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ON THE GEOMETRY OF RANDOM CONVEX SETS BETWEEN
POLYTOPES AND ZONOTOPES

DAVID ALONSO-GUTIERREZ AND JOSCHA PROCHNO

ABSTRACT. In this work we study a class of random convex sets that “inter-

polate” between polytopes and zonotopes. These sets arise from considering a

¢*"-moment (g > 1) of an average of order statistics of 1-dimensional marginals

of a sequence of N > n independent random vectors in R™. We consider the
random model of isotropic log-concave distributions as well as the uniform
distribution on an £;-sphere (1 < p < 0o) with respect to the cone probability
measure, and study the geometry of these sets in terms of the support function
and mean width. We provide asymptotic formulas for the expectation of these
geometric functionals which are sharp up to absolute constants. Our model
includes and generalizes the standard one for random polytopes.

1. INTRODUCTION AND MAIN RESULTS

1.1. General introduction. A random polytope in R" is the convex hull of N
points chosen randomly according to a given law. In fact, several other models to
define random polytopes exist, but this model is arguably the most natural, best
known and most studied one. It was more than 150 years ago that J. J. Sylvester
initiated their study when he posed a problem in The Educational Times in 1864
[44]. In it, he asked for the probability that four points chosen uniformly at random
in an indefinite plane have a convex hull which is a four-sided polygon. Within
a year it was understood that the question was ill-posed and Sylvester modified
the question, asking for the probability that four points chosen independently and
uniformly at random from a convex set K in the plane are in convex position. This
problem became known as the famous “four-point problem” and was the starting
point of extensive research (see also [4] and the references therein).

It were A. Rényi and R. Sulanke who later, in their seminal papers [39], [40],
[41], focused on the asymptotic of the expected volume of a random polytope as
the number of points NV tends to infinity. Since then and especially in the last
decades, random polytopes found increasing interest. This is to a large extent due
to their emergence in various branches of mathematics and their broad spectrum of
applications. Among others, random polytopes appear in approximation theory [31]
[5], random matrix theory [26] or in other disciplines such as statistics, information
theory, signal processing, medical imaging or digital communications (see [12] and
the references therein), just to mention a few. Because of their “pathologically”
bad behaviour, they are also a major source for counterexamples, as can be seen,
for instance, in [14] or [27]. Some of the important quantities studied in order to
understand their geometric structure are expectations, variances, and distributions
of functionals associated to the random polytope, for instance, the volume, the
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number of vertices, intrinsic volumes, mean outer radii and, in particular, the mean
width.

Obviously, the behavior of these geometric functionals depends on the underlying
model of randomness. There are two such models that have drawn a particularly
lot of attention and have been studied extensively. One situation is the case in
which the random vectors generating the polytope are Gaussian and results in this
direction can be found, for instance, in [14] 45| 29] 22 26] 23] and the references
given therein. The other one is the case when the points that span the polytope are
chosen uniformly at random inside a convex body K. Here, we may refer the reader
to [10, M), 1 2] and again the references given there. Typically, K is considered
to be isotropic and the geometry of the random polytope relates to the isotropic
constant of K. These two models are particular situations of the case when the
random vectors are distributed according to an isotropic log-concave probability,
which is the general framework in which they are studied.

In the work [19], extending the previous works [I5l 17, 16], Y. Gordon, A. E.
Litvak, C. Schiitt and E. Werner studied the geometry of the unit balls and their
polars of the norm given by

Y 1/q
= k— q q Rn
Jelle <21 max (2, ;)| ) . ceR",

where 1 < ¢ < o0, {a;}Y, is a fixed sequence of vectors spanning R”, 1 < ¢ < N,
and k-maxj<;<n |(7,a;)| is the k' largest number in the set {|(z,a;)|}Y,. As
different choices of the involved parameters show, this class of convex bodies is
quite rich, which also explains the interest in those spaces. To be more precise,
when we choose £ = 1, then the polar body of this unit ball is the symmetric
convex hull of the vectors ay,...,ay. On the other hand, if we let £ = N, then the
polar of the unit ball of this norm is just a linear transformation of a projection of
the unit ball of K(Jz\i onto an n-dimensional subspace, where ¢* is the conjugate of ¢.
In particular, choosing ¢ = 1 and ¢ = N, the polar body of the unit ball of || - ||¢,q
is a zonotope. For ¢ = 1, the polar of the unit ball is a linear image of a projection
of (/BY) NBLY, (see Lemma 5.1 in [19]).

Here, we introduce a probabilistic variant of this by considering the vectors
ai,...,ay € R™ not to be fixed, but chosen independently at random according
to a given probability law on R™ (details are given below). This is, in fact, quite
interesting and natural, because a rich family of random convex sets arises that
includes the important class of random polytopes, but extends beyond that classical
and well understood setting. In this new model, the definition of the random convex
sets takes more order statistics of 1-dimensional marginals and higher moments
into account. It therefore should capture more information about the geometry
and distribution of mass. In this work, we study how sensitive this information is
in the number of order statistics and moments considered and initiate the study
of this new and more general class of random convex sets, restricting ourselves to
the expectation of the mean width for now. To be more precise, we will study the
geometry of this family of random convex bodies for several models of randomness
and the dependence of their geometric parameters on the space dimension n, the
number N of vectors generating them, the number ¢ of order statistics considered
and their dependence on the moment q. We will compute, up to absolute constants,
the expected value of the mean width of the polar bodies of the unit balls of
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I - le,; when the independent random vectors ai, ..., an are distributed according
to an isotropic log-concave probability law or chosen uniformly at random from
an {)-sphere according to the cone probability measure. The precise statements
are given in the following subsection. Our proofs reflect a lively interplay between
geometric arguments with techniques and methods from analysis and probability
as it is typical in Asymptotic Geometric Analysis. They also underline the role
that order statistics play and their interplay with classical elements of Functional
Analysis such as Orlicz spaces.

1.2. Presentation of the main results. Before we present our main results, we
need to fix some notation, which differs from the one used in [19]. All random
objects will be defined on the same probability space (Q, A,P). Let {,n,N € N
with N >nand 1 < ¢ < N. For 1 < ¢ < oo and random vectors Xq,..., Xy in
R"™, we define a random convex body Ky, in R™ by its support function, which
is given by

1/q
(1) Nicxe, () : (kaaX|Xz,9>|> ., fesnL

1<i<N

Note that for any realization of the random vectors the function hg,, : R" = R
is positive homogeneous and subadditive and, as such, there exists indeed a unique
convex body whose support function is hx, , . As already introduced above, we
call this body Ky ¢ 4. The mean width of this random convex set is thus defined as

w(Knpg) = /S i (0) Ao (0)

where S”~! is the Euclidean unit sphere, which is naturally equipped with a Borel
o-field, and o,,—; is the unique uniform probability measure on it.

In order to shorten notation, we will write a ~ b to denote equivalence up to
absolute constants, that is, the existence of constants ci,co € (0,00) that do not
depend on any of the parameters involved such that cia < b < coa.

