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Abstract

In section 1 of this thesis a two-dimensional
mathematical model is used to investigate the circulation
in a gas-bubble agitation system of a cylindrical vessel
for the case of an orifice located at the centre of the
base. The two-phase (liquid/gas) region is assumed to be
confined to a cone-shaped region and is investigated
using Wallis' Drift Flux Model. In the single-phase
(liquid) region the turbulent Navier-Stokes equations,
written in terms of the stream function, are used for the
mathematical model. The analysis in the two-phase region
yields the boundary conditions on the two-phase/single-phase
boundary. The velocity field in the two-phase region is
solved analytically giving results in closed form. A
numerical algorithm is developed for calculating liquid
flow in the single phase region, and numerical results
are presented graphically in terms of the stream function.
In section 2 two moving interface problems are
investigated. ©Small time analytic solutions are found for
three-dimensional inward solidification of a half space
initially at fusion temperature in the first problem. In the
second problem, perturbation solutions for melting of a
cylindrical annulus with constant heat flux on inner surface
are given. In both problems the interface immobilization
technique is used. Interface locatilions at various times

are calculated for the inward solidification problem and



the results shown 1in three-dimensional graphs. First and
second perturbation terms for the interface location are
given for the second problem and graphs of each are

presented for a particular case.
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Nomenclature

cross—-section area

distribution parameter
gravitational constant

height of liquid column
volumetric flux Ae_(\s'\ttj

pressure

volumetric flow rate

radial position

dimensionless radial position
radius of cylindrical container
Reynolds number

velocity

gas velocity outlet orifice
rising velocity of bubbles
velocity

mass flow rate

axial position

height above base of inlet orifice
dimensionless axial position
void fraction

dimensionless parameter
dimensionless parameter
dimensionless independent variable
angular measure

viscosity

dimensionless independent variable
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subscripts

Section 2
Q
b

L]

Bi

>

density
stream function

dimensionless stream function

liquid property
gas property
effective
ligquid property

radial direction property

radius of inner boundary of annulus
radius of outer boundary of annulus
Biot number

positional function of the interface
specific heat

wall temperature function

heat transfer coefficient

thermal diffusivity

thermal conductivity

latent heat of fusion

heat flux

radial position

position of interface

time

temperature

independent variable

the vector (X, Y ) or ((I)'(p)

dimensionless independent variable
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subscripts

r

independent variable
dimensionless independent
independent variable
dimensionless independent

dimensionless parameter

perturbation parameter (Ce (Te ‘Tt) / Ls )

dimensionless independent
dimensionless temperature
dimensionless independent
density

dimensionless position of
dimensionless time

dimensionless parameter

initial property
fusion property
initial property
liquid property

solid property

local to Chapter 2
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Stefan number
dimensionless independent

dimensionless independent

local to Chapter 3
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¥

dimensionless parameter
dimensionless temperature

dimensionless temperature

variable

variable

variable

variable

interface

variable

variable

of liquid

of solaid
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CHAPTER 1

INTRODUCTION

Gas injection into molten metal has been used in
commercial steel making operations since the 1850's when
Bessemer injected gas into the base of a steel making ladle.
The ultimate objective of bubbling gas into molten metal is
to effect a chemical change in the liquid phase. Development
of gas injection processes in steel making continues but the
means for effectively assessing proposed process designs and
their potential operational benefits are not as complete or
reliable as desired.

When gas is issued from an orifice at a low
superficial velocity into a liquid, a swarm of bubbles rises
uniformly within a gas-bubble column. When gas velocity is
inecreased, the bubble flow ceases to be uniform and becomes
unstable, intense recirculation is observed in the
gas-liquid two-phase region, and the column operates in the
recirculation flow regime. Until very recent times the
quantitative characterization of flow patterns and mixing in
argon-stirred ladles was very difficult and the most that
could be done was to estimate mixing times and flow features
from water models. Typical apparatus for the experimental
study of water models consist of a transparent cylindrical
tank filled with water and stirred by a metered continuous
jet of air admitted through an orifice centrally placed in

the bottom of the tank. Polystyrene particles are added to



the water and illuminated by a light source. The flow
pattern is observed by the motion of the polystyrene
particles through the transparent tank. While the
information obtained from the flow visualization test is
very helpful it is only qualitative. Over a period of years
quantitative description of the flow field was obtained
using hot film anemometry. Hot film anemometry relies on
the fact that 1f a metal film heated by a current is
immersed in a moving fluid, the rate of heat loss from the
film is related to the velocity of the fluid adjacent to the
probe. Since the electrical conductivity of the film is
temperature dependent, if the current required to maintain
the probe at a constant temperature is determined, this
current can bé related to the local fluid velocity. The
probe is mounted on a frame and attached to a suitable
travelling mechanism which allows the positioning of the
probe at any desired point within the system. Current
experimental measurements on velocity fields in a
cylindrical tank, containing water, are carried out using
laser-doppler anemometry, which is an improvement over the
hot film anemometry, making use of recent developments in
laser technology.

Laser-doppler or hot film anemometry methods cannot
be used to measure directly the velocity fields in molten
metal baths because the temperatures in the baths are too
high for the apparatus to withstand. Alternative approaches

have been developed which are based on the turbulent



Navier-Stokes equations together with models for the
turbulent viscosity. Turbulence models developed give
predictions on velocity profiles which can be compared with
experimental measurements. Szekely, Wang and Kiser (1976)
predicted the velocity field in a water model of an
argon-stirred ladle. They compared their results to
quantitatively measured velocity using hot-film anemometry.
Their theoretical prediction was based on the numerical
solution of the turbulent Navier-Stokes equations using the
two-equation k-W model for the turbulence viscosity.
Comparison of the predicted and measured results showed that
the agreement was only qualitative.

DebRoy, Majumdar and Spalding (1978) used a
mathematical model for the water model of an argon stirred
ladle of Szekely et al (1976) to predict the velocity field.
In their model, DebRoy et al assumed that the two-phase
(gas/liquid) was confined to a cylinder, whose axis was the
axis of the container, and radius being an estimate of the
radial width of gas-liquid mixture at the surface. The
no-slip condition on velocity was used at the walls and at
the free surface the conditions imposed were that vertical
velocity is zero and that the surface shear stress 1s zero.
A constant effective viscosity was used. In the numerical
solution was included a procedure for predicting the average
volumetric concentration of gas (void fraction) from the gas
flow rate. DebRoy et al examined two idealized cases: the
case when gas and liquid move with the same speed; and the

case when the gas moves at a higher speed than the liquid so



allowing for slip. A comparison was made between the
predictions of velocity field with the no-slip model along
with the experimental measurements of Szekely et al (1976).
Agreement between the measurements and the predicted values
was reasonable,

Grevet, Szekely and El1-Kaddah (1982) performed more
detailed experimental studies where the air-water system was
used to simulate the behaviour of the argon-stirred ladle
and laser-doppler anemometry was employed to determined the
velocity fields. In addition to the laser velocimetry a
photographic record was made of the system in order to
define the geometry of the bubble column and the two-phase
region. Grevet et al (1982) also made a mathematical model
of the gas bubble circulating system of their experiment
which represented an axisymmetrical turbulent recirculation
flow problem. In the mathematical model Grevet et al make
the assumption that the two-phase region is confined to a
jet cone, the dimensions of which are determined from the
experiment. The boundary conditions used are the same as
those of DebRoy et al (1976) with the addition of an initial
gas velocity at the orifice. The whole domain was
represented in terms of a single get of equations. The void
fraction was calculated using the drift flux model. The
governing equations were solved numerically retaining the
primitive variables, and using the k - € model for the
turbulent viscosity. The numerical computations were

performed using a general computer progranm of Pun and



Spalding (1977). The comparisons made between predicted and
measured velocities showed reasonable agreement and
speculation was made as to whether the discrepancies were
due to the experimental data or to the mathematical model.

A mathematical model using the continuous mixture
approach was devised by Aldham, Cross and Markatos (see
Hudson and O'Carroll (1982)) for the purpose of comparing
the predicted velocities with the experimental results of
Grevet et al (1982). In their paper Aldham et al conclude
that their model predictions compare favourably with the
measurements of Grevet et al. Investigations of bubble
driven circulation in an axisyﬁgtric vessel were carried out
numerically and experimentally, using Laser-doppler
anemometry, by Durst, Taylor and Whitelaw (1984). In this
investigation liquid flow was caused by a steady column of
air bubbles rising through castor oil in a cylindrical
vessel. Measurements of the liquid velocity were obtained
acrogss the diameter of the vessel and confirmed that the
only region of asymmetry was confined to the vicinity of the
bubble column near the free surface. In the mathematical
model, Durst et al assumed liquid flow to have constant
properties, be imcompressible, steady and axisymmetric. The
no-slip condition on velocity was used at the walls and the
free gsurface was assumed to be stationary. The tlime-average
of the measured values of velocity were imposed on a
cylinder whose axis was that of the container and radius
specified. The governing equations were solved numerically

retaining the primitive variables using a method derived



from that of Spalding (1972). The results of the
calculations were in close agreement with the experiment.
When modelling an argon-stirred ladle through the
statement of the turbulent Navier-Stokes equations and
comparison of the model made with experimental measurements,
the main difficulties are those regarding the boundary
conditions and experimental inaccuracies. Szekely, Dilawari
and Metz (1979) devised an experiment for which the system
was so constructed that the boundary conditions may be
stated unambigously. The system consisted of a cylindrical
tank containing water and recirculating motion was induced
in the tank by means of a tube which was made to pass
through the axis of the tank in the upward direction. The
tube was driven by a pulley which was driven by a variable
speed motor. This system is refqged to as the Belt Driven
Circulating Flow System. In this system the conditions on
solid boundaries are known and the condition on the moving
boundary is also known. In their experiment, Szekely et al
measured the velocities in the tank using Laser-doppler
anemometry. For the mathematical model the turbulent
Navier-Stokes equations were written in terms of the stream
function and the k-W model of turbulence used. A numerical
method was used to solve the governing equations and the
solutions compared to the experimental results. It was
found that the theoretical predictions of the velocity
profiles represented the experimentally obtained profiles

quite well.



One purpose of this work is to produce theoretical
results which may help in development of gas injection
processes in steel making. The primary objective is to
provide a numerical algorithm which can be used to
effectively predict the circulation in a steel making ladle.

It is an aim of this section of the thesis to produce a
two-dimensional model capable of predicting the circulation
in a gas-bubble agitation system of a cylindrical vessel for
the case of an orifice located at the centre of the base.

Current practice has shown that the turbulent
Navier-Stokes equations govern flow in turbulent
recirculation systems such as the gas bubble recirculation
of a ladle. One of the main problems encountered in
previous theoretical investigations of the gas bubble driven
circulation systems was to obtain proper representation of
the boundary between the gas bubble-rich region and the bulk
of the liquid both in terms of shape and in terms of stating
the proper boundary conditions for the velocity and velocity
gradients.

To construct a mathematical model the following

assumptions are made:

(i) the bubble-stream is confined to a cone-shaped
region;
(11) the two-phase region is confined to the

bubble~-stream.

The assumptions result in the flow domain being divided into



two regions, namely the two-phase cone region and the
remainder which 1s a single-phase region. The problem in
the single-phase region becomes that of turbulent
recirculating flow with the velocity on the
two-phase/single-phase boundary being derived from the
velocity fields in the two-phase region.

A consequence of the assumptions is that the model
for the recirculating liquid flow is now reduced to a
'belt-driven' model, where the belt is a conical surface
moving with variable speed along a cone generator. The
reduced problem for recirculating liquid is related to the
'belt-driven' square cavity recirculating liquid flow
problem for which numerical results have been contributed by
many researchers using a variety of finite difference and
finite element methods. Olson (1979) compared methods and
results to the square cavity recirculating liquid flow
problem. The problem consisted of a square
(two-dimensional) cavity containing liquid with a 1id at the
top sliding at a constant velocity causing flow of the
liquid. The results considered were for when the sliding
top was moving at a Reynold's number of 1 and at Reynolds
number of 400. Contour plots of stream function, vorticity
and pressure as well as velocity profiles across the
cavity's centre lines are considered in the comparison of
results by Olson. For the case Reynolds number (Re) equal
to 1, Olson reports that all the contributed numerical

results showed very good agreement. However, the agreement



between the various contributors are reported not to be as
good for Re = 400. Reasonable agreement is reported for

Re = 400 from contributers who used very fine grids. Flows
in steel making ladles are of Reynolds number in the range
1(? - 1d+ and results of any recirculating flows of
Reynolds number in this range are very few. Tuann and Olson
(1978) report about obtained results for the square cavity
for Reynold number flows of up to 3000 in their review of
computing methods for recirculating flows and are
inconclusive about which method of solution is best.

In Chapter 2 flow in the two-phase region is
analysed using the drift flux model. The boundary
conditions on the two-phase/single-phase boﬁndary are
obtained.

