate than the proposed controller, which attracts
the phase trajectory towards the equilibrium point after a
−17 deg/sec roll rate variation.

To devastate the external disturbance, the SOSMC
induces a high-amplitude control law to actuate a
first-order actuator that responds in aileron deflection.
Figure 14depicts the ailerondeflectionprofile in thepres-
enceofdisturbance. The classical controller demonstrates
a high deflection profile with a maximum deflection of
98.2 deg, and the PID SOSMC controller also produces a
high deflection of 42 deg tomitigate the disturbance and
wing rock motion. However, in comparison to the aileron
deflection demonstrated by the classical SOSMC and PID
SOSMC, the proposed controller delivers less deflection
and stress on the aileron control surfaces, resulting in
stable response with zero negative overshoot.

Numerical results of energy dissipation and load on
the aileron control surface in the presence of distur-
bance are presented in Table 2. Based on the numerical
data, the proposed controller effectively reduces distur-
bances with 28.67% less power compared to the classical
SOSMC and 19.41% less power compared to PID SOSMC.
Additionally, the proposed controller also experiences
7.33% less aileron stress compared to the classical SOSMC
and 16.29% less aileron stress compared to the PID
SOSMC.

Table 2. Performance indices in the presence of disturbance.

Controller Pavg (rad/sec)2 IAV (rad)

Classical SOSMC 82.4874 38.5097
PID SOSMC 73.0062 42.6337
Proposed SOSMC 58.8346 35.6888

4.3. Monte Carlo simulations

The effectiveness of the proposed control strategy is
further evaluated using Monte Carlo based simulations.
The primary aim is to demonstrate the robustness of
the designed control law considering various parameters
such as; time period, amplitude and signal-to-noise ratio
(SNR) of the sinusoidal white Gaussian external distur-
bance as illustrated in Figure 10. It is pertinent tomention
that the discontinuous control (Udis) remains consistent
with the one used in the disturbed environment. A total
of 1000 simulations are conducted, each focusing on the
time period, amplitude and SNR of the external distur-
bance.

Figure 15 illustrates the simulations corresponding to
the time period ranging from0.5 sec to 5 sec. The average
settling time is approximately 4 sec, which is compara-
ble to the settling time obtained by the proposed con-
troller in case of a disturbed environment. Furthermore,
the zoomed portion of the Figure 15 highlights that the
time period has a significant effect on the steady-state
response of the roll angle φ.
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Figure 15. Time period variation based external disturbance impact on φ.

Figure 16. Amplitude variation based external disturbance impact on φ.

In the second simulation scenario, the amplitudeof the
sinusoidal White Gaussian disturbance is varied from 1 to
2.5 to assess the variation of roll angle. The results are
depicted in Figure 16 and It is noteworthy that, in the case
of the disturbed environmental scenario, the amplitude

of 1 has been selected for the sinusoidal White Gaus-
sian disturbance. Examination of the zoomed-in sections
of Figure 16 reveals that the effects of the variation in
amplitude on settling time and steady-state response are
almost identical to the effects resulting from changes in
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Figure 17. SNR variation based external disturbance impact on φ.

Figure 18. Combined variation based external disturbance impact on φ.

the time period of Figure 15, as discontinuous control
remains consistent.

Figure 17 illustrates the roll angle response obtained
due to variations in SNR with respect to the disturbances.

The zoomed-in portion of the figure shows that, com-
pared to Figures 15–16, the steady-state response tends
to be less pulsating. Finally, for the sake of completeness,
Figure 18 presents the combined effects of disturbances
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on the proposed control scheme, considering factors
such as time period, amplitude and SNR. The steady-state
response can be achieved by adjusting the design gains
of thediscontinuous controlwithin the scenarios outlined
in the Monte Carlo simulations.

More significantly, the proposed control algorithm
demonstratedasymptotic stabilitybecauseof the remark-
able consequences of the proposed tanh SOSMC in
comparison with classical SOSMC and PID SOSMC. Owing
to the suggested sliding surface and uncomplicated
implementation, the proposed controller with a nonlin-
ear sliding manifold proved to be a reliable choice to
suppress the WRP in a perturbed environment.

5. Conclusion

In this paper, a robust nonlinear control strategy for deal-
ing with the WRP has been proposed. The implemen-
tation of the robust nonlinear sliding manifold based
SOSMC law and ROFPI observer reinforce the controller
design. To estimate the side slip angleβ , a ROFPI observer
with a convergence function based on the equivalent
control concept is employed, and a comparison between
the ROPI observer and ROFPI observer is presented.
The results demonstrate the fast convergence and error
reduction in the case of the ROFPI observer. The sliding
manifold of the proposed method is constructed by the
tanh function that provides the systemmotion to be con-
tainedwithin thismanifold, and eventually converges the
roll angle to zero in finite time. The performance of the
proposed SOSMC, classical SOSMC and PID SOSMC con-
trollers is characterizedby considering theWRPwith iden-
tical switching law in perturbed and unperturbed envi-
ronments. Additionally, a numerical comparison is made
to investigate the performance of the aforementioned
controllers, which highlights the superiority of the pro-
posed controller. To ensure the effectiveness of the pro-
posed controller, Monte Carlo simulations that account
for variations in external disturbances have been con-
ducted. The continuous control law can be developed
further in relation to its design gains tomaintain a steady-
state response. In the future, we plan to incorporate the
yawangle andyaw rate into thewing rockdynamicmodel
to formulate a nonlinear control scheme for the WRP.
Additionally, the realization of the proposed controller
on a WRP prototype is envisaged to further characterize
the performance of the proposed controller in the near
future.
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