We will prove the following asymptotic formula for the mean width for the
isotropic log-concave random model.

Theorem 1.1. Letn, N € N withn < N < eV™ and let X1, ..., Xy be independent
random vectors in R™ distributed according to an isotropic log-concave probability
law p on R™. Then, for all 1 < £ < N and any q > 1,

Ew(Kn,q) = min{max{\/@, Vlog(N/t) } ) \/logN} .

Note that this theorem includes one of the main results in [2 Theorem 1.1] by
simply choosing ¢ =1 as well as ¢ = 1.

Remark 1.2. The case in which X1,..., XN are independent standard Gaussian
random vectors will be a special case, since the theorem will be proved separately
in that case and the proof of the general case will rely on it. In the Gaussian case
the restriction N < eV™ on the number of random vectors is not needed for the
result to hold. This restriction appears in the general isotropic log-concave case
since our proof relies on Paouris’ tail estimates for the Euclidean norm. When
eV < N < e”, the result cannot be true in full generality. Consider, for exzample,
the uniform measure on a dilation of the £}-ball and take ¢ = n and N = e™ (see
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Remark[39). However, using recent results proved in [13], some estimates can be
given.

Remark 1.3. Because of rotationally invariance, in the Gaussian case the result
holds not only for the expected value of the mean width but for the expected value
of the support function in any particular direction 6 € S*~1.

When the random model is given by a uniform distribution on an £;-sphere with
respect to the cone measure, then we obtain the following asymptotic formula.
Recall that for a convex body K in R™ the cone probability measure my on bd K
is defined for measurable A C bd K to be the (Lebesgue) volume of the cone with
base A and cusp 0, normalized by the volume of K.

Theorem 1.4. Let 1 <p < oo and n,N € N withn < N < eV ¢ e (0,00) being
an absolute constant. Let X1,...Xn be independent random wvectors distributed
on the {}-sphere according to the cone probability measure mgn . Then, for every
1<?¢< N andanyq>1,

Ew(Kn,q) = n”% min {max {\/a, V1og(N/f) } , \/10gN} .
Remark 1.5. Our proof shows that for 1 < p < 2 the upper estimate in the previous
theorem holds when n < N < e and it holds for N > n whenever p > 2.

After having presented our main results, let us comment a little bit on the main
ideas in their proofs. We refer to Section [2 below for any unexplained notion or
notation. A key ingredient in both of them is the following: if we are given a
sequence &1, .. .,&, of independent, identically distributed and integrable random
variables and define for each 1 < ¢ < n an Orlicz function by

M(s) = / / &) dBdt,
0 J|&1|>1/(tL)

then, as was shown in [I8] (see also [24] for extensions),
1o 1
Ezglig?fmzﬁmzﬂxﬂjw, z=(21,...,2,) € R™

In view of Definition () of the support function of Ky 4, to estimate its expec-
tation, we apply the previously mentioned result to the sequence of 1-dimensional
marginals [(X1,0)[7,...,[(Xn,0)]9, 6 € S"~! and the choice z = (1,...,1). Here,
the distribution of the random vectors Xi,..., Xy € R™ is in each case given by
the underlying model of randomness, so it is either isotropic log-concave on R™ or
uniformly distributed on an £}-sphere with respect to the cone probability measure.
Roughly speaking it is then left to compute the Orlicz function and the correspond-
ing Orlicz norm of the vector (1,...,1) € RY, which in each case requires obtaining
sharp (up to absolute constant) lower and upper bounds. This is where various tools
and ideas of geometric and probabilistic flavor enter in the proofs, among others

« the famous theorem of Paouris on the deviation of the Euclidean norm on
an isotropic convex body (Proposition 2.1]),

« the geometry and relation of floating and Lg-centroid bodies shown by
Paouris and Werner (see Remark [2.3]),

« the probabilistic representation and the concentration of the cone proba-
bility measure on £;-spheres due to Schechtman and Zinn (Theorem 2.3]),

where the first two are used in the context of isotropic log-concave measures.
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1.3. Organization of the paper. The rest of the paper is organized as follows. In
Section 2l we provide the necessary preliminaries, which are organized and presented
by topic. Section Bl contains the proofs of the three main theorems, where we devote
to each random model its own subsection. Subsection B.I] provides some general
results for random vectors in R™, Subsection covers the Gaussian random model,
which will be proved separately, Subsection contains the general isotropic log-
concave case when the number N of points satisfies n < N < eV, Subsection [34]
contains some estimates that hold when the number N of points exceeds eV™ and,
in Subsection 3.0l distributions with respect to the cone probability measure on an
{,-sphere are considered.

2. PRELIMINARIES

Before we proceed with the proofs of our main results, we introduce all the
necessary background material needed throughout this paper. We subdivide those
preliminaries into various topics.

2.1. General background and notation. The natural number n € N always
denotes the dimension of the space. We write (-,-) for the standard inner product
on R™. As usual, let B} = {x € R" : ||z]2 <1} and S" ! = {x e R" : ||z|2 = 1}
be the unit ball and unit sphere in the Euclidean space R", respectively. We write
0n—1 for the uniform probability measure on S*~!, which is the unique rotationally
invariant Haar probability measure, and equip S*~! with its natural Borel o-field.

Let (Q,A,P) and (F,F,u) be two probability spaces. For a random variable
X :Q — F, we write X ~ p if and only if the law of X is u, that is, Po X! = p.

For two sequences (a(n))nen and (b(n))nen of real numbers, we write a(n) 2 b(n)
(or a(n) < b(n)) provided that there is a constant ¢ € (0, 00) such that a(n) > cb(n)
(or a(n) < ¢b(n)) for all n € N. Moreover, we write a(n) ~ b(n) if a(n) < b(n) and
a(n) 2 b(n).

2.2. Convex bodies and isotropic log-concave probability measures. A
convex body K C R" is a compact and convex set with non-empty interior and
we denote by K™ the set of all convex bodies in R". A convex body K € K"
is called symmetric if —z € K, whenever x € K. We will denote its volume (or
Lebesgue measure) by | - |, the dimension being understood from the context.

A convex body K € K" is said to be isotropic if |K| = 1, it has center of mass
at the origin and satisfies the isotropic condition

/ (z,0)*dx = L3, 6 s,
K

where Ly is a constant independent of § € S"~!, which is called the isotropic
constant of K.
Let K € K". The support function hg : R® — R of K is defined by

hi(y) := max (z, y)
and the mean width of K € K" is

w(K) = /SH hic(0) dow 1 (6).
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The cone probability measure my of K € K" is defined as

{re ;2 € B,0<r <1}

where B C bd K is a Borel subset of the boundary bd K of K. For K € K" one
has that

=n h ry)rt r
[ f@yde=nlkl [ [ e dmc)d

for all non-negative measurable functions f : R® — R, which, in fact, may alter-
natively be used as a definition for the cone measure mg of K (see, for instance,
[33, Proposition 1]). Let us remark that the cone measure of the unit ball of £}
coincides with the normalized surface area measure if and only if p € {1,2, c0}.