In Chapter 3 a two-dimensional mathematical model
which represents an axysymmetric turbulent recirculating
system driven by gas is constructed. The governing
equations and boundary conditions for the single-phase flow
are stated in terms of the stream function.

In Chapter 4 an algorithm is developed for
calculating liquid flow 1n the single-phase region.

In Chapter 5 a selection of numerical solutions is
presented., As data for bath agitation in the steel industry
Were not available, operating data for a water tank 1s used.

A discussion of the results is also included.

10



CHAPTER 2

FLOW MODEL IN BUBBLE STREAM

The aim of this chapter is to analyse the flow in
the two-phase region by using the drift flux model. In this
model suitable average properties in the bubble stream are
determined and the mixture 1is treated as a pseudo-fluid that
obeys the usual equations of single component flow. The
components of two-phase flow are distinguished by subscripts
1, for liquid, and 2, for gas.

Consider here one-dimensional two-phase flow. The
total mass rate is represented by W and the volumetric flow

rate is represented by Q . Using the subscript notation

W= W+ W (1.2.1)

and

Q :Q. + QZ (1.2.2)

The average volumetric concentration, also called the void
fraction, is the fraction of the volume which is occupied at
any instant by gas and is represented by the symbol & ., The
denSrtg
volumetric flow rate per unit area (volumetric flu is

represented by j and is related to the void fraction and

velocity v as follows:

1



Jo= (- y; : (1.2.3)
Ja= QU ; and (1.2.4)
:) = \in * :)'J. . (1.2.5)

Let A denote cross-section area, then

Q, = LdA , and (1.2.6)

Q.= \7,dA

(1.2.7)

The drift flux represents the volumetric flux of a component

relative to a surface moving at the average velocity. The
denstty .

drift flux{of liquid is represented by Ju

and is related to the void fraction as follows:

Ji =(l~°<><U'.— 3) : (1.2.8)

')

AQ(\SltS ,
The drift fluonf gas 1s represented by Ja) and satisfies

the following relation:

:}u = q(u;-—' J) . (1.2.9)

In order to take into account variations in concentrations

and velocity across the cross-section, averages over the

12



cross-section are taken. Let =z beansquantity, define Z as

follows:

z = zdA A , (1.2.10)
' oler\S\.'tS

To derive expressions for the drift flux jzt and

the void fraction & y introduce the definitions:

) = J./(\-q) 3 (1.2.11)
Ry = 35/5I 5 and (1.2.12)
c. =al/&} (1.2.13)

Co is called the distribution parameter. Using (1.2.12),
(1.2.13) and (1.2.9) yields the expression

Ja, = 8<U) = Coq ‘ (1.2.14)

and applying (1.2.5) and definitions (1.2.11) and (1.2.12)

to (1.2.14) gives 3;| as
o= A - de Uy - & (Y- (Y) (1.2.15)
Using (1.2.4), (1.2.9) and (1.2.13) in (1.2.12) gives

<U-z> = Co-j + .:\1.|/.&- (1.2.16)

13



Using (1.2.7) in (1.2.12) gives the expression
<G> = Q. / A - (1.2.17)

Equating the right hand sides of (1.2.16) and (1.2.17)

yields

A = (Q:." Ajll)/AC;j- _ (1.2.18)

Finally, on substituting into (1.2.18) the expression
(1.2.15) for the drift flux, 4 is given by:

Q.- & {0y - (KU + & Koy -<u)))

x = = (1.2.19)
Ac.]

In the particular system under consideration, the
two-phase flow occurs within a (right circular) cone region.
Let the centre of the orifice be taken as the origin of a
three-dimensional co-ordinate system with the line through
the origin and perpendicular to the plane of the base taken
as the z-axis. Let A(z) be the cross-section area at height
z and assume that at any vertical height z , the vertical
velocity Uz of the pseudo-fluid is uniform, i.e., does not
vary with v (or 8 ) A momentum balance over a volume in

the axial direction gives

jz Euz(/\uz) - xd ()9;5/\ . (1.2.20)

1h



The void fraction a is given in terms of relative
velocities. As with all other analyses of this kind assume

that the distribution parameter is unity,

i.e. C,

—

; (1.2.21)

and that
<) -<uy = v, -V (1.2.22)

where VYa— U, is the rising velocity of the gas phase
denoted by Uo ., Then using the declared coordinate system

the void fraction is given by

Q. - a(l—a)u«)
SH\SPV(U\‘RU&) dv

o]

d= (1.2.23)

In this model it is further assumed that there is no slip

between the gas and liquid phases, hence

Uoo and (1.2.24)

1
O

U, = Us (1.2.25)
Substituting (1.2.24) and (1.2.25) in (1.2.23) gives

a = Q. /'ﬂ'rzuz (1.2.26)

15



Let the base angle of the cone be A\ . Then r and z are

related by

r = gztan A , hence (1.2.27)
A(E) = l—sz'{‘_an)\ y giving (1.2.28)
a = Q@ /Aua (1.2.29)

(32 is the volumetric gas flow rate taken at 2= Z, .

Imposing the condition that
u! = uo at Z= Z-Q (102.30)
gives the following expression for Q. :

an®A
Q. = TU.Z.tan , (1.2.31)
Using the equations (1.2.28), (1.2.29) and (1.2.31) in
(1.2.20) and adopting the boundary conditions (1.2.30)

results in the following equations governing the vertical

velocity Uz in the two phase region:

_g{_(z‘u;) . TQZiUg (1.2.32)
dE Uz

16



Uz (o) = WU . (1.2.33)

The solution to the system (1.2.32) and (1.2.33) is

i
3

Uz o\ (3T g 2 (=) + 2, (1.2.34)

Uo Z \4U,

The model also agsumes that there is no motion in
the rndkﬂ direction, therefore at any height z in the cone
region, the components of the pseudo-fluid velocity are:
Uz = Uz (z) , Ue = O , (1.2.35)
For small A these led to the velocity condition along and
normal to a generator of the cone given by

ut - uECOSA :l'__L uZ(z) \ (1.2.36)

T
o

Un (1.2.37)

17



CHAPTER 3

MATHEMATICAL MODEL

Consider a system consisting of a cylindrical
vessel with an orifice at the centre of the base containing
a fluid and inert gas being injected into the container

through the orifice. This cons .titutes what is generally

called a gas bubble driven circulating system. A
mathematical model of this system which represents an
axisymmetrical turbulent recirculating flow problem is to be
developed. The model supposes that the system has attained

steady state and the following assumptions are made:

(1) the bubble-stream is confined to a cone shaped
region;
(i1i) the two phase region (liquid/inert gas) is confined

to the bubble stream; and

(iii) the velocity and momentum flux are continuous

across the boundary of the two-phase region, see figure 1.

The centre of the orifice is taken as the origin of
s three—-dimensional co-ordinate system and the line through
the centre of the orifice and perpendicular to the plane of
the base is taken as the z-axis. Due to symmetry with

respect to the z-axis, there is no variation with o .

18



Let ( U, , Uz ) be the velocity components in the (Y, Z)

directions. The equations to be solved for the liquid flow

are derived from the continuity and Navier-Stokes equations

and are the following:

continuity:

La(vw) + QU
v Ovr Jdz

1]
O

! (1.3.1)

momentum:

z—-direction

U-OUx + UsdUs = — L QP % 1 (2D e QY2
v OZ P oz P\ 0% dZ
t L D[ M| QY2 + Oz
v dv ovr JZ (1.3.2)

r-direction

UrQUe + UzQUe = —

LOb 4 2D [V QU
or OF 4 P or

v 2| e M+ Qus - a/ae(c_q_rz (1.3.3)
OF O& v

boundary conditions

U = 0 Uzg = O on =0, O<v <Ry ; (1.3.4)

19



U =0 , Ug= 0 on v=Ry 6 0czsH ; (1.3.5)

Ue=0O , O% -0 , onz=H  o0=sveR, (1.3.6)

Ug = Ug at v =0 Z = Z, (1.3.7)

The effective viscosity Meg used is calculated by a
viscosity hypothesis proposed by Pun and Spalding that
provides a reasonable prediction of the velocity fields in
systems such as the one under consideration. The following

expression has been used:

(H)‘é f(% (qusuiyé (1.3.8)

wir

Megg = k<7‘ R°)

A 4

where‘ngis the volumetric gas flow rate, Uy is the
constant velocity of the gas at the orifice, R

is a constant given by
R= 0.0l12 . and (1.3.9)

ﬂ. is the density of the liquid.

The two-phase flow occurs within the cone region

Ogsvg ajcank \ E, 24 2 < H , (1.3.10)

where 2\ is the angle of the cone whose vertex is at ¥ =Z=0

It is assumed that the two-phase flow at any height Z Z»Z,

20



has uniform vertical velocity

we = Ucz) . and (1.3.11)
radial velocity
U~ = O (1.3.12)

The expression for U(z) is as derived in Chapter 2 and given
by equation (1.2.34). Consequently, the model for
recirculating liquid flow is now reduced to a "belt-driven"
model. Here the belt is a conical surface moving with
variable speed along a cone generator.

Using the constant effective viscosity and the
conditions on the two-phase/liquid interface,
(see figure 2,) the equations governing liquid flow are as
follows:
continuity:

(TU,,B‘F _5_93_ = O )

-';é% 3% (1.3.13)

z—-direction:

urEﬁk.*‘ U:E@s = =
or e

- |-
WS
I
v
\Q)
-
+

Q/
=
M
+
Q/
ol
Y

v-

|

19
- o (1.3.14)

Q/
ﬁ
Q-
M
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r-direction:

ur_a__(ﬂ‘ + U;i&r :-—_‘____E t /igﬁ _2__@_ V'Buv +
ov JE 0 or e \vo

_a____b_(lv_-‘i"a(}i - QU,.

3z \ dz e 2 (1.3.15)

boundary conditions:

U0 =0 , Uz = O , on &=20, 04v<R . (1.3.16)

U =0 y Ue =0 = on V=R, 0zz<H ; (1.3.17)

Uz =0 . au"'::C) , on Z=H,0<w4Hton>‘3(1.3.18)
QZ

U 20, Ue sU@E) on czztank, zoszeH (1.3.19)

When the equations for the second derivative BQ-F/BTBZ
are determined from the z- and r- components of the momentum
equation and equated, F is eliminated from the governing
equations resulting in the following equation holding in the
flow field:

zi u;é&& + U;QB: '":Q u;égi + U;égg =
o\ ¢ RY: e\ or dZ

F DU \— D (L D (v 4 U +

— ] =

)
Ueg [ 2 =2 O MVaz
/u§D e Ol dedz D¢ \ ¥ O ovr O%

22



Q [ _ | - 2 oW
0z* \ Jz v ¢ OZ

(1.3.20)
The stream function defined by
U = -t ¥ , Ug =  o¥ (1.3.21)
¢
v Ov r OZ

is introduced, reducing the number of dependent variables to

one, and the following dimensionless variables are

introduced:

R = _"r ' (1.3.22)

R

Z = =& , (1.3.23)
H

¢ - ‘702 and (1.3.24)
Ue Ro

Y - RQ (1-3.25)

H

Using the stream function and the dimensionless variables
the governing equations become:

A
2__.8_5{3 +
R

TE};(@_@_ _aisé-r ‘Sz_ajlb. - 3
OS2 \DR®  2RE R OR




30 -33% + 230 . 29 ¢ _ 29
ROR R IR g R R OR9Z™  oRr*
—-3"2.5:3_[_’ - Yq?_«‘_f ;
R'oz* OZ“
(1.3.26)
boundary conditions:
¢=0 vQ@?:O , on Z=0,04Rs 1| ; (1.3.27)
Of
(P=O l_a_g =0 | on R=l, O0<¢<Z < | ;o (1.3.28)
AR
@=Ch aﬁ}:o ' on Z=\,\4R<ﬁ (1.3.29)
o Z*

~~
P
O
CV'Cy
SR SY
i
7
~ N\
w
=
=z,
I
w
—~
AN
»~
|
Z
+
A
w
~___
(Y]

on R=A | O« Z<«| ; (1.3.30)
where Re = (9R°U° (Reynolds number), (1.3.31)
fege
R= =z, | and (1.3.32)
F{
B = tan A . (1.3.33)
¥

The domain of integration is turned into a square

domain [O,1 ] X [O, | ] by introducing the following new

2k



variables:

1

£ = R— |
REZ- |

"

£

(1.3.34)

(1.3.35)

For brevity, the following differential operators are

introduced:

L = L'—a—*'l-n.a_z *‘Ls_a;z_ + Lq._ai +L5_@_3_ +
ok o okom o’ o8

L 33 + L 33

T —l—

)80 ofom

(1.3.36)

M = '%\él + P«;Ei t N\%éi- + NL-;i;. + ‘45_§i 4
ok o o¢” tam ot

(1.3.37)

2 = + Na__a: + N4.a3_ + Ns_}f_ +
o8 Jt* okdY ok* Y

N2+ N2 MDD N NG e
oEdy* 08" o8 oM oE o 97

(1.3.38)
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where L, ,..., L., R Ml yeeey Mg, and Nis...; N, are functions

of E and Wz as given in appendix I. Introduce the

following differential operators as well:

39)

40)

41)

42)

43)

bi)

45)

D, = - @g Q + _a_ , and (1.3.
-1+ A7 ok I
D:z \ B (1.3,
-1+ BM o
Substituting the variables § and ﬂz into the governing
equations results in the following set of governing
equations:
N‘p = RQ(D\&P qu + D:.&P qu) ' (1.3,
boundary conditions
) =0 , Q_f_p = 0 | on ‘z=~o ' O$E51 v (1.3,
o
$-0, B_LD:O \ on g:O‘OS’V(&l{ (1.3.
ok
%:O' B"? -0 . on 1(:( 'Oééﬁl‘. (1.3.
on?
b0, 28 . p(p-) eI R He (- + h*>3 |
> o
on § =1 \ O:’:'V(Al (1.3.
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In the special case of the tangential velocity along a
generator of the cone being taken constant at U, then

(1.3.45) is replaced by

=0 g_g_ - ﬁ?<"*’§7> . (1.3.46)
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CHAPTER 4

CALCULATION OF LIQUID FLOW

The elliptic partial differential -equation
governing liquid flow is non-linear and of the fourth order.
The equation cannot be treated by any of the very extensive
methods for integrating partial differential equations and
recourse is made to treat the problem by a numerical method.
The numerical algorithm developed for solving the system of
equations (1.3.41) - (1.3.45) of chapter 3 uses the
technique of quasi-linearization. On quasi-linearzing the
nonlinear governing equation, a convergent and stable
procedure is achieved.

The governing equations are quasi-linearized on

writing

o = ¢ +P7 , (1.4.1)

where

"%)'{', << | ' (1.4.2)

The governing equation in quasi-linearized form is

-N¢ + Re(DP LY + LEDP + DPMP 4

MED.E) = Re(DEME » DELE) | (4,5



the differential operators L_, h« ,Pi ’ D, and Dz are as

defined in chapter 3 and the bar is now used to denote the

previous iterate.

The boundary conditions for (1.4.3) are:

1

@: O ' éﬁ = 0O , on Y:Cﬂ Oé%é\ v (14.4)
oM

‘lb= O .E_S_? =0 , on ‘é’,:QlOSVC&\ i (1.4.5)
ok

=0 . J? on =1, 0«8\ (1
on* .

¢ -0 2L = plpy )W Kt (P-R)F R

4 us

Qs
wr

on & =1 osv <« 4 . (1.4.7)
In the special case of the tangential velocity along a

generator of the cone being taken as WU, then (1.4.7) is

replaced by

CPZO, :@f_P,_ - + on =\, 04l | (1.4.8)
s RCi+py) o & " :

The transformation from the (R, Z) to the (E,'Q)
coordinate system transformed the flow domain into a square
region. The convenience of this transformation is
appreciated during discretization of the flow domain as it

guarantees that for any value of A the boundary intersects
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the rectangular mesh at mesh points. Discretization in the

é and Wz directions by means of standard central

differences in the square domain O<& < 1 02 N |

leads tomn nodes ('wm in the E -direction and N in the qZ‘

direction). Of the mn nodes Q(Mffﬂ'“4 are boundary nodes

at which 4’ is known. For convenience define the mesh

lengths h and k such that

h = l//W\—l | and (1.4.9)

R = \/f\-l : (1.4.10)

The k defined by equation (1.4.10) defines £e through

equation (1.3.32) which is then given by

Zo = H/n-l (1.4.11)
also define the values of q> at the nodes by

P (th, jR) . (1.4.12)

sy
.
]

for 1=0 1 2, -+, m=1, and (1.4.13)

Using central difference finite approximations on the

30



actions of linear operators gives the following:

1

N&Pt‘,:\ C\gpi-l,j-'). + Cz‘Pi,j-:. + qujin,:\-z + Co LP‘i-').,\]-\

+ C5 (P‘l"l'l" t C(’ kP““:’“ + C7 LP‘."'N‘)" t C% LP".‘”“:S'\ + C") (‘pi"l’»j

+ C|o ?i-hj + Clc@'{n,') + Cn' ‘P"‘“):) * C‘Sq‘/'“l':) ¥
CM LP{“L*‘S“ + C"S (PF!,SH + C'Gq)"',jﬂ + C‘-, &P'l'-tl)iﬁ-t +

C‘% ‘Pin'sﬂ + Cw"Pi-a,'pz + Czo'},Lw',:ﬁz + Czl(‘P{H’)}z

(1.4.14)
M‘:p'l,J = Bz(P’\'.,S-'J. + DSLP‘.:S"\ + DGQP'i)S" + lepi"()i

+ bsq)f-z,:s + D.o(pi-a,\', + b..‘I’i.:‘ + Dn-,_“Pv'H,j + D".s 4’1‘41':\

+ Dlsq)1'~l)Jf| + bt(,(P-\')jH + bw(}"'f',\i-}\ + Daogpi,a}v_ . (1_4.15)

L (Pill.\ = ES QP,‘-_‘,:\_' ¢ E" ‘P‘.»:)-‘ * E? SP{"‘)&" + E‘B qli.-"j

-

+ E.otp;.,):\ + E, 'P{,:‘ + E,,_‘Piu,\‘) + E.stpiﬂ,:\ 4
Etsqji“'::)“ + EIQKP“,:)*-\ ' (1.4.16)

WheI‘e C‘ g ® 0 0y C D| g o0 sy Dloand E‘ g 000y Ezo are

ity ?

given in appendix 2.
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The other differential operators are approximated by:

D‘ qu,‘J = - @1’ =V o+ ﬂ:éz (Pi-t,i _ @g.tf/,\.)'}
Ik Sh(1+875)  ah(1+p%;)

+ gpﬂ3+l , (1.4.172a)
2R

Dz q)-{.j = - tP'l'-n,j 3 ‘Pm,l‘ ; (1.4.17b)
ah(Hﬁ'th) ah(ng?zﬁ

where

é; = 1h , and (1.4.18a,b)

i IR
At each node point (ij,jk) inside the flow field the

following finite diffference approximation is used:

Sl(‘pi-lo:\‘l + SQ_QP-i,j—,_ + gitp"*‘-:\‘l + 3‘*4}""'5" + gstp""d‘"

+ SQQP{,S-\ + g7 ’ifl,i-i + S%Qp‘i*”":\" + SS(P'I."H& + S‘OKP'I"",S

t sn@i)j + S &P‘I.'H)i t Sy q)"“‘-,\i S ('P".‘z:\).f‘ +

%\s(lb'i-:,jﬂ PSPy 3-7LP1'H\J'H t $cg¢1¥z,3+|

+ S "P'l'-q,sf‘). t+ Sao ‘:Pz‘,jwz + Sa, LP‘;H,S& 2 = \/.‘" \
(1.4.19)

where S, ,+...5, Sa,and V{,j are given in appendix 2. On
the boundary points, the following approximations are

applied:
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{Pi, n-i

]

O 4ﬁn =-@ﬁn-1 . 021 & M-\

' ' (1.4.20)
Bi =0, fag=Pu L osjen
gP‘I',n--. =0 ,"‘Pi,n =<P1',n-1 ' O&'(.:’: m ' (1.4.22)
(p”\‘i’:‘ = O . @M's - (PM-Z‘:) +

2 2 2 3 %

pO+ )| 2T KHg (- R + R .

U
€ J &N . (1.4.23)

In the case of constant velocity along a cone generator

(1.4.23) is replaced by
‘pm-l,j =0, ‘Pm,3 = Yona,j 4 (’s‘(i(~\+§m) . (1.4.24)

Writing the equations obtained by using equation
(1+4.19) and boundary conditions (1.4.20) - (1.4.23) in
matrix form after removing prescribed boundary values to the
right hand side of each equation when each line of the grid,
from bottom to top, is successively traversed in order from
left to right results in the matrix equation for (P{d of

the forn

WX :\/ ' (1.4.25)
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where X is a column vector the transpose of which is given

by

XT: (q)." *(Pt" S )\pm‘t':‘ ' %“1 »%"'1)‘ T ’ kpm-‘t,‘)_ )
‘Pz,a,. . -"pm-z,g , " @M-'L,\’ SRR ‘Pm-z,n-z) (1.4.26)

and M/ is a banded matrix with dm -3 bands on either side
of the main diagonal the structure of which is displayed in
figure 3.

The method used to solve the equation (1.4.25)
is based on Choleski's method of triangua%@ decomposition.
The matrix is factorized into a product of a
lower-triangular matrix with ones on the main diagonal and
an upper-triangular matrix. This mode of factorization has
the advantage that the two factor matrix can be displayed in
one matrix with the interpretation that the strictly lower
triangle of the matrix represents the lower-triangular
matrix, without the main diagonal, and the upper triangle
represents the upper-triangular matrix. The algorithm for
factorization proceeds sequentially by row starting with
the first row in both the lower and upper-tiriangular
matrices. Hence the process of factorization of the matrix
»J is carried out using a representation displaying only

one matrix.

Let the matrix \V,be factored as follows:
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W = W. N (1.4.27)

where MA_ is a lower-triangular triangular matrix with ones
on the main diagonal and VVu is an upper-triangular matrix.

Using forward substitution the equation
Wz =Y , (1.4.28)

is solved and then the equation

WuX = 2

(1.4.29)

is solved by back substitution to give the required solution

X

The matrix V/ is (M-2 ) X ( N= A ) which
requires large storage on the computer for any reasonable
values of m and n . The method of solution used for solving
(1.4.25) requires only a single two-dimensional array to be
declared in a computer program making a saving in computer
storage over standard methods that use matrix inversion
techniques. A further reduction in computer storage is
achieved by realizing that the locations in the matrix ’
above and below the band, which contain zeros will contain
zeros even after triangular decomposition. The further
reduction is effected by declaring storage for the elements

in the band only.
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An iterative scheme is used to evaluate the
unknowns ‘P-.":) (121 yeeey, M= , ':.\)')_,..., Nn-2),
the solution being acceptable when the difference between
the new solution and the previous iterate (the barred
quantities) is less than some prescribed tolerance. In the
first instance the special case of the tangential velocity
along the cone generator being taken as WUy is considered.
The linear Stokes problem obtained by putting Re = 0 in
(1+4.3) is solved initially. Next, a small Reynolds number
is set and a solution found for it using the solution to the
linear Stokes problem as the previous iterate. The
converged solution at this Reynolds number is used as the
initial estimate for the iteration of the next larger
Reynolds number. In this fashion there is created a number
of initial estimates for any Reynolds number required. 1In
the second instance the converged solution for a given
Reynolds numberin the special case is used as the inital
estimate for the case when the velocity on a cone generator

is not constant (for the same Reynolds number).
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CHAPTER 5

NUMERICAL SOLUTIONS

In this chapter a selection of numerical solutions
of the stream function will 1be presented. Of particular
interest to the steel making industry is the change in
circulation pattern as the Reynolds number increases. The
number of figures necessary to convey the full extent of the
numerical information available would be excessive and so
only a selection of figures is displayed. Both the casges
when the liquid velocity along a cone generator is taken as
constant and when there is variable velocity along a cone
generator are included. Data for bath agitation in steel
making ac@ not available, instead operating data for a
cylindrical tank containing water which is being agitated by
an air-bubble stream are taken from Grevet, Szekeley and
El-Kaddah (1981).

The governing equations were solved by the method
described in chapter 4 using a program developed for the
purpose on an ICL 2900. The finite difference grid
possessed 21 intervals in each direction. For Re £ 5000
the belt driven model, with constant velocity along the
generator, is employed. For Re > 5000 the solutions using
both boundary conditions (1.4.23) and (1.4.24) are given.
The program is first employed to obtain a solution for the
linear Stokes problem when Re = 0., The stream function so

obtained is then used as @’ in the calculation for Re = 10.
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At the end of each solution of (1,4,25)‘# is updated.
Convergence of ?D to five significant figures was achieved
in 3 iterations. 1In this fashion the Reynolds number was
increased to Re = 500 taking ARe = 10, 3 iterations per
case being required. From Re = 500 - 1000 with A Re = 50
each case converged in 5 or 6 iterations; from Re = 1000 -
4000 with ARe = 200 each case converged in 4 iterations;
finally from Re = 4000 - 10,000 with /A Re = 500 convergence
was achieved in 2 iterations. Solutions for the case of
variable velocity along a cone generator were obtained using
the converged solution QP for the case of constant velocity
as the initial ¢ . Convergence for both Re = 5000 and Re =
10,000 for variable velocity was achieved in 2 iterations.
Figures 4 - 9 give the streamlines for Re =
o, 1, 10, 100, 500 and 1,000 respectively; in these cases
the liquid velocity along the cone generators is taken as
constant. For Re = 5,000 figures 10(a) and 10(b) display
the streamlines for (a) constant velocity along cone
generatot, and Ch) varable velocaity . along cone
generator as predicted by the drift flux model; in figure
10(c) the graph of Uz/ U, against z as used in the
computation of 10(b) is given. The results for Re = 10,000
are displayed in figures 11(a), for constant velocity along
a cone generator, 11(b) for variable velocity along a cone
generator as predicted by the drift-flux model, and 11(c),
the graph of Ug/ U, as used in the computation of 11(c).