A Borel probability measure p on R™ is called log-concave if for all non-empty
compact sets A, B C R™ and all 0 < A < 1, we have

1((1 =X A+ AB) > u(A)'*u(B)*.

Similarly, a function f : R™ — [0,00) is said to be log-concave if for all 2,y € R™
and any 0 < A < 1,

F(A =Nz + ) > F@) " f()

Let us denote by P,, the class of Borel probability measures on R™ which are
absolutely continuous with respect to the Lebesgue measure. By a result of C.
Borell (see []]), we know that every log-concave probability u on R™, which is not
fully supported on any hyperplane, belongs to the class P,, and has a log-concave
density f,. Conversely, by the Prékopa-Leindler inequality, every measure with a
log-concave density is log-concave. Typical examples of log-concave measures are
the uniform measure on a compact, convex set K C R™ with non-empty interior
and volume 1 or the standard Gaussian measure on R”.

We say that pu € Py, is centered if its barycenter is at the origin, i.e., if for every
6 st

/n<:1c, 0)du(z) = 0.

A probability measure p € P, is said to be isotropic if it is centered and satisfies
the isotropic condition,

/ (0 dp(a) = 1

for any § € S*1.

Given a probability space (Q, A, P), a random vector X :  — R™ will be called
log-concave if its distribution p := P¥ is a log-concave probability measure on R™.
We say that X : Q — R"™ is isotropic if u is isotropic, which is then equivalent to
E[X] = 0 and E[X ® X] = idg~. Note that the standard Gaussian measure on R™ or
the uniform probability measure on Li_(lK , where K € K" is isotropic, are examples
of isotropic log-concave probability measures. For more detailed information, we
refer the reader to the monographs [9, [3].
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2.3. Floating bodies and L,-centroid bodies. Let § > 0 and consider a log-
concave probability measure g on R™. We define the (convex) floating body K of
1 to be
Ks = ﬂ {x eR" : [(z,0)| <tg},
fesn—1
where tg = sup{t > 0 : pu({z € R" : [(z,0)| <t}) =1—6}. In the case that p
is the uniform probability on a convex body K, the definition of the floating body
goes far back to W. Blaschke [7] in dimensions 2 and 3, and K. Leichtweiss [25] for
general space dimensions n. The convex floating body, which is defined above, was
introduced by C. Schiitt and E. Werner in [43].
The Lg-centroid body Z,(p) is the unique convex body with support function

hz,40 () = (/Rn |<:v,y>|qdu(:c)>l/q, y € R™.

We remark that, using the language of centroid bodies, the condition that a log-
concave probability measure p is isotropic can be rephrased by saying that Zs(u)
is a Euclidean ball. These bodies were originally introduced by E. Lutwak and
G. Zhang in [28] under a different normalization. Their study, considered from an
asymptotic point of view, was initiated by G. Paouris in [34] 35, [36]. His results
were originally written in the context of convex bodies. Nevertheless they also hold
in the more general setting of log-concave measures. He studied the mean width of
the Lg-centroid bodies of an isotropic log-concave probability p and proved that if

1<q</n,

w(Zg(1) ~ V4.
Moreover, in [36, Theorem 1.1], he obtained the following famous result on the tail
behavior of the Euclidean norm of an isotropic log-concave random vector.

Proposition 2.1 (Paouris’ theorem). There ezists an absolute constant ¢ € (0,00)
such that for every isotropic log-concave probability measure i on R™ and anyt > 1,

p({z € R : ||z]]2 = ctyv/n}) < etV

Remark 2.2. As a consequence of Paouris’ theorem, if u is an isotropic log-concave
probability measure on R™ and X1,..., Xy (N € N) are independent, identically
distributed random vectors with probability law p, then

: <
E@%’?v [ Xillz < (¢ + 1) max{y/n,log N},

where ¢ € (0,00) is the constant from Proposition 2.

Estimates for the mean width of the centroid bodies of an isotropic log-concave
measure when ¢ € [/n, n] have recently been given in [30].

Lg-centroid bodies are intimately related to the geometry of random convex
sets. This relation can be seen, for instance, in [I0], where one of the main re-
sults shows that if X;,..., Xy are independent random points that are selected
according to a log-concave measure p, and Ky is the random polytope Ky =
conv ({:l:Xl, ceey :l:XN}), then

KN 2 121628 /m) (1)

with probability at least 1 — e‘cZW, where ¢1,co € (0,00) are absolute constants.



8 D. ALONSO-GUTIERREZ AND J. PROCHNO

The following lemma reflects the close relationship between the centroid bodies

and the floating bodies. It is simply the isotropic log-concave analogue to [37,
Theorem 2.2].

Lemma 2.3. There exists c1,co € (0,00) such that, for all n € N and every
isotropic log-concave measure p on R™ and any ¢ € (0, %),

ClZlog(%)(:u) CKs C CQZlog(%)(:u)'
Proof. The proof follows directly along the lines of the proof given in [37, Theorem
2.2] using the isotropic log-concave analogues of the ingredients used there. (I

2.4. Geometry of (}-balls. Forn € Nand 1 < p < oo, we denote by /] the space
R™ equipped with the norm

™ aslP L/p 1<p< oo
[(@r,eman)ly = (o ) S p <o,
maxi<i<n |Iz| , p = 0.

We write B := {z € R" : ||z, < 1} for the unit ball of £ and we let Sp~' :=
{z € R™ : ||z|, = 1} be the unit sphere in £7. It is convenient for us to write S"~!
instead of S§~!. The volume of B is given by

(era+;)"

r+2)
see [3 page 180]. It follows directly from Stirling’s formula that asymptotically, as
n — oo, |BI[Y/" ~n /P,

For independent g1, . . ., gn ~ N (0, 1), the Gaussian random vector G = (g1, ..., gn)
in R™ satisfies (see, for instance, [42] Lemma 2])

1
nry/p, p<logn,
) E[Gl, ~ { " Y7
Viogn, p>logn.
Integration in polar coordinates yields
E |Gl = wBy.) - B||Gll2 ~ vnw(B}.)
and, therefore, the following estimate for the mean width of B,
1 1
n 2D, 1 <p" <logn,
wy) ~ " VR
Viegn, p* >logn,

where p* is the conjugate of p, defined via the relation % + p—l* =1.

By | =

[N

n
n

We rephrase the following result by G. Schechtman and J. Zinn [42, Lemma 1]
(independently obtained by S. T. Rachev and L. Riischendorf in [38]) that provides
a probabilistic representation of the cone measure mgr on Sp~! (see also [6] for an
extension).