The system parameters used for the water model are given in

table 1.
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The development of the flow with Reynolds number is
shown in figures 4 - 9. The centre of the primary vortex is
moving towards the top left hand part of the vessel as the
Reynolds number increases through
0o, 1, 10, 100, 500 and 1,000, For Re = 5,000 the
streamlines in models (a) and (b) are almost identical
except in the upper left hand part of the flow field where
the circulation in (a) is more vigorous than that in (b) as
is expected. The results for Re = 10,000 show that the
final (boundary-layer) structure of the recirculating flow
at large Reynolds number is now established. The stagnant
region at the lower left hand portion of the vessel is now
guite extensive and stirring is confined to the
liquid/two-phase interface and near the upper free surface
of the vessel. The main features of the flow for

Re = 10,000 are well predicted using the simple model (a).
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SECTION 2

Two phase problems
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CHAPTER 1

INTRODUCTION

A large number of technically important problems
involve solutions of the equations describing diffusion of
heat, mass or some other scalar quantity subject to
boundaries that are neither fixed in space nor known a
priori. Problems of this type arise in crystal growth from
melts and solutions, purification of materials, freezing of
water and melting of ice, solidification of molten metals
and many other problems arising in such diverse fields as
refrigeration of food, metallurgy, thermalplastics,
electrochemisty, latent heat of fusion energy storage and
geophysics.

A feature of these problems is the existence of a
moving interface between the phases at which thermal energy
in the form of latent heat is liberated. The mathematical
condition at this interface is non-linear and, in
consequence, generalized analytical solutions are not
readily available. Neumann's solution (see Carslaw and
Jaeger (1959)) to the problem of freezing in a semi-infinite
region which was presented in the 1860's remains one of the
few exact solutions available. In more recent years
considerable progress has been made in analytical work in
the case of one-dimensional solidification problems. Small
time solutions in the case of inward solidification of a

sphere initially at fusion temperature were first studied by
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Poots (1962). Pedroso and Domoto (1973) were the first to
give perturbation expansion solutions for large Stefan
number ( ﬁ> = L CPAj-) and noting that it is a singular
perturbation problem, new perturbation expansion solutions
in the case of one-dimensional solidification problems have
been given by Riley, Smith and Poots (1974), Stewartson and
Waechter (1976) and Soward (1980). The surveys of Bankoff
(see Drew, Hoopes and Vermuelen (1964)), Muehlbauer and
Sunderland (1965), Ockendon and Hodgkins (1975), Furzeland
(1980) and Jiji and Weinbaum (1978) cite many works in the
case of one-dimensional solidification problems.

In the case of two-dimensional solidification
problems solutions have been obtained using approximate
methods. Heat balance integral methods were used by Poots
(1962) to discuss the inward solidification of a square
prism of fluid initially at fusion temperature. Rathjen and
Jiji (1971) studied the solidification of a quarter space
initially at fusion temperature by extending Lightfoot's
method (see Carslaw and Jaeger (1959)) to two-dimensions.
Sikarskie and Boley (1965) have studied the solidification
of a semi-finite insulated strip using a method that
involves solving integro-differential equations
analytically. Schulze, Beckett, Howarth and Poots (1982)
have given small time analytical solutions to
two-dimensional inward solidification of a half space
initially at fusion temperature using methods based on the

immobilization technique first used by Landau (1950) in a
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one-dimensional investigation. The technique is to
introduce a single coordinate transformation in which the
moving interface is immobilized by scaling the independent
distance co-ordinate by the instantaneous interface
location. This transformation shifts the non-linearity from
the interface boundary conditions to the governing
differential equations.

Other methods have been used to study the
two-dimensional moving interface problems. Springer and
Olson (1962), Tien and Wilkes (1970) and Lazaridis (1970)
have used fixed grid methods. Movement of the interface
through a fixed finite differential grid is traced in fixed
grid methods and finite difference explicit schemes are used
for all solidified nodes. Crowley (1978) used a heat
enthalpy method in studying multi-dimensional moving
interface problems. In the heat enthalpy methods the
interface is not considered in the finite difference scheme
instead when the cell temperature stradles the fusion
temperature the cell temperature is set equal to fusion
temperature when the thermal energy input to it is equal to
latent heat liberated.

Boley and Yogoda (1971) have obtained solutions for
small time for three-dimensional solidification of a half
space by a general surface heat input, such that change of
phase starts at a point of the surface, and then spreads
simultaneously both toward the interior of the body and
along the surface. The small time solutions are obtained by

-
means of a technique (refezled to by Boley and Yogoda as the
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embedding technique) in which the actual body is embedded in
a fictitious one with known shape, a fictitious heat input
is then applied over the fictitious boundary and the
temperature deduced as a function of the fictitious heat
input and boundaries resulting in a set of
integro-differential equations which are solved
analytically. In general, three-~dimensional moving
interface problems are studied using numerical methods as no
exact analytical solutions of such problems exist for all
time. Small time solutions such as that of Boley and Yogoda
are useful in producing reliable computer algorithms for the
numerical solution. One of the purposes of this section of
the thesis is to present analytical solutions to a certain
class of three-dimensional solidification problems. The
solutions augment the small time two-dimensional solutions
of Schulze et al (1982) and those of Boley and Yogoda
(1971). ©Note that the embedding technique of Boley et al is
difficult to apply and gives rather limited results for
practical reasons.

Most of the work on moving interface problems is
presented using rectanguayg Cartesian co-ordinates. Hence
solutions given by those studies preclude their application
to several practical geometries like, pipes and cylindrical
containers, that involve cylindrical co-ordinates having an
extra radial term in the original heat conduction equation.
At present there are no general exact solutions to the

moving interface problem in cylindrical coordinates. In
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1943 London and Seban obtained approximate analytic
solutions to the problems of inward solidification of
cylinders and spheres (see Talwar and Dipare (1978))
initially at fusion temperature and later the exposed
surface maintained at a temperature equal to freezing
temperature. Jiji and Weinbaum (1978) found small time
analytical solutions to the moving interface problem (also
called the Stefan problem) of inward solidification in an
annulus which is initially not at fusion temperature with
outside boundary maintained at constant temperature below
fusion while the inside boundary is either insulated or
maintained at a constant temperature above the fusion level.
Jiji and Weinbaum (1978) used the immobilization technique
and the resulting equations solved by the method of singular
perturbation. Analytical solutions of London and Seban
(1948) and of Jiji and Weinbaum (1978) are desirable in
attempting numerical solutions to Stefan problems in
cylindrical polar co-ordinate. This section of the thesis
also presents perturbation solutions for melting of a solid
in an annulus which is initially at a sub-freezing
temperature with outside boundary maintained at the
sub-freezing temperature while the inner boundary emits heat
at a constant rate. The solutions augment these of London
and Seban (1948) and Jiji and Weinbaum (1978).

In chapter 2 the following three-dimensional two

phase problems are investigated:

(1) At time t = O, the half space 2Z >O is filled
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with liquid at fusion temperature and for t > 0O the wall
is maintained at a lower temperature given by

To - (TF -T°>9(X/G’ 3/6\) y where x and y are measured

along the wall and a is a representative length. Here

3(){/0)(5/0)>—‘ for |X|<o0 ang T.<T .

(ii) At time t = 0 the half space Z >Q is filled with
liquid at fusion temperature.7; and for t > O +there is
Newton cooling at the wall z = 0 into the environment

The wall heat transfer coefficient is taken as varying with
co-ordinates x and y measured along the wall. Following the
method developed by Schulze et al (1982) small time
solutions are obtained. For specific examples results on
the location of the solidification surface are presented
graphically for various times.

In chapter 3 perturbation solutions of the Gtefan
problem are given for the case of an infinite cylinder
exisiting initially at a sub-freezing temperature. For all
times greater than zero the outside boundary is maintained
at the constant sub-freezing temperature while at the inner
boundary there is constant heat flux. This problem is
considered in two parts, namely, the warm-up period before
fusion temperature is attained by any part of the solid and
the period after this. An analytic solution is obtained for
the warm-up period and perturbation solutions found for the
Stefan problem. For a specific example results for values

of the first two perturbation functions of the location of
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the interface are given graphically.
The work in chapter 2 is now available in Kunda

and Poots (1984), see appendix 3.
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CHAPTER 2

ANALYTICAL SOLUTIONS TO A CLASS OF THREE-DIMENSIONAL

SOLIDIFICATION PROBLEMS.

The purpose of this chapter is to present
analytical solutions to a class of three-dimensional
soldification problems. The analytical solutions presented
are generalizations of the classical one-dimensional problem
of Neumann (see Carslaw and Jaeger (1959)), for the half
space domain. They augment the small time two-dimensional
solutions of Schulze, Beckett, Howarth and Poots (1982) and
the earlier work of Boley and Yogoda (1971).

The condition controlling the motion of the
liquid/solid interface at the change of phase is non-linear.
This shall be derived prior to the formulation of the
three-dimensional problems.

In a Cartesian frame of reference X,y ,z ), at
time t = 0 , the half space Z>»Q is filled with liquid at
fusion temperature x and y are measured along the wall 2=0

Let the equation of the interface be
C(X.\j.Z.t) = O (2.2.1)

when U is the normal velocity of the interface the latent
heat liberated as the interface moves escapes by conduction
across the solidified region and the heat balance at the

interface results in the equation
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KVT -¥C = pLyu-¥C (2.2.2)

——
i

|vC| \VC|

where L is the latent heat of fusion, f is the density of
both the solid and liquid phases, K is the thermal
conductivity and T is the temperature of the solid. To find
U let P( Xe ) be a point on the interface C (2‘-,1’2.> = O
and Q a point on the interface G (X ,t°+-At> = O at which

the normal through P intersects it. Then

: —>
vooo= I PG _ (2.2.3)
At —>O0 At

Let the vector equation of the normal at P be

T = % 4+ AVC (2.2.4)

— '

where VC is evaluated at P . Then at the point Q , \
satisfies C(fg + ANVC | to+ Aﬂ: O . A linear
approximation to this equation, taking A and At small and

that C(X.)h,): O is the following:

VC‘(AVC\ + 96 At = © : (2.2.5)
ot
therefore
A = —oC At , (2.2.6)
ot \wel®
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and

Pa = r -6 a -0C At VC (2.2.7)
ot \VC|*
Hence

y = - 9oC XC
de el

(2.2.8)

Substituting for U the expression in (2.2.8) in (2.2.2)

gives the equation

KVYT -VC = -fL_a_Q (2.2.9)

ot

Using the same reference frame as above, &ssume
that at + = 0 , the half space Z2>0O is filled with liquid
at fusion temeperature.Tg and for t >0 the situations
involve either a variation of wall temperature with x and y
or non-uniform Newton cooling into the environment Z<O
Then the governing equations for the solidified phase are

the following:

(2.2.10)

K va = (’CPQ_I
ot

T=T . KYT.VC =-ploC |
ot

on C(x;‘ﬂlz,t> = Z - ’)A((X,ij,t) = O (2.2.11)

either

T =T -(h-T)y®a,yla) (2.2.12)
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or

K_S_I ._._hCX/a,gla)(T—Te) on E =0 ;  (2.2.13)
z

together with the initial conditions

T=T Sfor t=0 , z3o0  (2.2.14)
and X (xfa,4y[(a,0) = 0O . (2.2.15)

In the condition (2.2.12) it is assumed that "|43(é'%> <
for X +($1<;cm . The wall heat transfer coefficient

is also bounded with "\(é ' %) > 0O for X'+ %14 (o)

and the temperature-T; (4-1}) is used to denote a
reference condition of the environment. a is a
representative length. 1In the above L is the latent heat of
fusion. e the density of both the liquid and the solid, K
the thermal conductivity, Cp the specific heat and T the

temperature of the solid.