Proposition 2.4. Letn € N, 1 < p < o0 and g1,...,9n be independent random
variables distributed according to the density

o Itl?
f(t) = m;

Consider the random vector G = (g1,...,9») € R" and put Y := G/||G||p. ThenY
is independent of |G|, and has distribution mgn.

teR.
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The following result is also due to Schechtman and Zinn [42] Theorem 3]. We
will use it with the special choice ¢ = 2 to treat the case of the sphere in £} when
1 < p < 2. Roughly speaking, it guarantees that with high probability the norm of
a vertex of our random convex set is not too big. We reformulate and use it here
in the form of Theorem 2 in [32], where also a short proof is presented (note that
in the statement of the result in [32] a minus sign is erroneously missing).

Proposition 2.5. For every 1 < p < q < oo there exist constants ¢ = ¢(p,q) €
(0,00) and T = T(p, q) only depending on p and q such that, for everyt > T,

t tP np/4
mgn ||17qum sexp| —— :

Moreover, if ¢ = 2 and 2 > ~yp for some v > 1, one can choose both constants c
and T independently of p.

2.5. Orlicz functions and Orlicz spaces. A convex function M : [0,00) —
[0, 00) that satisfies M(0) = 0 and M (¢t) > 0 for ¢t > 0 is called an Orlicz function.
The conjugate function of an Orlicz function M, which we denote by M*, is given
by the Legendre transform
M*(z) = sup [xt—M(t)].
te[0,00)

For instance, taking M(t) = p~'t?, p > 1, the conjugate function is given by
M*(t) = p*~"t*" with 1/p + 1/p* = 1. The n-dimensional Orlicz space ¢}, is R
supplied with the Luxemburg norm

||x|M_inf{p>0 : ZM<%) g1}.

i=1
Note that if M (t) =P, 1 < p < oo, then we have || ||as = || -||p. An Orlicz function
M is said to be an N-function if

limM—(t):O and lim M—(t)zoo

t—0 ¢ t—oo

This condition ensures that M™ is again an Orlicz function.
The following result was first proved in [I8]. We state and use it in the form
obtained in [24] Theorem 3].

Theorem 2.6. Let X;,...,X,, be a sequence of independent and identically dis-
tributed random variables with E|X1| < co. Let 1 < ¢ < n and M, be the N-function
given by

B
(3) M;(/ X*(z)dz)z%, 0<B<1.
0
Then, for all x € R",
¢
llsl, B3 kmaxleiXi < Clirl

where ¢,C € (0,00) are absolute constants.

The next remark is essentially taken from [24] (see discussion after Theorem 3
there).
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Remark 2.7. Let M} be given as in @B). Then, for all s >0,

@) My(s) = / / IX| dP dt.
0 J|X|>1/(te)

For ¢ = 1, this was shown in [20, pp. 4-5]. A simple computation shows that it
holds for general £ as well. Note that, for any 1 < <n and every s > 0, we have
My(s) = £ M (¢s).

3. PROOFS OF THE MAIN RESULTS

In this section we will present the proofs of our main results. We subdivide this
section into several subsections, each covering a certain random model. Before we
proceed, let us outline our setting, fix some general notation and make some general
remarks.

Let N,n,f € Nsothat N > nand 1 </ < N. We consider independent random
vectors X1, ..., Xn in R™ defined on some probability space (€2, .4,P). Let us recall
that, for any 1 < ¢ < oo, we are interested in the (unique) random convex body
Kn.e,q in R® that has support function

4 1/q
1
k., (0) = (Z Zlf-max [(Xi, 9>|q> ., festh

where for some w € Q, k-max;<;<n |(Xi(w),0)| is the k'" largest element in the set
{{X1(w),0)],...,[(Xn(w),0)|}. Notice that Ky 1,1 corresponds to the standard
model for random polytopes, which means that Ky 11 = conv{£Xy,...,£Xn}.
Later, to avoid repetition and to shorten the statements of our results, we will
simply write hg,, . or Kn¢ 4 and the underlying random model will be always
clear from the context.

Let us continue with three very general and quite simple observations that are
going to be used throughout this text.

Lemma 3.1. In the setting introduced above, the following hold:

(i) For any fized 1 < ¢ < N, hgy,,(0) is increasing in q.

(ii) For any fized ¢ > 1, hx , (0) is decreasing in (.

(iii) Whenever q > log({), we have, for all @ € S*~! and all realizations (in w € ),
eflhKN,l’l(t?) < hKN,l,q (9) < hKN,l’l(G).

In particular, for every 6 € S*~1,

(5) EhKN,f,q(e) ~ ]EhKN,l,l(e)'

Thus, whenever q > log({), the random convex sets Ky 11 and Kn ¢4 are compa-
rable on average.

Proof. Parts (i) and (ii) are clear. Part (iii) follows from the obvious inequality

(17 max |
1<i<N

<X1,6‘>| < hKN’,Z’q(H) < lmax <X“6‘>|, RS S

<i<N
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1. General results for random vectors in R"™. We start with some results
for random convex bodies arising from independent random vectors in R™.

Theorem 3.2. Let n,N € N with N > n and let X1,...,Xn be independent
random vectors in R™. Then, for all1 < ¢ < N and all § € S*~1,

C]EhKLN/ZJ,l,l(e) < EhKN,e,1(9) < OEhK(N/eLm(e)a
where ¢, C € (0,00) are absolute constants.

Remark 3.3. Note that depending on the relation between N and £, the convex
bodies K| nyej1,1 and Kinye1,1 might be degenerate. Nevertheless, their support
function can be defined for any vector y € R™ and their mean width will be un-
derstood as the average of the support function on the sphere S*™™1 and not on a
lower-dimensional sphere.

Proof. Let 1 < ¢ < N and for any 6 € S"~!, let sy = s¢(£) € [0,00) be chosen in
such a way that M ((¢sg)~') = 1/N. Then, by Theorem 6, the definition of an
Orlicz norm and the choice of sy, we obtain

1 1, n 1
Ehgy..(0) =5 Zlf<ﬂ11<a]§| (X, 0) = 5 (il = L(I/N) 50

On the other hand, by the second part of Remark [2.7]

1 1 1 1
N—MZ(E)—ZM(;)'

This means that M; (1/s¢) = ¢/N and therefore,

> (2) = ek <o

Consequently, the Orlicz norm defined by M on the space RIY/¢) is bounded above
by sg for the vector (1,...,1) € RN/, Thus, using Theorem 2.6 with the choices
¢ =1 and n = |N/{] there, there exists an absolute constant ¢ € (0, 00) such that
LN/e] _
so > ||(1);21 ||y, 2 cEng?ﬁm (Xi,0)| = cEhg 01, (0),

where KLN/ZJ,LI = conv {:I:Xl, ceey :tXLN/ZJ }

In the same way, the Orlicz norm of the vector (1,...,1) € RIN/CT defined by
Mj is bounded below by sg, which, similarly to the previous argument, shows that

59 < CEhKrN/m,l,l(e)v
where C' € (0,00) is an absolute constant. O

The previous theorem shows that the random convex sets Ky ¢1 and Kin/e1,1,1
in R™ are comparable on average up to absolute constants.