With use of the dimensionless variables

. Y=Y , £f==z
A

T = Rt 6= T-T,. % = X . (2.2.16)
Qa
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where R= K is the thermal diffusivity, the governing

per

equations (2.2.10) - (2.2.15) transform to the

éﬂ% + 2{9 + EiQ =
>X* oY" o2

o8
oT

following:

. (2.2.17)

blxy,z1)=\ V6-V(C =-RAC on Z=X(XYT) (2.

ot

Either

or

219 = fsi(X,Y3‘5
of

= O

QZ—S(X,Y> on Z =

on

£=0

together with the initial conditions

e(anzq°3

)l

AX(X,X,0) = O

Here the Stefan number is defined as

and the wall Biot number
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Small time solutions for variable wall temperature

The case considered now is with the wall

temperature specified by (2.2.19). Employing the interface

immobilization technique, introduce the new variables

® =X Py M= £
XY

In the solid phase the dimensionless temperature satisfies

Vo + 128 « 2_“()‘7.742&_ - MV 90 + 2Y VAV, (5_9_>
XKoot K oM« 8"/( X M

» CIVX[T28 = =7 DX D0 + b
o % OT oy oT

(2.2.23)

subject to the conditions

=1, (l'*' vxlt) 28 :/@')C@_?E on M= |, (2.2.24)
oN 0T
2“%(2{\ on 'Q=O 1 (R.2.25)

6<X.“z.0) = %(2(-.03-- ® (2.2.26)
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In the above V\ = %(‘QO{ = ( a 5 )

5F oY
V.l_—_bi*‘-aiz and X = <¢>SU>
g™ of

For small time assume regular perturbation

expansions:

B(X,%.T) = 8,(&, %)+ 8T + O(z?)

(2.2.27)

and ')((&;I): D.'Ct ?(O(L‘.)-t- QI%X.(Q‘.)+O('C%3 . (2.2.28)

substitution of (2.2.27) and (2.2.28) into (2.2.23) -
(2.2.26) gives

27 % ¢ ¥ ¢ TAAVD, + BXNVK V[ Q% | 4
M o o

471‘V,’X°|2,§._921 + 4'7('5‘\\7.')(0\1" 7(oV\u7(., + alxo/x|) é.?@ +

oM
.‘ZDTQL + 37(:“[_3_91 = 4%9,T + O(t*) | (2.2.29)
o o
0.CX, 1)+ T (X,l) + O(T) = \ \ (2.2.29a)
of + T[98 +4\V"Xo)2§_9_°>
M i 0%
- Q(SX? + 'C?ﬁ'XO’X.' + O(tz> . (2.2'30)
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B, (x,0) + te‘(&,ohoul):-—g(m . (2.2.31)

B. (X,%w) + tOh&Y) + O(z*) = | .

(2.2.32)

) The zeroth and first order perturbation terms
Will now be solved . ’

Zeroth order

Equating the coefficients of the zeroth power of

in (2.2.25) gives

3')&"(%9_2 ~+ _519. = O , (2.2.33)
Y on*

which after integration yields

B, (%) = Ax) 2ecfl%y] 4+ BCX)
%o T

where A(l) and BQ‘-) are arbitrary functions. Using

| (2.2.34)

boundary conditions (2.2.3%!) and (2.2.32;, determines /\(&)

and .B(i) uniquely to give

90(.&) = Q*‘ %)Q(‘Q[’){o"'z] - 3(5> (2.2.35)
Q(‘Q[’XO]

Equating the coefficients of the zeroth power of T in

25



(2.2.29 ) gives

06 = axp . (2.2.36)
o

Differentiating (2.2.35) and substituting in (2.2.36) gives

the following transcendental equation for ’)(0(53

% exp(’X:)er‘;['Xo] = 1+9 (2.2.37)
p /T

First order

Equating the coefficent of T in (2.2.29) we have

~J87QQZV:7§°VK<§§; > - 4‘ﬁflv:xori%§%f

-4 (Q‘V"Xa\z‘ %V.‘xo + 27(,’)(,) 3__9_:: : (2.2.38)

0
\7,:..9_,9). !
op oY

Using (2.2.35) for the value of 8, we obtain

36 = [%m] ( 99 - 2(1+9) Q% +
55 ) zi&«o%l(bqb /T e.xp(x:)erﬁ'xo} PYo!
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2(1+9) 17 expC%d) % _ dq | (2.2.39)

Jm erfl %l o¢ ¢

0% - ecf[«ﬂg]_ o9 - 09 . (2.2.40)
a(P Q(‘QY.’xo] oy BSD

a-@" = QFX°QXF<‘?(:(%1-'» ‘ (2.2.4h0a)
oY

56,

. = - 09 + ecmw(g‘& _ :z;s(_é_z&)‘_amoé‘n
o¢* Qr“'xalf "

Q
-,
»

Q

- 28 %, %o @i + 4[%2')(:(5&&\)2) +
1t d¢ o |+

Q

mexp(- % (7' O)(“rgﬁl 0% 9 — B %, (é_ﬁo Y + 2 @Xoéi_n)

+q o & 1+g9 \OP d¢"
—45x§”fexb(-1<§(n2-u))<%%f, (2.2:41)

0 - S 4 edinnl(dy - Q@(éﬁp)z - 28%3%
305 500 echi®l \opt  \o¥ 3¢

_ 98% D% 93 + 4@2%2@_&) ) +
1+ OF oY 1+9 \of
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wzexpc—xtm‘—n))(%xoaXoBS - 3p (0%
1+9 3¢ 3¢ 1+ oy

3BXI% | - 4RHexbC LT N, |
BcP‘) TeREALT o¢

bi?s = =~ 4R% M exp(- X O7=1))

2

'( (2.3.42)
98 - exp CH (=N [ 22 D9 — 2p1, DX
aéa% H—% é_a @ °‘§¢-9)(2.3.42a)
+ a‘g’xoa’x° - 4 x: za/xo
3?5 ﬁ ly& ggz > (2.2.43)

+ QB,XOB_LXA —_ 4ﬁx03,7(122(1 ) (2.2.L44)

Substituting the expressions (2.2.39) - (2.2.44) in (2.2.38)

we obtain the equation of first order terms as

U 2
38+ akMl - 4% 6, = 41 (N9«
o’ on

Paoestly] - aaexpCRy))

(2.2.45)
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where

PCx) = —L (36% V%dy - Vg +
Qrﬁ[“@l \+43 :5¢
QB(‘-M)‘V'/X""L*‘ QBX°V‘1,X°> , and  (2.2.46)
\4-3
Q) = 2%1+9) , (2.2.47)
ergt’xol/ﬂ'

The homogeneous first order equation is

ng + R?C:“'@_’i - "r_’Xt@. = 0 . (2.2.48)
o o

This has solutions

b,

| - 'A'X:"zz . and (2.2.49)
6, = iectchp) , (2.2.50)
The particular integral is

B, = A exp(-rny- Pecf] %.n] ~V‘23 . (2.2.51)

Thus the general solution 1is

9, = A\(\-\-Z’XZ'YU‘)-!- B"l"e(‘QCK_’Xa'YZ:\ —V.I%
— Pecflxl + Q'VLQXP('X;NZZ) -

(2.2.52)
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Applying the boundary conditions (2.2.31) and (2.2.32) gives

the first order function as

O = 2NV + 1+2%.7% - afeckelhy] (4% (v-1)(Vg)*
(G +9y0+2¥ %) ecf 1%,

= (1) (14 Y% X, (1) (149) (1423 % ) +

(14 4% + 4“3‘7\133 v 2% (+q)yexh %)
/T eck [ %)

~ echbeyl (G 017" (1) (435 (+22) Vg
Qf%(HD‘&’XSsef“’XoI j

(2.2.53)

Equating the coefficients of T in (2.2.30) gives

41V, |"06 + 0B - ®PXX, = © (2.2.54)
on 9

Using the found expressions for 90 and 0, , the interface

perturbation function %,(K\ is determined from

%P (342 X+ 10¥% 4 AN =

K, (1= 01 Y -4y 4 AT+ AY'% ) V9 N
I+ Y%,
3 2 2,2 2 4\>\V \1.
a9 (Y- 1) (24 ¥4 6Y% -2 K, + 4T K Y
(+g) (1+ 2% ) (2.2.55)
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For any Stefan number ﬁ y, the expansions (2.2.27)
and (2.2.28) are valid for small time and all X and also

for large \K' and all time.

Small time solutions for variable Newton cooling

The case considered next is with the condition
specified by (2.2.19). This case is examined using the
method of Megerlin (1968). Firstly introduce the variable

T —--'é— . (2.2.56)

The governing equations transform to the following:

5_9 +_5_?:Q +i_8_ :.&&9 ©(2.2.57)
X aYt ¥ Bt
o(xYzI) =1 . VB-VC= BdC/OT |
on C= Z=%X,Y,TH=0 (2.2.58)
B__Q - Bi(x,Y)0 on £ =0 (2.2.59)
0Z

(2.2.60)

b(x,y2z,0)=1, X (x,Y,0) =0

Following the method of Megerlin (1968) the temperature

field is written as
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B,Y.2%) = | « > G YD (Z-XKYT)) 2.2.61)

axd

and the following subsidiary expansions are used:

X (kYT - Z T (XY (2.2.62)
C=y

Qn (X>Y)%> = z %Ybn,r (X:\/> v (2.2.63)
C=2O

Substitute (2.2.61) into (2.2.57) - (2.2.59) and equate

coefficients of the same power of CZ"X> to obtain

26, (14 17N - 206 VX - GV A -G dX =0, (2.2.64)
R o%T
8G, (1+v A1) ~ 47,6,V % + VG, — 26,77«
(2.2.65)
+ _l.<;M3;§ﬂ£ -'§£h\> = © 5
® 0¥ d%
G, (L+ W"X\"B = 0% (2.2.66)
2%
G, -~ 20,% + 3G, L = Bi (1-6,X+6, %) (2.2.67)

X oY X Y

Substitute (2.2.62) and (2.2.63) into (2.2.64) - (R.2.67)

In the above Z:(X,\/\‘V\—(B Bj and V—B -a,.B

and equation coefficients of the same powers of T to

obtain

bo X, + 28b,, = O © (2.2.68)
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b+ 2/by, + b, %, = Rb, VIR,

~2RVb,, VX, = O . (2.2.69)
b, + 28b.. + 2b, %, + 3b,%,

- by %a = Rby VK, = 2BTibyo Vi,
-28V,b, V%, = O (2.2.70)

SEBby,~ b, + BV.zb.,., + 96, ,%, = O (2.2.71)
CBby, + 46,0t + 3ba, X, = 3b,, + BVH,,
-QﬁV,z’x' -~ AT, VX, = O (2.2.72)
EBbya + 65y %y + 4b, A, + 202X - 3bs

£ BV, - 28boUhs = 28b T + 6pby, 10X

~ 48V b. o V% - 400, VX, =0 (2.2.73)
b,o~ % =0 | (2.2.74)
b,, = 2%, =0 ; (2.2.75)
b,a + b,V T -3% =0 (2.2.76)
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bho - Bi =0

} (2.2.77)
b, = QAb,o A, + Bib, %, = ; (2.2.78)
b.. —ab :
Hya 2 20 ’X'z._ sz.nﬁx| t 3b§,o x; -
(2.2.79)

B1 (buoxz + bl.(,xu_ bi.o’x:z> =0,

The equations (2.2.68) - (2.2.79) are solved to give

r)é' = R ' (2.2.80)
A3

%oz =B (1 + L , (2.2.81)
o E

Xe= B LY, Bil +(§_w_>‘751 +(___>< -\_§_2>
5(3 38

(2.2.82)

yielding the solution

X(X,T) = B1T - (_j}s<\flj(£>z 4
B 2 B J\@

2 3
B[V Bil*+ BiV Bi+ @_-‘Q"u&-\_@_ljl .
2 ) 3B 3% /\ B (2.2.83)

The expansion (2.2.61) is valid for large B only

and thus so is (2.2.83).
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Numerical solutions

Interface locations have been calculated from the
two-term expansion (2.2.28) when the wall temperature is

given in the form
9(?5,(#) =03 (O*‘EOY\\J\QSB(H{ZQ\(\\(\(())—lB (2.2.84)

for ﬁ':(D'S « The two-dimensional equivalent of (2.2.28)
is shown in Schulze et al (1982) to yield results ineXCQ“th
agreement with numerical finite difference solutions up to
dimensionless time C=0'S | It follows that expansion
(2.2.28) may also be valid in this region of time. Note
that for the solidification of steel ingots C =095 is
roughly the complete time of ingot solidification (see
Schulze et al (1982)). Consequently the results given here
are highly relevant to three-dimensional effects in ingot
solidification.

At dimensionless time € =02, 04 and 0:6 the
values of 7( have been calculated using step lengths of
ACIS-- 04 and A(I’"" O:4 and the resulting forms of the

interface are displayed in figures 12, 13 and 14

respectively.
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In figure 15 the interface location at T = O -6

for Ig:;cy 2 and the bounded wall temperature given by

B1(X,Y)= 0 -9smXsm Y, [Xlsam, [Y(«aT. (2.2.85)

is displayed.

Conclusion

The analytical and numerical results presented in
this chapter can be utilized in producing and checking
computer algorithms that may be developed for the numerical
solution of three-dimensional moving interface problems.
Moreover, the vector form of the analytical results can be
utilized in other applications where the geometry is

expressed in curvilinear co-ordinates.
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CHAPTER 3

PERTURBATION SOLUTIONS FOR MELTING OF A CYLINDRICAL ANNULUS

WITH CONSTANT HEAT FLUX ON INNER SURFACE.

This chapter presents perturbation solutions for
melting of a cylindrical annulus of a solid which is
initially at a sub-freezing tempeqékre, with outside
boundary maintained at the sub-freezing temperature and
constant heat flux on inner surface. This problem has
arisen in the following way. When snow sticks to an
overhead transmission line, an ice spike grows out into the
wind, see Poots and Rodgers (1976), Poots and Baker (1984)
and Rodgers and Poots (1986). As the ice spike grows it
rotates due to its weight and this rotation is opposed by
the torsional couple of the cable. Figure 16 shows how the
ice spike may grow in an overnight snow environment, going
from fig 16 (a), to (b) to (c) and finally in fig 16 (d).
It is during the growth period that the ice spike is
aerodynamically unstable. Low frequency high amplitude
oscillations are set up, called galloping, and can put the
grid at risk. How can the transmission line be rid of this
jece? Can the ice be prevented from forming ? One
possibility is to try and melt the ice by joule heating.
This chapter deals with such a model for de-icing.

The problem for melting of a cylindrical annulus
with constant heat flux on the inner surface reduces to a

two-dimensional problem because the temperature on the
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surface of any cylinder co-axial with the outer boundary
(and thus also the inner boundary) of the cylindrical
annulus is uniform. The solutions presented here add to the
analytical solution of the Stefan problem in cylindrical
co-ordinates of London and Seban (1943) (see Talwar and
Dilpare (1978)) and those of Jiji and Weinbaum (1978).

There are two parts to the problem considered; the
first being the determination of the temperature profile in
the annulus at the time when the solid on the inner boundary
attains fusion temperature. This will be refered to as the
warm-up problem. The second part will be the Stefan problem
itself.

The geometry of the system considered in the warnm
up problem is shown in figure 17.The solid in the annulus is
initially at temperature j} which is below the freezing
temperature 7: . At time t = 0 heat suddenly starts to
emit from the inner boundary at r = a while the boundary at
r = b is maintained at the sub-freezing temperature 1} .

Using the cylindrical polar co-ordinates, the

equations governing the temperature distribution are the

following:

Q< v «b 1 (2.3.1)

19 [val) =1
yor\ ov R ot

Kl = & , r=Q (2.3.2)
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1l
g

(2.3.3)

i
O

v (2.3.4)

where K is thermal conductivity, k is diffusivity of heat

given by h\; K_/ECF sy Where €> is density and CP is the

specific heat.

To non-dimensionalize the governing equations, the

following dimensionless quantities are defined:

20 = (b"Q)O\

K‘(T¥‘jﬁ>

—————

and = Q
: b

(2.3.5)

(2.3.6)

(2.3.7)

(2.3.8)

(2.3.9)

Using the dimensionless quantities above the governing

equations for the warm-up problem become:

[ ] ((“(\"ﬁﬂ‘é)@ﬁ = (\-3)1_5_9 Cozke

|-(-p)E ok

3t (2.3.10)

(2.3.11)



6(O|E> = = | ' (2.3.12)

and the initial condition is

6(§0) = -

(2.3.13)

The geometry of the system considered for the

moving interface problem is shown in figure 18.

The solid in the annular space has initial
temperature distribution that which is attained in the
heat-up problem when the inner boundary attains fusion
temperature. At time t = O heat starts to emit from the
inner boundary at r = a while the outer boundary at r = b is
maintained at the sub-freezing temperature T} .

It is assumed that the fluid properties in each
phase are constant and that the volumetric expansions or
contractions due to phase change are non-existent. Free
convection currents in the liquid phase are also ignored.
Using the cylindrical polar co-ordinates, the equations
governing the temperature distribution in both the liquid
and solid phases, based on the given assumptions, are the

following:

ol | AL v 4G P (2.3.14)
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¥
Y
pd
n
D
S
1
O

O ; (2.3.16)
ov
L =T ‘ r=b ; (2.3.17)
Ts = TV ) . t =0 : (2.3.18)
no= Q . t =0 ; (2.3.19)

where rg(e) is the position of the solid-liquid
interface and subscripts € and L denote solid and liquid

phases respectively. The energy balance at the interface

gives
Ksé:r_a - KL@:B' ! LSQSC}___Y.E , = (1.(£3 ) (2.3.20)
ov ov At

where L is the latent heat of fusion.
To non-dimensionalize the governing equations and
immobilize the interface, the following dimensionless

quantities are defined:

@

1]

"Ii;li. . (2.3.21)
1}"11
b- v
b -

¢ = - K. k=T, - (2.3.23)

Ks T}‘.Tr

G- Vv . (2.3.24)

G - Q

ur
L

' (2.3.22)

~
11
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. (2.3.25)
Ls
T = e Rgt ; (2.3.26)
b?.
o= i -qQ ; (2.3.27)
Q
£ = a G : (2.3.28)
Ks (e - Tp)
R = _Es_ ; (2.3.29)
R..
p = a/b and & = \ [ (2.3.30a,b)

Using the dimensionless quantities above the governing

equations for the Stefan problem become:

‘ Ko} ((Hcr(\-\@)@é) - ehﬁ‘c(c@_}_ﬁ +

140 (=) o o 0T
(“‘“@%ﬁ‘f%—é > 4 o« b (2.3.31)

ton

( _9__((0(+(\-ouo')§)_5j> - R (AT

O\+(\~0(+c')§<>§ 5%
(((_qm-)é_(_l) _ gd_g@_%) \ oc«8&«\ (2.3.32)

ot dT 9%

(2.3.33)

¢)(C))Z') = O ;
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2% (1,T) = —ocn

o
(0,7

"

= |

, (2.
YTy = 0 | (2.
P(§,0) = 94 zy) ; (2.
T (o) = o - (2.

¥ (1,T) + C1-u+0) 29 (6,0 = §zd‘(t—a+cy) ds
ok oy dt

Solution of the warm-up problem

e

Using the method of variation of parameter, the

system of equations (2.3.10) - (2.3.13) governing the

(2.

. 34)

.35)

.36)

«37)

.38)

-39)

warm-up problem are assumed to have a solution of the form

D(E T) = U(E) + U‘(é,'() . (2.3.40)

U satisfies the equations

d ((““‘BWBQ@Q) = O , o<kt (2.3.41)
dé A8

du¢rly = — (2.3.42)
o

) = -\ . (2.3.43)
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U satisfies the set of equations

-1 ((\-(\-(é)%)a_(l_')
o4

1-C-R)EO8
U (1,TY = 0
oL

U(o,T) = 0O

UE,0) = —(- uk)

- (‘—fnz§BJ = O

v (2.3.044)
0T
(2.3.45)

(2.3.46)

(2.3.47)

The set of equations (2.3.41){2.3.43) is easily

solved to give

UCEY = g In (1-C-p8) -1 | (2.3.48)
\- g
To solve for U‘(E,t\) introduce the following

transformations:
X = 1=(i-p)8&

T=T

The equations for

_L_B_<x5_$.f> - U
x ok\ Ox T

) and

U

(2.3.49)

(2.3.50)



QU (pI) = O .' (2.3.52)
OX

vty =0 ; (2.3.53)

il

Ux,0) = - B nmx ‘ (2.3.51)

\=- B

Assume v has the following form

!
- T
FiK,t) = yme " . (2.3.55)
then the equation for y is
Ld(xdy | « o("«j e . (2.3.56)

x dx\ dy

This is Bessel's equation of order zero. The range of X
does not include the origin, hence Bessel functions of the

second kind are not excluded. Consider the function

U, xx) = To )Y, () = Y, Cax) Jo (x) (2.3.57)

where ]; and ~7o are Bessel functions of order zero of the
first and second kind respectively. This function vanishes

when X = ( and duo =0 at X= F{ provided that & is

A x

a root of the equation

Y, cag) Jola) — j.(dﬁ)\/o@() =0 , (2.3.58)

where 3} and ‘Y\ are Bessel functions of the first order of

5



the first and second kind respectively. Assume the initial

temperature can be expanded in the geries

—JS-QXM)L — 2 A“uo(unx\ . (2.3.59)
\—g n= )y

where o, , X, y+++. are zeros of C_i_(_,(_o(‘g> in ascending

dx

order. To find the constants A“ y establish the
orthogonality of the functions Sn(x‘): uo(dnx) .
Let m and n be integers, then ‘j" and (jm satisfy (2.3.56)

witha replaced by A&, and oy, respectively. The resulting

equations are combined to yield the equation

(a‘:ﬂ-“:)xfjn%m = ﬂnd XQQSM - SMQL "O-(—g" -
ox \ dx ox | dx (2.3.60)

Therefore if m#wn (so that Am#* &Xn ),

g g
X Yn Ym ox = ‘' .9‘. X H“A}Qm— ‘jmd_(_%n dx =0

oy — % olx dx Ax

(2.3.61)
For the case M=V
3
- xo_ﬂ_gm + 04 Y, = O
x olx \ olx (2.3.62)

76



gives rise to the equation

i((xdg,.)l) + 2oxydy, = o
: dx

dx \\ ol (2.3.63)
Integrating (2.3.63) once gives
™ ﬁzd g} L
o X ndx = ( (iﬂ_n(\ \) .
. ok oAx (2.3.64)
On integrating the left-hand side by parts
N .
QNAJX%‘:dX N CNOE (égn(‘\)
| X (2.3.65)

Finally obtain
B . |
J‘ xs?\dk = 1 ( ﬁ (1060(.\5)- (3\(“")7;(0(0— 7\(0%) ]o(dw)))
]
|

(2.3.66)

To find the constants An. also required is the integral

R
u[ XlN1X‘Ao[“nx)Cix

Using the heat conduction equation, obtain

wa_d(xo_(_l&,) t omxmx U, = o
ox \ ox

(2.3.67)
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Integrating (2.3.67) once gives

B
j x In x UeCaux) dx = Us Con B)

2
Oy (2.3.68)

Hence, using the orgonality of the functions U, Canx)

the constants A‘“ of (2.3.59) are given by

‘An = -QB-Q‘(A°61“6>
oo (- RY (B IS~ (T oy~ Yied Twa)))  (2.3.69)

Thus the solution (X,T) 4is given by

rez)= A e exp(-lz)

(2.3.70)

The solution to the system of equations (2.3.10) -

(2.3.13) is thus given by

0Ty = = | + -0 g (HG-O8) S_ A U, (3 (=(1=R) £) ¢
l"‘ﬁ ne,

exb (-onT) (2.3.71)

Solution of the Stefan problem

The method of singular perturbations is used to

solve the equations (2.3.31) - (2.3.39). The perturbation
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parameter € used is the same as that used by Jiji and
Weinbaum (1978) which is given by (2.3.25). 1In this method
two separate solutions, the outer solution and the inner
solution, emerge in the form of infinite series in powers of
€ which when matched term by term in a region of overlapping
validity provide a solution valid for all time.

Quter solution.

To obtain the outer solution, the following

perturbation expansions are assumed:
O

CIS("z,t) = Z e" @, (M,T) ; (2.3.72)
n=o

QT = i S AC A D : (2.3.73)

n=o
oCTY = i e (T (2.3.74)
n=o A
On substituting (2.3.72) - (2.3.74) into (2.3.31) = (2.3.39)
and equating coefficients of the same power of € , zeroth
and first order terms are determined.
Equating the coefficients of the zeroth power of €
givés equations for qi y ¢% and Co . The equations

governing q% are the following

é. (‘+O‘°((‘«1>)Bcﬁo = O )- (2.3.75)
oY M

& (0,T)= © : (2.3.76)
o4, (1,7) = - a0, .