The next theorem shows a similar estimate when the function defining the body
is given by the ¢ moment of the average of order statistics of 1-dimensional
marginals.

Theorem 3.4. Letn, N € Nwith N >n,q>1 andlet X1,..., Xy be independent
random vectors in R™. Then, for all1 < ¢ < N and all § € S* 1,

; <
CE1§2%/£J |<X176.>| = EhKN,Z,l(e)
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1/q
< < ; 4
<Bhiey,, )< (B _max |X0)7)

where ¢,C € (0,00) are absolute constant.

Proof. The first inequality is the previous theorem. The second inequality is trivial
since, by Lemma B.1} Ehg, , (f) is increasing in ¢ for any fixed 6 € Sn=1. The
last inequality is a consequence of Jensen’s inequality and the same estimate as in
the previous theorem applied to the random variables [(X;,0)|9, 1 <14 < N. O

3.2. Gaussian random vectors. In this section, we consider random convex sets
that arise from ¢*"-moments of averages of order statistics of the 1-dimensional
marginals of Gaussian random vectors in R™.

Lemma 3.5. Let n, N € N with N > n and let X1,..., Xy be independent Gauss-
ian random vectors in R™. For any 1 <€ < N and g > 1, let K;q C RN be the
(non-random) convex body defined by

1 YA 1/q
hr, ,(0) == < k—max|<6‘ ei)]? ) , 6 e SNt

14 1<i<N
=1

Then, for all 1 < ¢ < N and every § € S"~1,
Ehiy,,0) = cow(Keg),

nr(14254)
Var(irg) © V™

Remark 3.6. Notice that if { = N, then K q = N~/IBY.

of Lemma[33. Let § € S"~!. Since the random variables g; = (X;,6), i < N are
independent standard Gaussian random variables, we have

1 1/q L 1/q
= — — . q — _ q
By, (6) = E <€Z§max|<xl,9>| ) E (% kmlod ) .

1<i<N

where ¢, =

1 Vi 1/q 1 Vi 1/q
E <€ k-max|gz|q> =E (6 k-max|<X1,ez>| ) ,
k=1 k=

1<i<
1

Of course,

and so integrating in polar coordinates, we obtain

B” 1 1/q
Ehry,, 0 n' | rte”T T / (6 k-max [(6, e;)|? ) do,_1(0)
sn-1 \ £ 1o

1<i<N
1

= cnw(Kg)q),

where

r2

-5 nl (1 + ﬂ)
n = n|BY - = 2 J .
en =l |/ )2 VoI (14 %) vn

O

The following lemma serves the purpose of estimating the quantity w(K qu) from
the previous lemma, which will be present in the other cases as well. It is a direct
consequence of [18, Example 16].
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Lemma 3.7. Let N € N and ¢1,...gn be independent standard Gaussian random
variables. Then, for all 1 < g <log N,

¢ 1/q /1. N N
1 N < N
<Z E k_max|gi|Q) ~ { log 7 4> log 7

£ 1<isN Vi, log f < ¢ <logN.

Proof. By [18 Example 16], if 1 < g <log N, then
‘
a/2,4/2 N < _ 19 < (09/2,4/2 N
eI e < B3 homagla” < O (1)

where ¢ € (0,1), C € (1,00) are absolute constants and

0, t=0,
_ a ‘Z/2
1 1 2
My(t) = q z¢ 7" re (0.3 (35)" ).
(q+2)1+q/2 _aq 5 _a 1 29 q/
ga/2qitarz € t—pe ? t=2 7\ 55s :

Let us compute [[(1)X,|[a, = 1/M; " (). Note that, since ¢ > 1,
a (120" _eE
¢ \qg+2 12
which is greater than 1/N if and only if ¢ < 2log % — 2. In such case,
1 qa/2
M (N) - N\4/2’
4 (log 7)
¢ 1/q
1 N
- - |9 = —.
(eEZlf%’v"gZ' > V108 7
k=1
If2log% —2<gq<logN, then
wp(L) = ()L (2N et
t\N q+2 q+2 eN/

and, consequently,

£ YVa  N1/apl/a
o) B e
k=1

T NV gl gll/q + N}/q

and then

Thus, since ¢ < log N,

1 V4 1/q
- - |a ~
(=X tmlorr) ~va

As a consequence, we obtain the proof of Theorem [I.1]in the Gaussian case.
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Proof of Theorem [I1] - Gaussian case. Let n, N € Nwith N > nandlet X;1,..., Xy
be independent standard Gaussian random vectors in R™. Let alsol </ < N, g>1
and # € S"~1. We are going to show that

log(N/f), q <log(N/t),
Ehrgy,,(0) =44, log(N/¢) < q <logN,
Viog N, q > log N.

Let us start with the upper bounds. Assume first that ¢ > log N. Then, in
particular, ¢ > log ¢ and therefore

EhKN,l,q (9) ~ EhKN’l,l(e) ~ 4/log N.

If ¢ <log N, then Jensen’s inequality implies

Vi 1/q
1
z _ NT
EhKN’eyq(G) < <€ Ekg_l %‘?;%KX“@” ) .

Taking into account that for any § € S"~! we have that (X;,0), i < N are inde-
pendent standard Gaussian random variables and using Lemma [3.7] we obtain the
other two estimates.

Let us now prove the lower bounds. On the one hand, by Theorem [3.4] for any
q > 1, we have

> ; ~ 4/
EhKN,Z,q(e) = Elggﬁﬁ/“ |<X179>| IOg(N/f)v

which gives the right estimate if 1 < ¢ < log(N/¢). On the other hand, since
hiy .., (0) decreases in £ and because for any 6 € S"~! the random variables (X;, 6),

i < N are independent standard Gaussian random variables, we have that for any
6 esSnt

N 1/q
Ehky.,,(6) > N”"E(Z |<Xi,e>lq) = N"VIE|(g:)4 [,

i=1
where g1, ..., gn are independent standard Gaussian random variables. Therefore,
using the equivalence provided by (), we obtain for any § € S*~! that
<log N
Ehiy,,(0) 2 VE__ 158
e Viog N, ¢q>logN.

This obviously gives the right estimate whenever ¢ > log(N/¢).
Since the estimates hold for any # € S™~!, integrating on S"~! with respect to
0n—1 we obtain the result for the mean width [l

3.3. Isotropic log-concave random vectors — the case n < N < eV". In this
subsection we consider random convex sets that arise by considering a ¢*"-moment
of an average of order statistics of 1-dimensional marginals of general independent
log-concave random vectors in R™. Here we work in the regime n < N < evV™ and
the bounds are optimal (up to constants).

We start with a lemma that provides an upper bound on the mean width of
our random convex sets in terms of an expression involving the ¢!*-moment of an
average of order statistics of a sequence independent standard Gaussians.
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Lemma 3.8. Let n,N € N withn < N < eV and let X1,... XN be independent
isotropic log-concave random vectors in R™. Assume that g1,...,gN are indepen-
dent standard Gaussian random variables. Then, for every 1 < £ < N and any
q=1,

Y 1/q
Ew (KNZ,q < C( Z |gz|q> )

k=1
where C' € (0,00) is an absolute constant.

Proof. Let G be a standard Gaussian random vector in R™. Then, by integration
in polar coordinates,

ExEc hiy,,(G) = cnEw(Kn ),

n-1
where ¢, = % ~ y/n. On the other hand, notice that for every 1 <i < N,
Bl
the random variables g; = (X;/||X;||2, G) are non-independent standard Gaussian
random variables for each realization of Xi,..., Xy. Take into account that, by
Theorem 4 in [I8], we have that for any sequence Ay, ..., Ax of real numbers
0 0
- NP AP - NPT
Eq Z lfgr%a]%( Ailgil? < Eg Z lfgr%a]%( Ailgil?,
k=1 k=1
where g1, ...,gn are independent standard Gaussian random variables. Thus, tak-

ing into account that k-max [(X;, G;)| < max || X;||2 - k-max|g;|, we have
1<i<N 1<i<N 1<i<N

Y/ 1/q
1 ~
ExEq hKN,e,q(G) <Ex 1I<naéx ||X ||2 (Z EG;k-maxmiw)

¢ 1/‘1
1 q
< Ex max [|X].- <Z Ec Y k-max |g;] ) :

By Paouris’ theorem (see Proposition[2.1]), since N < eV™, we have that Ex maxi<i<n || Xill2 S
\/n. This proves the result. Notice that the second quantity is, up to absolute
constants, of the order /nw(Ky ), which we have estimated in the previous Sec-
tion. ]

Now, using the bounds for Gaussian random variables (Lemma B7), we can
prove the estimates in Theorem [[.1]

Proof of Theorem [T — General case. Let n, N € N with n < N < eV” and let
X1,...Xn be independent random vectors in R” with isotropic log-concave distri-
bution p. Let also 1 < ¢ < N and ¢ > 1.

We start with the upper bounds. If ¢ > log N, then ¢ > log/ and, for any
0eS" 1, higy,,0)~ hgy,,(0). Hence,
Ew(Ky,q) = Ew(Ky1,1) ~ /log N.
If ¢ < log N, using Lemma[3.8land Lemma[3.7] we obtain the desired upper bounds.
Let us now prove the lower estimates. If ¢ > log IV, then, in particular, ¢ > log/¢
and hence, Ehg , (0) = Ehgy ,,(0). Therefore,

Ew(Kn,yq) ~Ew(Kn1,1) ~ \/logN.
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On the other hand, for all # € S*~! and for any ¢ > 1, Theorem B4 implies

> 0.
Ehiy,,(0) = B _max (X5, 0)]

Therefore,

Ew(Kn.e,q) = Ew(K | n/ej1,1) = /1og(N/L),
which is of the right order whenever 1 < g < log(N/¢). On the other hand, since
for any 6 € S"~! we know that hg,,  (0) decreases in ¢ (see Lemma 1] (ii)), we
obtain, for every § € S*~1,

N 1/q
b0 50 (o)
i=1
Now, if ¢ <log N, fix m = LeﬂqJ and take a partition o1, ...,0,, of {1,..., N} such
that |o;| > e? for every 1 < j < m. We then obtain

1/q
h’KN,lq Z (ZZ|X1,9 >

j=1lico;

k 1/q
> N1/ ( X, 0 ) .
> 3753 (i)

Now, by Jensen’s inequality,

k g\ /4
-1
Ehsy,e,(0) 2 N /q<;<E%§§I<X@9>I> )
J
>N~ l/qllnf Emax |(X;, 9>|k1/q
1€0;

> inf Emax|(X;,0)|

1<;<k €0y
Note that for any o; € {o1,...,0r}, Markov’s inequality implies that, for any
a >0,
E max [(X;, 0)[ > a]P’(max|<Xl,9>| > a)
i€o

- a[1 — P(|(X1,0)] < a)"’j‘]

Choosing a = hx , (6), we have that P(|(X1,6)| < o) = 1 — . Therefore,

o]

[o;1

Emax |(X;,0)| > chx , ().

1€0; To i1

By Lemma there exist absolute constants c¢1,ca € (0,00) such that, for any
d e (0,1/e),
chlog%(M) - K(; c chlog%(M)'

Therefore, if we have g < log N, then, for any € S™~!,
EhKN,E,q(e) 2 Clgil;ikhzlog\aj\(#)(e) ~ th(#) (6).

Thus, if ¢ < log N,

IEw(KN%q) = / hKN,E,q(e) don_1(9)
sn—1
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> [ ha,0(0) dows(6) = w(Zy(u).
Snfl

Thus, if ¢ < log N and N < eV,

Ew(KNyqu) Z C\/a.
(]

Remark 3.9. Note that the last proof and an application of Jensen’s inequality
show that, for any ¢ > 1 and any € S"~1,

th(K) (9) ~E hKN,N,q (9)7

as long as N > e? with no upper bound on the number of points we can take or on
the parameter q. Thus, for any g > 1 and N > ef,

w(Zq(K)) ~ IEw(KN7N7q).
If N <el, Ehgy y,(0) ® Ehky,,(0) and therefore,
E w(KN7N7q) ~E w(KN,Ll).
3.4. Isotropic log-concave random vectors — the case eV?n < N < e™. In this

subsection we consider again the isotropic log-concave random model. This time
we work in the regime eV < N < e” and the following estimates can be obtained:

Theorem 3.10. Let n, N € N with eV® < N < ¢" and let X1,..., XN be in-
dependent random vectors in R™ distributed according to an isotropic log-concave
probability law p on R™. Then, for all1 <{ < N and any ¢ > 1,

leN  log(N/D,  q < log(N/9),
Ew(KN)g,q) < logN\/_ log(N/¢) < ¢ <logN,
Vlog N(loglog N)?, ¢ >log N.

Proof. If ¢ > log N, then ¢ > log/ and, for any 0 € "', hx, (0) = hiy,,(0).
Hence, using Theorem 1.3 in [I3], we have

Ew(KNyqu) Ew(Kni11) S V/log N (loglog N)?.
If ¢ <log N we have, like in the proof of Lemma [3.8 that

. 1/q
1
Ew (KNé,q) N \/—EX 1r<IlfiX HX H2 (Z EG;k—max|gi|q> .

Using Paouris’ theorem (Proposition 1)) and Lemma [B7 we obtain the desired
upper bounds. O

Regarding lower bounds, the same proofs give the following estimates:

Theorem 3.11. Let n,N € N with eVt < N < e and let X1,..., XN be in-
dependent random vectors in R™ distributed according to an isotropic log-concave
probability law p on R™. Then, for all1 <{ < N and any ¢ > 1,

E’w(KNz q) Z max {w(Zlog(1+N/l)(M))7 w(ZQ(/J'))}v 1 < q < 10g N7
w(ZlogN(M))v q> IOgN'
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3.5. Random vectors uniformly distributed on /}-spheres. In this part we

consider random convex sets which arise from considering the ¢** moment of an
average of order statistics of the 1-dimensional marginals of independent random
points which are chosen with respect to the cone measure mgn on the sphere Sg’l
of £3.