572 (2.3.77)
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are the following:

‘ ACH@((—«Z&)M - oo (1-9) )

1+, (1-n) N o | +65 (1= )
2
= RpOof-noe \dow (2.3.80)
| + G dt
bco,Ty = © ; (2.3.85)
@.f‘i((,?ﬁ = - -NT, : (2.3.86)

The equation (2.3.84) - (2.3.86) give ¢'(WZJ(> as

¢ (.= kapg é_@((m(lmo(t—«p) — dm (1t 6) 4
2(1+6) dT

(H'Cs\’-— (\+O‘o(t—'tz\3l\>+ _r_}_c_r_‘_<_\___ _ \ 3

(2.3.87)

The equations governing 4ﬂ are the following:

‘ ) ((m(t—ozm,yg}éﬂ + O, (1~ 46, ) & j
&+ (1=t o)k o8 oF @+ (-ut0)8) (hn(1465)-ma

N1

= de, f&zQ~OHCY°§z(JMO(—lN\<°H (\-Mffo)ﬂ)
ot (H%)(\M(uc‘o)—maﬁ

(2.3.88)

¢ (o, TY = 0 (2.3.89)
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The equations (2.3.75) - (R.3.77) have solution

00T = allm oty - dm(1v60)) . (2.3.78)

The equations governing Q% are the following

Q(““‘““*%Bé)@_ﬂ, = © ) (2.3.79)
o0& Ok

%o, 7y = ~ | ; (2.3.80)
“%(,T) = O ; (2.3.81)

The equations (2.3.79) - (2.3.81) yield

QY= dn(ae(=2+)E) = Ly (14+0,) (2.3.82)
XN\(“'GB) - l/\/\a

Using the solutions (2.3.78) and (2.3.82) in the zeroth

order interface equation gives the following equation for

(o) 0
grdo = ( ‘ _on .
dt 1toa \ W ((+6,)— I (2.3.83)

Equations for ¢ﬂ y 4{ and T, are obtained by

equating coefficients of € . The equations governing ¢,
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fcL,Td) = 0 ; (2.3.90)

The equations (2.3.88) - (2.3.90) are solved to give

P&r)= (= (~a16)Cm (et C-aroyt) — Janar )
\ -« +0, (H'GO\(L\/\(H'GoB* JAAO(

o ﬁz(l-O(fc-o\ 4

- (o & |
o(+(l-u+c¢,3§) I (146~ Ima 4(\+G°)(M(\+G°)-AA®L

d.%(“zif (0L+(t-o<+6"o3§§1(1~\(0(+(t—o<+6°§§>-— ,QMo( - |> <+
dt

((roy (1= m(16a) 4 1M0(>*0(1>(l'\/\ (et (-a+6)) - JMN))
I (1) =

(2.3.91)
Substituting (2.3.78), (2.3.81), (2.3.87) and (2.3.91) in
the first order interface equation gives the following

equation for G, (T),

ﬁzﬁ (o0, (1~ *0333 =~ q or (0( - So
dx (1+60) Im ( 52) Groym (1)

R e - S N R e 4-\?1&.@37'6‘:(&&50\(\-0(*@3
1469) Jn (A£5%) |0, |+ & 2(1t6)*

_dy Foiore) [araf-o? 4 o) (L)1) )
AT (1) (I (42 5\ 10 I (L)

‘.

(2.3.92)
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To obtain the inner solution a magnified time

variable is introduced into (2.3.31) - (2.3.39)

A
T = I; (2.3.93)
€

The dependent inner variables are denoted by:

RS S
P
~
>
~
]

¢(v,T) (2.3.94)

Y
—~
wr
g 5
~
)!

¢<é>z> y and (2.3.95)

o(T) (2.3.96)

Qs
>
(g}

\ 4
]

and the following perturbation expansions are assumed:

A

O(%,T) = Z "¢, (7,T) '. (2.3.97)

A - o A

P(&,T =2e“‘P,\U§,%> ; (2.3.98)
n&pd

A A 0 A

o) (T3 = Z e” A,, ('C\) ; (2.3.99)
n=D

On substituting (2.3.97) - (2.3.99) into the resulting
governing equations of the inner variables and equating
coefficients of the same powers of € , zeroth and first
order terms are determined.

A A
The equations governing (o (C‘) are:

>

A
G, (0) = O (2.3.100a,b)

|
C

— )

o\ T
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These yield

(2.3.101)

A A
g.(t) = o
2 )
The equations governing Q("Z,Z’) are the
following:
1A
d e = O

° 1 . 0 < < | )
o K
$(0,2) =0 ;

éj@ (HE?> = O

ov

(2.3.102)

(2.3.103)

(2.3.104)

The solution for the equations (2.3.102) - (2.3.104) is

A
The following equations govern ‘/{, (E;{?)

| _E((l-(t-&é}?ﬁ@)— §ﬁ§_

(=)= (=)&) 08 \ 08/ ot
Loz = -1
¢2(ﬂ);£> = O X and

b (ko) = 6(kT,)

8L

—
—

O .

(2.3.105)

(2.3.106)

(2.3.107)

(2.3.108)

(2.3.109)



The system of equations (2.3.108) - (2.3.109) have solution

A

%(g;’g} = -1 + I U--R)E)
bu

i D”‘V"(/‘“M(“‘(“mgw ex?(—/«(;'ﬂ : (2.3.110)

M=!

+

where, as in the case of warm-up solution

Ve (M) = :T,C/ux)»\/o(,u) = Yo (ux) Jo M)+ (2.3.111)

j; and \Yc are Bessel functions of order zero of the first

and second kind respectively./&h ,/Xl ,/Xg,... are roots

of (2.3.111) in ascending order when )(:.ﬁ

V\ (/AX) :/‘AY\(/{Ax)jo(/M> _/{'( tSﬂ\(/"(x\ \/o (/"(‘) (2.3.112)

iI; and ‘1| are Bessel functions of first order of first

and second kind respectively,

E, = _ < Vi (MmB) \) \ (2.3.113)
A\ BT ) = V(o)

R Imp

"M

Doy = EM((_-e_ﬂ- * >Mﬁ —iA“uocanﬁ)e'd:t“

(2.3.11k4)

A . A
Equations for Qb. (Y)'C> and O, ('?} are

2
obtained by equating coefficients of € and € ., The

7 A
equations governing ¢.("’{)T> are:

.\

2¢ - o

|

' oz.’\zc. \ ' (2.3.115)

QL
~
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A

s

(o, ) = O i (2.3.116)

29
o

A
The equations (2.3.115) - (2.3.117) give ?5, (“Z,'C> as

A A
(,'ﬂ = - LG, : (2.3.117)

g

A
q’.(q@%) = --Q&"z , (2.3.118)

a A
@) (Zj) is governed by the equations:

5d6 - o L) - 128 (07) ; (2.3.119)
dt  p(1-p) O% B* O
S (o) =0 (2.3.120)

The solution for the equations (2.3.118) and (2.3.120) is

A oo b
S5 (T) = ¢, +C"?:-——Z Fme/uM
wm=

\

N>

(2.3.121)

!

where

F, = DmVi(umg) , (2.3.122)

R Mom
c.o = L[\ — o , and  (2.3.123)
g* \mp
C, = i Fun . (2.3.124)
Mz,
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To facilitate matching assume the power geries
expansions
o " oo
— - n
=0 n=o (2.3.125a,b)
On substituting (2.3.120) and (2.3.121) and replacing the
inner independent variable by the outer independent variable

A
in (2.3.100), O (T) is given by

A & - :,,'C
G (T) = C,T +e&Cq - ez F e,u /e + o(e‘), (2.3.126)
M=

Matching the inner and outer expansions gives

O‘o(O> = Q, = O , and (2.3.127)
o, () = b, =C, (2.3.128)

Numerical solutions.

The zeroth and first terms in the expansion
(2.3.46) for <5'(T) have been calculated using the data in
table 2. The time Z%A required in (2.3.37) is calculated
from (2.3.40) when ® =0 anda € = | by using the
Newton-Ralphson method. The values of 0;(t> and 0}(t7
have been calculated from ((2.3.83) and (2.3.127)) and
(2.3.92) and (2.3.128)) respectively using a Runge-Kutta
method.

Asymptotic expansion for O, and O, are now

calculated for comparison with the obtained graphs. 1In
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(2.3.83) the equation for O, (T) let

when d_‘i =0 ‘ﬁ:e)(t)(\/—n-> '

dt
Let q = exp(/a)

and assume that for large T
LA = (,\/‘ + &3* y then

dy* - 1= alu (g +y*)
dt (G +y ) (T +y)

Using the first two terms of the Taylor series

2\Y

b (Frf) = ImG e o _.(_a_>
3

in (2.3.133) yields the expression

Olﬂ* ) —~(—_Q_-)l ™~
dt 5 ) (+yg)(\+2y/g)

As ‘j'-—}.{> ‘-3*——-? O , hence

dy* = - %*(:@)Q
ot

)
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giving

t:)* - Aex\; (_. (-Q./'&{QI'C) . (2.3.137)

Therefore for large T

o, (T) = & exk;(v.o.)—l +Bex\>(—-(—ﬂ-/g)1()  (2.3.138)

where ® 1is a constant.

The expression for &) (T) is given by (2.3.97).

Using the data in table 2, for large T

G, = aexp(l/n)-{ =053 (2.3.139)
and
ci_q;, - O . | (2.3.140)
dt

Substituting (2.3.140) in (2.3.92) gives
A
Bo;,(\—am',)(;_(__ﬁjz g, __lT‘E-“ I-at0, + O,
+.
dt \tx l”\( o )

—_ 02: e ~nfo, + |-atG\\+ kns"qz(mcg)(l-ou%)
(tontm (152) |40, 2 (\+ o)

Using (2.3.139) in (2.3.114) gives, approximately

do = =140 G, (2.3.142)
AT :
hence oty C ex\)(-s"‘c‘) (2.3.143)
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for large T , where (, 1is a constant.

Figure 19 and Figure 20 give the variation of c;(t)
and Cﬂ CTﬁ) respectively and are as expected by the

asymptotic expressions above.

Conclusion

The problem set forth in this chapter of the
annulus initially at a sub-freezing temperature to the final
stages where the annulus consists of both the liquid and
solid phases marks a new development for the moving boundary
problem. The development is that at the start of the
boundary value problem the temperature in the solid is not
uniform but more characteristic of a real life problem
devoid of the laboratory condition of uniform initial
temperature.

The results obtained give the first two terms in
the expansion of the function giving the position of the

interface. At considerable cost in terms of labour, more

- terms can be obtained but here are the two that are

gignificant.
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Radius of vessel, R, (M)
Height of water bath, H (™M)

Base angle of two-phase cone, 'QA)\

Radius of orifice, e (M\)
Velocity of gas at nozzle, UO<M$QC-‘>
Density of water, e{ (K‘ﬂ M-3>

-2
Acceleration due to gravity, (3 (MSQC

91

0.3
0.6
0.35
0.0064
1.62
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Table 2

Water Ice
Latent heat of fusion, L (T KC_{') 3.2 x 10
Density, € (K%MJ) 998 916
Thermal conductivity, K (W M-‘Kq) 0.57 2.3
Specific Heat, C—? (TKQ-‘ \‘/\‘> L250 2106
Fusion Temperature TF- (K\) 273
Iniital Temperature, TI <K3 . 253
Heat flux, Q <RW M > 20
Inner radius of annulus Q (M\ .027
Outer radius of annulus b <M> .0bLs
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Figure 1. Schematic diagram of gas bubble-driven

ciculating system.

93



flow field

"

Figure 2. Geometry of flow field for recirculating flow
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Figure k.
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Figure 5.
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Figure 16.

long time

Ice spike growth i1n an overnight snow environment.
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Pigure 17.

Geometry of cylindrical system for warm-up problem.
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Figure 18.
Geometry of cylindrical system for the Stefan Problem
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APPENDIX 1

The coefficients appearing in the differential
operators defined by equations (1.3.36) - (1.3.38) are given

here. For convenience introduce a new variable

S = '
l+€’>”f( (A1.1)

The required coefficients are as follows:

L‘ - 2@2}'33 _ 4-(3"7353 ; (A1.2)
£ -9
L, = 4.{3";;3&53 - X(S-&-Dﬁ:b’léz)ss _ (A1.3)
§-5 '
L, = 4B%%s® _ opwiks? ,- (A1.4)
- S
3
L, = —_2%3 ; (A1.5)
g -5
Le= ¥ (1+g7E)s? ; (1.6)
.= - ap¥ss

' (A1.7)
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It

N

|

¥3s
(A1 .8)

- B¥S 38
53
-3 -2
gb’ész -+
-S ‘ N
(zxs" ﬁugsa
_3)1 ’
(A1.9)
~_RY¥§s® ;
g3
- +
: 28 ¥ (
N (A1.10)
S%
¥s
i-s "
6 2
(Mraész (A1.11)
Rr& )
(1 +RY¥E
§>83 (A1.12)
(A1.13)

~y(1+3
Bzvzgz)
S’l
(A1.14)

(A1.15)

(A1.16)
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N, =

N, =

Ny =

8% 4 4@¥'s* _ 24p'r¢st

(g-s)  &-s

(g-9)° E-s

Na =

Ns"

Ne

N,

Ng

Nq

-~
—

I

—
o~

-
—

_4B¥ST 4 a4pdyisst

E~s

2 (11878 | jagvé (1t gEY)s”

gE~-s

- 4p¥ES® g‘gxz(HS@zYzEz)sg

g-s
¥t~ g yts
-5
-s*(1+ F¥g(a+ g2r2e?))