We will now present the proof of Theorem [[L4l For p > 2, the upper bounds
follow from standard norm estimates, while in the case 1 < p < 2, we need the large
deviation estimate for the cone measure due to G. Schechtman and J. Zinn (see
Proposition 2.5)). To obtain the corresponding lower bounds, we use the coupling
argument that was recently used in [2I] to reduce the case of {;-spheres to the

isotropic case, that is, IB%;}/HB%;}W".
Proof of Theorem - Sg_l case. We first present the proof of the upper bounds.

Upper bounds: We have, as in the proof of Lemma [3.8]

Y/ 1/q
1
Ew (KN&q) Ex max HX H2 (ZEGZk'maX|gi|q> .

~Y
\/_ 1<i<N —

We now consider two different cases.
Let 2 < p < co. Then, since R(B}) = n?~ %, we have

1/q
_1 (1
Ew(Knyq) <n v (ZEGZIF—%%(MA‘Z) :

Let 1 < p < 2 and T denote the constant that appears in Proposition (we
may assume T > 1). Applying this proposition with ¢ = 2 there, we obtain

Ex max 1X; HQ—/ P( max I1X; H2>u) du
1<j o 1<j

T
t
_ . 1/2-1/p
n /0 P(lgax I1X;]l2 > 1/p_1/2>dt

t
1/2—1/p
tn /T P(l%ixjv 112 = nl/p1/2> d

t
< Tpt/?-1/p +n1/2_1/”N/ JP>(|X1|2 > 7) dt
T

nl/p—1/2
0o 2
< Tpl/2-1p 4 n1/2—1/pN/ exp ( B tPnp/ ) "
T
00 2
< Tpt/2=1/p 4 nl/?*l/p/ exp ( B tPpp/ ) o,
T c1

where ¢; € (0, 00) is an absolute constant. In the last step we used that N < ecen®’?

for a suitably small enough constant co € (0,00). Using a change of variable in the
second term (and taking the integral from 0 to oo), we obtain

(p
Ex ax 1 Xjll2 < Tn'/?- p G n~YPT(1/p).
p
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Taking into account that for p € [1,2) the constant T € (0,00) is absolute, we
obtain
Ex max [|X;]2 S Cin'/271/7,
1<5<N

Let us conclude the proof. As a consequence of Lemma [3.7] we obtain the result
whenever 1 < ¢ <log N. If ¢ > log N, then ¢ > log ¢, and hence, for any # € S"~1,
hiy,,(0) = hgy,,(0). Thus, since 1 <log N,

Ew(Kyq) ~Ew(Kn1,1) Sn/Py/log N.

Lower bounds: Let Y1, ..., Yy be independent random vectors uniformly distributed
in B} and let K ¢4 be the random convex body defined by
1/q
~ n—1
higy,,©) ( Zlf<lp<a]>v<| Vi, 0)|? > ,  festh

Since B}/ |IB§;}|1/ ™ is isotropic and its isotropic constant is bounded, Theorem [I.]]
implies that

Ew(IN(N)g,q) ~n” 7 min {max {\/E, V1og(N/¢) } , \/logN} .

Taking into account that, by the definition of the cone measure, the random vector
X; has the same distribution as Y;/||Yi[|, for each i < N, and that, since Y; € By,

IN(N 2.q € Ln.¢q, where Ly ¢ 4 is the random convex body defined by

Vi 1/q
1 }/z g n—1
Riy g, (0) = (Z E lf'l%a]f,i‘<m’9> ) 5 6eS"

we have that

n=t/P\/log(N/f), 1< q<log(N/t),

Ew(Kn,q) > Ew(Knueg) 2 {n Y74, log(N/t) < q <logN,
n_l/ps/logN7 q > log N.

O

Remark 3.12. Tuaking a look at the proof reveals that similar results can be ob-
tained when the random points are chosen with respect to the cone probability
measure myg from the boundary bd K of an isotropic convex body K for which
EmaxlgiSN HXZHQ S \/ﬁ |K|1/n holds.

Acknowledgement We would like to thank the anonymous referees for a careful
reading of the manuscript and helpful comments that improved the presentation of
this work. The first named author is partially supported by MICINN MTM2013-
42105, MTM2016-77710-P, and Bancaja P1-1B2014-35 projects.

REFERENCES

(1] D. Alonso-Gutiérrez, N. Dafnis, M. A. Hernandez Cifre, and J. Prochno. On mean outer radii
of random polytopes. Indiana Univ. Math. J., 63(2):579-595, 2014.

[2] D. Alonso-Gutiérrez and J. Prochno. On the Gaussian behavior of marginals and the mean
width of random polytopes. Proc. Amer. Math. Soc., 143(2):821-832, 2015.

[3] S. Artstein-Avidan, A. Giannopoulos, and V. D. Milman. Asymptotic Geometric Analysis.
Part I, volume 202 of Mathematical Surveys and Monographs. American Mathematical Soci-
ety, Providence, RI, 2015.



20
(4]

[5]

[6]

(10]
(11]
(12]
(13]
(14]
[15]
[16]
(17)
(18]
19]
20]
21]
(22]
(23]
[24]
[25]
[26]
27]
(28]

[29]

(30]
(31]

(32]

D. ALONSO-GUTIERREZ AND J. PROCHNO

I. Barany. A note on Sylvester’s four-point problem. Studia Sci. Math. Hungar., 38:73-77,
2001.

I. Barany. Random polytopes, convex bodies, and approximation. In Stochastic geometry,
volume 1892 of Lecture Notes in Math., pages 7T7—118. Springer, Berlin, 2007.

F. Barthe, O. Guédon, S. Mendelson, and A. Naor. A probabilistic approach to the geometry
of the Ij-ball. Ann. Probab., 33(2):480-513, 2005.

W. Blaschke. Vorlesungen tiber differentialgeometrie ii: Affine differentialgeoemtrie. Springer
Verlag, 1923.

C. Borell. Convex set functions in d-space. Period. Math. Hungar., 6:111-136, 1975.

S. Brazitikos, A. Giannopoulos, P. Valettas, and B.-H. Vritsiou. Geometry of Isotropic Con-
vex Bodies, volume 196 of Mathematical Surveys and Monographs. American Mathematical
Society, Providence, RI, 2014.

N. Dafnis, A. Giannopoulos, and A. Tsolomitis. Asymptotic shape of a random polytope in
a convex body. J. Funct. Anal., 257(9):2820-2839, 2009.

N. Dafnis, A. Giannopoulos, and A. Tsolomitis. Quermafintegrals and asymptotic shape of
random polytopes in an isotropic convex body. Michigan Math. J., 62(1):59-79, 2013.