4p¥e (1 + g E)s®

¥ (1 + 387 8)s?
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-3s* 4 3ETESY - l1ﬁ1‘254<'+5@z(1§z>

)

(A1

(A1

(A1

(A1

(A1

(A1

(A1

(A1

(A1

.17)

.18)

.19)

.20)

.21)

.22)

.23)

«24)

.25)



No = 4B¥'Es . (A1.26)

and finally

N, = - ' (A1.27)
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APPENDIX 2

The coefficients appearing in the finite differenc
representations (1.4.14) - (1.4,16) and (1.4.19) are given

here.

(;, = blu: ' (A2'1)
alhk®

C, = N, ; (A2.2)

Cy= - No (A2.3)

C+ = N% (A2.Lh)

Co = My - Mo — Ne = Ny ¢ Ng N
4hk 2R 2hR* R RE we?

t

(A2.5)

Ce = MNs _aNg _ 4Ny ; (A2.6)
h’sk hth‘& Rq.
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C, o= ~MNg - No o N 4 Ng + Mo+ N

Ahk 2altkR akR* ik

Coo =N+ Na o Ny + Ne 4N - 2Ny
We

2h W W W

Cl

l

n h  WR

Coo = N ¢ Na o Ny = Ne - 4Ny _2Ng
W)

L NS

e
7 4

1
|7
.
=

122

WR*

h R?

h%

= -2N;, + 6N +";\'_L\\_g_+§_[1\_y_

kq-

h&

(A2.7)

(A2.8)

(A2.9)

(A2.10)

(A2.11)

(A2.12)

(A2.13)

(A2.1k)



C‘S’-'L.ﬁi.*ﬂa.-_&_ v Ne y Nooa N

(A2.15)
4hk otk W R OWRRE LWES
Cp = - Ng - aMNe - 4N, . (A2.16)
TS
C"‘l TN e N - Ne N L N ; (A2.17)
4hk 2R aWR Wk OWR MR
Co= Mg (A2.18)
bk
Ciy = -~ Ny - (A2.19)
ah &
Cip = Nu ; (A2.20)
R4
C,.‘ = N;g . (A2.21)
2h kRS
D. = -MNg (A2.22)
h’
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Die

My oML M,
ahk  2Wk k"
.._N_\_‘_ + MQ - Mz
W R R 2R
Mo - Mo - My

;1;\?3 a2k 4AhR

hk* L3
- QM '
"'\'L
Mo M, -
2 W
M
A’

12k

(A2

(A2.

.23)

2h)

.25)

.26)

.27)

.28)

.29)

30)



r'd
"
=

Le
Ak 2k anR

17l
A
]l
—
w
!

E“T = Lv - La - 1»;

ahk*  4hk AWk

125

(A2,

(A2,

(A2.

31)

32)

33)

.3h)

.35)

.36)

.37)



E\ = -L‘| 4 L‘l + L.;

E‘s - -L:_S-. ]
Ay’
= LG — Lg - L., ;
B .
Ak 4hk  ahk
Bip = by - Le
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(A2.39)

(A2.40)

(A2.41)

(A2.42)

(A2.L43)

(A2.h4h)

(A2.45)

(A2.46)



(A2.47)
S, = Gy (n2.48)
S, = Ca (A2.L9)
s = Cs- RQ(ESD‘L_P-{,', * Ds D, ?{,; ) 2 (A2.50)
S¢ =C. - Re (Eebﬁ—pﬂs + Dc‘%ﬁ'.; - L‘P{,i/ QR) "

(A2.51)

%7 = Cy - Re<E7D.¢f,; *+ Dﬂh@»‘,;) i (A2.52)
53 = C4 ; (A2.53)
S = Gy~ Re (E'bbt?“u' *+ Do b,f?{,} ) v (A2.54)

%lu = C‘\o - Re (E!ob\@{.s t b\obbqj’.sj

- ( B§1 ngf,j + M—S:D-{,j) /(Q\,\ (H g,’*ZQ)) : (A2.55)
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e

S\\ = C“‘ Re (E“ D,@\"s + b“ D&(p,‘”- > ; (A2.56)

—

S, = Cu - Re (B, D, + O, b Piy

- (RELPiy e M)/ (an (epy))) ) (a2.57)
%i‘s = Clg" Re <E\zb\¢4,j + Dl; Dz‘ﬁ‘.i) ) (A2.58)

S, = Cy (82.59)

%ts = C-('S - RQ(E\SB‘“P-\‘,s +b\sb,_-@1‘,3>" (A2.60)

N
o~
)M

C(~Re (E.‘b@;‘j +D.J>§4.; - L‘P\; /D\RBI

(A2.61)

Sw = G- RQ<E!7D|:P"\:\ * bq B,_QP{,S) (a2.62)

’(/5
2
1

Ciq (42.63)

S = Cis (A2.64)
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e——

C,. -~ Re DND,_?;,; ; (A2.65)

Ca, and finally (A2.66)

f

- Re (b.kp'\")Liﬂ“, t bg_;{.}M¥’..i> . (A2.67)
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This appendix is the paper published in Mech. Res.
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Introduction

It is the purpose of this paper to present analytical solutions to a certain
class of three-dimcnsional solidification problems. The availability of such
work is useful in producing reliable computer algorithms for the numerical
solution of three dimensional moving interface problems. The analytical
solutions presented are generalizations of the classical one-dimensional problem
of Neumann (sce Carslaw and Jaeger (l])for the half space domain. They augment
the small time two-dimensional solutions of Schulze {2) et al. and the earlier
work of Boley and Yagoda [3]. 1In the latter three-dimensional solutions for
small time have been obtained for the melting (or solidification) of a half
space by a general surface heat input (or output); the imbedding technique
used is fully described by Boley in Ockendon and Hodgkins (4].

The following three dimensional problems, see [2], are investigated:

1. At time t = O, the half space z > 0 is filled with liquid at fusion temp-
erature and for t < O the wall z = O is maintained at a lower temperature given
by T - (T. - T )g(X, ¥), where x and y are measured along the wall and a is a
reprgsentagive Yenggh.a Here g(§, %) > -1 for |§| < » and To < TF'

2. At time t = O the half space z > O is filled with liquid at fusion temp-
erature T_ and for t > O there is Newton cooling at the wall z = O into the
environment z < 0. The wall heat transfer cocfficient is taken as varying

with the co-ordinates x and y measured along the wall.
Following the method developed in [2] small time solutions are obtained .

For specific examples results on the location of the solidification surface
are presented graphically for various times.

Mathematical Formulation

Let the solid/liquid interface at time t be

-
C(x, 2, t) = 2z —x(x, t) = O, (1)
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Theu we have for the solidifind phase the governing equations

KVZT = pcpaT/at, (2)
T = T, KVI.VC = —pLAC/3t on z = X (%, ©), (3)
either
T = TU + ('1‘F - To)g(z/a) or K9T/3z = hgé/a)(T - To) on z = O, (4a,b)
together with the initial Fonditions
T = T, for t =0, z >0 (5a)
and X(ﬁ' 0) =0 (5b)

In conditions (4) it is assumed that g(i/a) is a bounded function and
g(i/a) > -1 for )i\ <o, Morecover thce wall heat transfer coefficient must
also be bounded with h(i/a) > O for Iﬁ' < » and the temperature To(< TF)
is used to dcnote a reference condition of the environment. In the above L
is the latent heat of fusion of the liquid, p the density, K the thermal

conductivity, cp the specific heat and T the temperature of the solid.

With use of the dimensionless variables

(T - TO)/(TF —»To), X = x/a,

X = x/a, 2 =2z/a, 1 = kt/az, 0
~

~

where k is the thermal diffusivity, the governing equations (1) - (5) transform

to the following:

2
aZ0/ax% + 3%6/3v% + 2%0/02° = 20/01 (6)
0(X, %, 1) =1, V0.VC = - BdC/3T on C = Z - x{(X, 1) = O. (7)
~ ~d
Either 0 = - g(X) or 906/3Z = Bi(X)oon 2 = O. (8a, b)

together with the initial conditions
0. (9)

Here the Stefan numbex is defined as B = L/cp(TF - To) and the

0(X, Z, 1) =1, (X, 1) = 0 at 1
-~ st
wall Biot number Bi(%) = ah(x/a)/K.

Small Time Solutions

Consider the case with the wall tempcrature specified by (8a). On employing
the interface immobilization technique, as discussed in IZJ, introduce
the ncw variables
X =X, n=2/xX, 1), (10)
~ ~~ L g
In the solidified phase the dimensionless temperature satisfies
2 2 2 2 2
Vl 0 +-130 08/9n" + (2n/Xx )(le) 30/9n -
X

—(n/x)Vlzxao/aﬁ - 2(n/x)le.q(no/an) + (o

7 2.2 2
+# 07V x)7070/9n7 = - (n/x)dx/dTdV/In + 39/3T,
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THREE DIMENSIONAL SOLIDIFICATION 213

subj2ct to the conditions

- 2 -
e =1, (1 + (le) )30/8n = Bxdx/d91 on n =1, (12)
0 = -~ g(%) on n =0, (13)
and 0 =1, x = 0 at T = O. (14)
. 2 2 2 2 2
In the above Vl =3 /9X + 3 /3Y and Vl = grad = (3/9X, 9/3Y).
For small time assume regular parturbation expansions:
0(X, n, 1) = 0, (X, ) + 16 (X, n) + 0(1‘2), (15)
1/2
and x(¥, 1) = 2v x (X) + 213/2x (xX) + 0(15/2). (16)
~ o r~ 1l ~
The zero-order perturbation solutions are:
[x _(X)n]
erf "o -
X = D) === - g(X
00(~, n) (1 + g(z)] erfix (A1 g(é) (17)
0o ~
where xo(ﬁ) satisfies the transcendental equation
2 ¥
xo(‘)\(_)exp[xo (5)]erf[xo(r>\()] = (L + g(X)1/8n". (18)

The first order function Ol(ZJ n) will nolt be gquoted here. The interface

perturbation function xl(f) is determined from

2 2 4
(3 + zxa + 1o¢xo + 4¢K0 )Bxl =

, 2
4 2 4 ai®x 4)x V2g/ (1 + 2¢x )+
o) ol o)

2

(L + 2X 2 - ¢ —.4¢x 4 2¢2X
o o o

2 2 2 4 2 2.3
ax 2 - 0@+ w e epx? - 2070w a'x Dl a e 9 0 20x, D7, 09

where ¢(X) =1 + B/(L + g(X)). The above rosults are the three dimensional

generalization of the expansions alrcady discussed in [(2].

riable Newton cooling, as specified by the wall condition
Following [2] the temperature

The case of va
(8b), is examined by the mcthod of Mcgerlin [5].
ficld is written as

o0

. n
0 =1 + 2 G_(x, vz - x(X, 0l
n ~
n=1

(20)

and because this has polynomial form in Z the solution will be valid for
large B only. On employing subsidiary cxpansions for Grﬁi' ) and x(i, 1)

for small T yields the following result:
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(X, 1) t By 1ot 2
” ’ =B — - %_’:' 4 ;‘
& X) 5 - (Lr D)+
2 5
B, (X) B. (X)
2 [ i ,.\_,] 2 .
+ B, (X){V .~ N 1A 8 5
lﬁ,’tl?gﬁ)l + 5 \Y Bj\:; +1 5 1 (1 + §§ + ;;5 Y+, (21)

valid for large R.

Numerical Solutions

Interface locations have becn calculated, from the two-term expansion (16),
when the wall tcemperature is given in the form

b, (X, ¥) . = 0(x, Y, 0, ) = 0.3((1 + tanhX) (1 + tanhY) - 1], (22)
for B = 0.3. These results are self explanatory and are displayed in
Figures 1, 2 and 3 for the dimensioniess times 1 = 0.2, 0.4 and 0.6, respectively.
Note that the two dimensional equivalent of (16) is shown in [2] to yield
results in exact agreement with numerical finite difference solutions up to
the dimensionless time 1t = 0.5. 1t follows that expansion (16) is also valid
in this region of time. The above results may be used to simulate heat
transfer and solidification rates at the edges of an insulating tile inserted

in an ingot mould of the type commonly employed in a steel making plant.

In Figure 4 the interface location at 1 = 0.6 for g = 0.3 and the bounded wall

tcmperature.
8, (X, ¥) = 0.9 sinXsinY, |x|g¢ 2w, |y|g 2nm (23)

is displayed. Notc that in Figures 1 - 4 the scale on the z-axis is nmultiplied by

a factor of 10.
The above analytical and numerical recsults may prove useful in producing and

checking computer algorithms that may be developed for the numerical solution
of threce-dimensional moving interface problems. Moreover the vector form of
the analytical results can be utilised in other applications where the geometry

is expressed in curvilinear co-ordinates.
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