D. L. Donoho and J. Tanner. Counting faces of randomly projected polytopes when the
projection radically lowers dimension. J. Amer. Math. Soc., 22(1):1-53, 2009.

A. Giannopoulos, L. Hioni, and A. Tsolomitis. Asymptotic shape of the convex hull of
isotropic log-concave random vectors. Adv. Appl. Math., 75:116 — 143, 2016.

E. D. Gluskin. The diameter of the Minkowski compactum is roughly equal to n. Funktsional.
Anal. i Prilozhen., 15(1):72-73, 1981.

Y. Gordon and M. Junge. Volume formulas in Ly-spaces. Positivity, 1(1):7-43, 1997.

Y. Gordon and M. Junge. Volume ratios in Ly-spaces. Studia Math., 136(2):147-182, 1999.
Y. Gordon, M. Junge, and N. J. Nielsen. The relations between volume ratios and new
concepts of GL constants. Positivity, 1(4):359-379, 1997.

Y. Gordon, A. E. Litvak, C. Schiitt, and E. Werner. Orlicz norms of sequences of random
variables. Ann. Probab., 30(4):1833-1853, 2002.

Y. Gordon, A. E. Litvak, C. Schiitt, and E. Werner. Geometry of spaces between polytopes
and related zonotopes. Bull. Sci. Math., 126(9):733-762, 2002.

Y. Gordon, A. E. Litvak, C. Schiitt, and E. Werner. Uniform estimates for order statistics
and Orlicz functions. Positivity, 16(1):1-28, 2012.

J. Horrmann, J. Prochno, and C. Théle. The isotropic constant of random polytopes with
vertices on an ¢,-sphere. preprint, 2016.

D. Hug, G. O. Munsonius, and M. Reitzner. Asymptotic mean values of Gaussian polytopes.
Beitrdge Algebra Geom., 45(2):531-548, 2004.

B. Klartag and G. Kozma. On the hyperplane conjecture for random convex sets. Israel J.
Math., 170:253-268, 2009.

R. Lechner, M. Passenbrunner, and J. Prochno. Estimating averages of order statistics of
bivariate functions. J. Theor. Probab., pages 1-26, 2016.

K. Leichtweiss. Uber eine Formel Blaschkes zur Affinoberfliche. Studia Sci. Math. Hungar.,
21(3-4):453-474, 1986.

A. E. Litvak, A. Pajor, M. Rudelson, and N. Tomczak-Jaegermann. Smallest singular value
of random matrices and geometry of random polytopes. Adv. Math., 195(2):491-523, 2005.
A. E. Litvak, M. Rudelson, and N. Tomczak-Jaegermann. On approximation by projections
of polytopes with few facets. Israel J. Math., 203(1):141-160, 2014.

E. Lutwak and G. Zhang. Blaschke-Santalé inequalities. J. Differential Geom., 47(1):1-16,
1997.

P. Mankiewicz and N. Tomczak-Jaegermann. Quotients of finite-dimensional Banach spaces;
random phenomena. In Handbook of the geometry of Banach spaces, Vol. 2, pages 1201-1246.
North-Holland, Amsterdam, 2003.

E. Milman. On the mean-width of isotropic convex bodies and their associated Ljp-centroid
bodies. Int. Math. Res. Not. IMRN, (11):3408-3423, 2015.

J. S. Miiller. Approximation of a ball by random polytopes. J. Approz. Theory, 63(2):198-209,
1990.

A. Naor. The surface measure and cone measure on the sphere of £y Trans. Amer. Math.
Soc., 359(3):1045-1079, 2007.



(33]

(34]

RANDOM CONVEX SETS BETWEEN POLYTOPES AND ZONOTOPES 21

Romik D. Naor, A. Projecting the surface measure of the sphere of £3. Ann. Inst. H. Poincaré
Probab. Statist., 39(2):241-261, 2003.

G. Paouris. Concentration of mass and central limit properties of isotropic convex bodies.
Proc. Amer. Math. Soc., 133(2):565-575 (electronic), 2005.

[35] G. Paouris. On the t2-behaviour of linear functionals on isotropic convex bodies. Studia

Math., 168(3):285-299, 2005.

[36] G. Paouris. Concentration of mass on convex bodies. Geom. Funct. Anal., 16(5):1021-1049,

2006.

[37] G. Paouris and E. Werner. Relative entropy of cone measures and I, centroid bodies. Proc.

London Math. Soc., 104(2):253-286, 2012.

[38] S. T. Rachev and L. Ruschendorf. Approximate independence of distributions on spheres and

their stability properties. Ann. Probab., 19(3):1311-1337, 07 1991.

[39] A. Rényi and R. Sulanke. Uber die konvexe Hiille von n zufillig gewihlten Punkten. Z.

Wahrscheinlichkeitstheorie und Verw. Gebiete, 2:75-84, 1963.

[40] A. Rényi and R. Sulanke. Uber die konvexe Hiille von n zuféllig gewahlten Punkten. II. Z.

Wahrscheinlichkeitstheorie und Verw. Gebiete, 3:138-147, 1964.

[41] A. Rényi and R. Sulanke. Zuféllige konvexe Polygone in einem Ringgebiet. Z. Wahrschein-

lichkeitstheorie und Verw. Gebiete, 9:146-157, 1968.

[42] G. Schechtman and J. Zinn. On the volume of the intersection of two L} balls. Proc. Amer.

Math. Soc., 110(1):217-224, 1990.

[43] C. Schiitt and E. Werner. The convex floating body. Math. Scand., 66(2):275-290, 1990.
[44] J. J. Sylvester. Question 1491. The Educational Times, London, 1864.
[45] S. J. Szarek. The finite-dimensional basis problem with an appendix on nets of Grassmann

manifolds. Acta Math., 151(3-4):153-179, 1983.

DEPARTAMENTO DE MATEMATICAS, UNIVERSIDAD DE ZARAGOZA, ZARAGOZA, SPAIN
E-mail address: alonsod@unizar.es

SCHOOL OF MATHEMATICS & PHYSICAL SCIENCES, UNIVERSITY OF HULL, HULL, UNITED KING-

DOM

E-mail address: j.prochno@hull.ac.uk



	1. Introduction and main results
	1.1. General introduction
	1.2. Presentation of the main results
	1.3. Organization of the paper

	2. Preliminaries
	2.1. General background and notation
	2.2.  Convex bodies and isotropic log-concave probability measures
	2.3. Floating bodies and Lq-centroid bodies
	2.4. Geometry of pn-balls
	2.5. Orlicz functions and Orlicz spaces

	3. Proofs of the main results
	3.1. General results for random vectors in Rn
	3.2. Gaussian random vectors
	3.3. Isotropic log-concave random vectors – the case nN en
	3.4. Isotropic log-concave random vectors – the case enNen
	3.5. Random vectors uniformly distributed on pn-spheres

	References

